MockoBcKnii TOCyIapCTBEHHBII YHUBEPCUTET
nmenu M. B. JlomoHocoBa

(I)aKyJII)TeT BBIYHNCJIATEJIbHON MaTeMaTUuKNU 1 KH6€pHeTHKH

C. A. Jloxxkkun

JIEKLIMNU T1O OCHOBAM
KNBEPHETUKN

(BapwanT 2013 1., roraBa 1)

Mocksa 2013



OrsaBjienue

Bsenenune

1 IIpencraienue dyHKIHNN JU3bIOHKTUBHBIMUA
HOPMAaJIbHbIMHU (pOpPMAaMU U CBA3AHHDIE
C HUM 33Ja4u

§1

§2

§3
§4

§5

§6

OcHOBHBIE IOHSATHUS, OTHOCSIITHECS K
MHOYXKECTBaM, MaTpuiiaM, QyHKITHIM,
dopMystaM . . .. ...
[Tpencrapnenne dbyakimit agredpbl JOTUKH C
[OMOIIBIO JIN3BIOHKTUBHBIX HOPMAJIbHBIX (OPM
(IH®) u ero «reomerpuveckass MHTEPIIPETAIINS.
Cogepiiennaga JH® u pazsoxenue lllennona,
Kpurepnit enuacTBeHHOCTH JIH®

Cokpamennas JJTH® u criocobbl ee mocTpoeHust
Tynwukopwie JIH®, aapo n JITHD nepeceuenne
rynukoBbiX. JTH® Keaitna u JITHD cymma
TYIUKOBBIX, KPUTEPUil BXOXKJIEHUS TTPOCTHIX
nMILIuKAHT B Tynukosbie JIH®, ero mokabHOCTH
Ocobennoctu JJHD inHEHHBIX 1 MOHOTOHHBIX
dbyukiumit. ODyuxnusa nokpbiTusd, Tabauna Ksaiina
U TTOCTPOEHHE BceX TYMUKOBBIX JTHD
['pagreHTHBIN AATOPUTM U OIEHKA, JTHHBI
rPaJINeHTHOrO MOKPbITHA. Vcnosb3oBanue
rPaMeHTHOTO aaropuT™Ma Jid moctpoenus JIHD

13
22

29

36

43



Ornasienne 3

§7  Bamaua munumusaiuu JIHO. Tosegerune GpyHKkimit
ITTerHoHAa ¥ OTIEHKY TUMTMIHBIX 3HAYCHUI 71T PAHT
namaet JJIHO .. ... .. ... .. ... 46

§8  Aropurmuueckue TpygHocTr MuHnMuzanuu JJTHO
U OIEHKN MAKCUMAJIBHbIX 3HAYEHUN HEKOTOPBIX
CBSI3aHHBIX C Hel mapaMerpon. Teopema
10. . Kypasnepa o JHD cymma MuHUMAIBHBIX 51

Jlurepatypa 58



BBenenue

Kype «Ochosbl kubepHeTHKE» (paHee «DJIeMEeHTBl Kubep-
HETHUKW» ), CO3JATENeM M OCHOBHBIM JIEKTOPOM KOTOPOTO OBLT
wi-kopp. PAH C. B. d6noucknii, unraercs wHa (akyabrere
BMuK MI'V c nepsbix JjieT ero cymecrBoBanus. B mHacTodree
BpeMsl OH uuTaercs B 6—8 ceMecTpax u gBjsgercd 00sg3aTesbHbIM
JUId BCEX CTY/IEHTOB, obydatommuxcy 1o crenuaabaoctu 01.02 —
MPUKJIAIHAST MaTeMaTuKa W WHPOPMATHKA, a TaKkxKe Dakajian-
poB opnonMennoro Hanpassennd 510200 u nanpastenns 010400
nHpopMamoOHHbIe Texuogoruu. [Ipu 9ToM 00beM U, B HEKOTO-
poit crenenu, nporpamma Kypca «OCHOBbI KUOEPHETUKNIY Ba-
PBUPYIOTCA B 3aBUCUMOCTU OT CHEIUAJTUIANNN U HATIPABJICHUA.

Kypc «OcHoBBl KUOEPHETUKN» TTOCBSIEH H3JI0KEHUI0 TEO-
PUM JUCKPETHBIX YIIPABAAIOMIMX CUCTEM, KOTOPas IPEICTaBIId-
er coboif 9acTh AUCKPETHON MaTeMaTUKH W MATEeMaTHIECKO
kubepHeTuku. B Hell pa3zpabaTbiBaOTCS U N3YUaOTCS TUCKPET-
HBbIE MaTeMaTU4YeCKrue MOAeJIN, OIMUCHIBAIOIIINE beHK]_[I/IOHI/IpO-
BAaHUE W CTPYKTYPY CJAOKHBIX CHUCTEM TIpeobpazoBanus nHbOp-
Maruu (MHTErPATBLHBIX CXEM, TPOTPAMM | T. 11.). B 0CHOBe 9THx
MOJIEJIEN JTeXKAT Pa3InIHbIE CIIOCOODI 3a/1aHns (PYHKITMOHHPOBA-
HUA YIPABIIIONINX CUCTEM C TIOMOIIBIO AUCKPETHBIX (PyHKITIT
U UX CTPYKTYDHAs pPean3alus B TeX WM WHBIX KJIaccax rpa-
dos (rknaccax cxem). Tlpn uccre0BAHUT YIIPABJISIIONTUX CUCTEM
CTaBSTCSA W PEIIAITCS J[BE OCHOBHBIE 33JIa4i: 33/a9a aHAJIMU3a,
1 3a/la4a CUHTE3A.

Bajaua aHaIN3a COCTOUT B HAXOXKEHWW (PYHKIIMOHUPOBA-
HUsI JAHHOHN CXEeMBI, & 3aJla9a CUHTE3a — B [TOCTPOEHUN CXEMHBI,
umeroedt (peanm3yromeit) 3aganroe dyaxmonnposanue. Kax-
Jlast U3 TUX 337249 MOYKET PACCMATPUBATHLCS JUOO KAaK WH]IU-
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BUIyA/IbHAS 33Jia9a, U TOTJA €€ PEIIEHUeM sIBJIAeTCsI KOHKDET-
Hoe (pyHKIMOHMpoBaHue (cxema), Jubo Kak MaccoBas 3ajada,
U TOT/Ia €€ PEeIIeHUuEM JI0JKEH OBITh AJTOPUTM HAXOMKIECHUS
dbyukmonuposanus (cxembl). 3aa49a CHHTE3a NMEET, KaK TIPa-
BUJIO, MHOYKECTBO DEITIeHN}, 3 KOTOPBIX BRIOUPAIOT peIIeHuE,
ONTUMATLHOE MO KAKOMY-TuO0 Kpureputo. Jarme Bcero B Ka-
YECTBE TAKOTO KPUTEPUsi BBICTYIAET CJIOXKHOCTH CXEMbI, TIOHU-
MaeMasi Kak CYMMa CJIOXKHOCTEH COCTABJISIIONINX €€ 3JIEMEHTOB
WK 33JePKKA CXEMbl, TTOHUMAEeMasl KaK MaKCUMAaJbHAA CYyM-
Ma 33JepXKeK /I8 TOCIe0BATEBHO COSIMHEHHBIX 3JIEMEHTOB
CXEMBI.

C comepkaTe/IbHON TOYKHU 3PEHUsT PA3INIHBIE KDUTEPHH OTI-
TUMAJIBHOCTH OTPAXKAT Pa3JUYHbIE MApPAMETPBI MOJIETUDYe-
MBIX 3JIEKTPOHHBIX CXeM uju nporpamm. Tak, Hanpumep, CaoxK-
HOCTb MOXKET XapaKTEPU30BaTb CTOMMOCTb, Pa3Mephl WJIU IIO-
tpedasemyto momuocte CBUC, a Tak:ke BpeMsi BBITIOJHEHUS
IpOrpaMMBbl Ha OJIHOM Iipotieccope. Ilpu aToM 3ajepKKa CXeMbI
xapakTepusyer Bpemsi cpabateiBanus CBUC wau Bpems BbI-
TTOJTHEHWST TPOTPAMMBI Ha, TIAPaJIebHBIX MTPOTECCOpax 1 T. II.

Ecin 3aaua cunTE3a pEIeHa B OJHON MOJEIN, MOXKHO IIbl-
TaThCs MTEPEHECTH 3TO PEIeHne B APyTHe MOJEIN € MOMOIIBIO
CTPYKTYPHOTO MOnennpoBanus. Kpome Toro, mosyueHHOe pe-
MMEHNEe MOYKHO «YJIYUIATEY C TOMOIIBI0 9KBUBAJEHTHBIX Mpe-
obpazosanuii. C Ipyroit CTOPOHBI, €C/IU 3312498 CUHTE3a PEIeHa,
STt OTHUX (DYHKIIM, MOXKHO IIBITATHCA «PA3OUTh» (JIeKOMIO3u-
POBATh) HOBYIO (DYHKIINIO HA Y7KE PACCMOTPEHHBIE U TIOCTPOUTH
M3 CHHTE3UPOBAHHBIX /TSI HUX CXEM CXeMY JJTst HOBOM (DYHKITHH
C TIOMOIIIBIO OIIEPAIUU CYIIEPIIO3UITUHN.

YKazaHHbIE BBITIE 33[aUN PACCMATPUBAIOTCS B JIEKIUAX JIJIsT
BCEX OCHOBHBIX KJIACCOB CXeM (M3 bIOHKTHBHBIE HOPMAJBLHBIE
dopmbl, GOPMYIIBI U CXeMBbl U3 (PYHKITMOHAJLHBIX JIEMEHTOB,
KOHTAaKTHBIE CXEMBI), a TaKKe [JIsi HEKOTOPbIX MOIMbUKAImit
9TUX KJIACCOB.

IlepBasi riiaBa TOCBsINEHA PA3IUIHBIM BOIIPOCAM IIPEJICTAB-



6 Bgenenne

Jienus PyHKIUHI aaredpbl JJOIMKH C TOMOIIBIO TADJIUIL U U3 HIOH-
KTUBHBIX HOPMAJTLHBIX (GOPM (MUHUMU3AINS U3 HIOHKTHBHBIX
HOPMAJIBHBIX (hOpM).

Bropag rimaBa comepkKuT onmucanne CTPYKTYPh U (DYyHKITHO-
HUPOBAaHUS CXE€M U3 OCHOBHBIX KJIACCOB YIPABIAIIAX CUCTEM,
a TaKXKe M3 HEKOTOPBLIX KJIACCOB, MPEACTABIIIONINX COOOM mMx
060611enust wiu Mopucukanun. B Heil ycraHaBInBaOTCH BEPX-
HUE OIEHKW YUC/IA CXeM PA3JIUIHBLIX TUIIOB, PACCMATPUBAIOTCS
0COBEHHOCTH MPUMEHEHHUs OTEPAIUN CYIEPIIOIUIIUA B PA3IUY-
HBIX KJIACCAX CXEM U HEKOTOPBIE BOIPOCHI UX CTPYKTYPHOTO MO-
JIeJIMPOBAHUSA.

Bo Bropoii ryiaBe n3yvarorcs TakzkKe SKBUBAJIEHTHbIE 11Pe0b-
pa30BaHUs CXEM Ha OCHOBE TOXKJIECTB BO BCEX OCHOBHBIX KJIAC-
cax yOopaBJgiomux cucteM. s KasKI0To W3 HUX TPUBOTUTCS
CUCTEMa «OCHOBHBIX» TOXJECTB, JOKA3BIBAETCS TOJHOTA ITOM
CUCTEMBI U U3YYAITCS BOIPOCH! €€ N30BITOTHOCTH.

B Tperneit rnaBe mogpobHO paccMaTpuBaeTCd 3aa49a CHH-
Te3a YIpaBJsONuX cucreM. B Heil mpuBonuTcs 1eblil crexTp
METOJIOB CHHTE3a, CXeM (0T MPOCTEHIINX 10 ACHMITOTHIECKH OTI-
TUMAJIBHBIX ), YCTAHABIUBAIOTCS HUKHUE MOIIHOCTHBIE ONEHKH
Qyukimii [TleHHOHA W OMEHKM CJAOXKHOCTH Psifa KOHKPETHBIX
dyHKIM, JOKA3BIBAETCS MUHUMAJBHOCTE HEKOTOPBIX CXEM.

B dgerBeproit 1yraBe npecTaBaeHbI HEKOTOPbLIE BOIIPOCHI Ha-
JIEZKHOCTH W KOHTPOJIS CXeM (IIOCTPOEHHE TEeCTB st TabJIuil,
CHHTE3 CAMOKOPPEKTUPYIOIINXCST KOHTAKTHBIX CXEM ).



I'masa 1

IIpencraBinenne pyHKIIii
JAN3bIOHKTUBHBIMI HOPMAaJbHBIMU
dopmamu u CBA3aHHBIE C HUM 3a4a49N

§1 OcHOBHBIE IOHATHUS, OTHOCAIIIECH K
MHOYKeCTBaM, MaTpuiiaM, (pyHKIUIM,

dbopmyaam

BymeM cumTaTh M3BECTHBIME OCHOBHBIC IOHATHS W 00O3HAYE-
HUS W3 TEOPUN MHOYKECTB, MATEMATHIECKOTO aHAJIN3a, JTUCKPeT-
HOIl MaTeMAaTHKH, TEOPUH BeposTHOCTEH (cM., HampuMep, |24,
25, 27, 4]). B nanbreiimenm uepes N (uepes Np) oboznauaercs
MHOYKECTBO BCEX HATYPAJBHBIX (COOTBETCTBEHHO IEJIBIX HEOT-
pULATENBHBIX) unces. MHOXKECTBO BCEX HENbIX YHUCENT J, JJist
KOTOPEIX @ < j < b, rhe a, b — nennle, HA3BIBAETCH 0MPEIKOM
7 0D03HAUAELTCST Uepes

[a,b] = (a—1,b] =[a,b+1)=(a—1,b+1).
[Ipu 3TOM OTpE3KHN BHIA
[a17a2)7 [CLQ,(I?,), ey

rae a1 < ag < a3z < ..., HA3LIBAIOTCS NOCACOOGAMEALHBIMU.

HamomumM mekoTOpLIe ompemeeHus U 0003HAUEHUS, CBS-
3aHHbIE C /:[eKapTOBbIMI/I HpOI/IBBe,Z[eHI/IHMI/I MHOXKECTB. ZLH?[ MHO-
xecrsa A n n € N nomoxum

(A" =A"=AX Ax---x A,

n pa3
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— n-s1 JekapToBa crenenb A, 1o ecTb MHOXKECTBO HABGOPOB (CTPOK,
CJIOB, BBIOOPOK) JIMHBI 1 ¢ ssieMenTamu (Gyksamn) w3 A wimn,
UHadYe, MHOYKECTBO YIIOPAJ0YEHHBIX 71-0K 3JEMEHTOB MHOKECTBA,
A.

Hna muoxecrsa A u s,n € Nuepes (4)>" = A" obosnaua-
eTCA MHOXKECTBO MATPHIL C § CTPOKAMHE, 1 CTOJOTAMHI 1 7IEMEH-
tamu u3 A. IIpu sTom mpennonaraercs, uro A" = AL™, 1 uaro
AS™ — n-g nekaproBa cremenb MEOXKecTBA A%!, S1EeMEHTBI KO-
TOPOTO HA3BIBAIOTCS cTOIOIAaMu. Hucao croabnos (CTpok) Mar-
putiel M HazbiBaercsi ee daunoll (COOTBETCTBEHHO 6biCOMOL).
Hnst marpuiel M € A®™ uw I' C [1,s], I” C [1,n] gepe3
M(I',1") (upn s = 1 u I' = {1} — uepes M (I")) oboszna-
YAETCd ee MOJMATPUIA, PACIIONOKEHHAS B CTPOKAX C HOMEPAMU
u3 I’ u cronbax ¢ nomepamu u3 I”. HaGop A = (41, ...,0), co-
CTOAINT U3 HEMYCTHIX MHOYKECTB, OY/IEM HA3ZBIBATEH NOKPbIMUEM
MHOKecTBa 0 = 01 U ... U d,. Ilpn sTom MHOXKeCTBa 91,...,0)
CUUTAIOTCH KOMNOHEHMAMU TOKPBITUS A, 8 YUCIIO P — €ro dAu-
HoTi mau panzom. [IOKpBITHE, COCTOSAIIEE U3 HENEPECEKAIOIINXCA
MHOYKECTB, HA3BIBAETCA pasbuenuem. ILIOKpbITHE, B KOTOPOM HU
OJIHA U3 KOMIIOHEHT He COJIEPXKUTCs B JIPYyroil KoMmmoHedTe (B
0ObeIMHEHNN OCTATBLHBIX KOMIIOHEHT ), CIUTACTCH HENPUSoU-
MM (COOTBETCTBEHHO MYNUKOSbiM) TIOKPBITHEM.

Ecin A — KOHEYHOE MHOXKECTBO, TO €r0 MOIIHOCTh, TO €CTh
YUCJI0 9JIEMEHTOB, 0003Hadaerca obbiano depes |Al. Bamernm,
YTO TIPH STOM

A" = A" u |A%"] = [A]",
rae s,n € N, a eciim |A| = a > n, 10 uncio BLIGOPOK (CJI0B)
IJIMHLL 1 13 A, B KOTOPLIX BCE 3JEMEHTLI Pa3jMYHbl, — TakK
Ha3BIBAEMBIX BHIOOPOK 03 TTOBTOPEHNi, — PaBHO
ala—1)---(a—n+1).

Kaxmoe cioBo (Habop) o = «g...an = (a1,...,q,) u3
A™ TIpu BCEBO3MOXKHBIX MEPECTAHOBKAX OYKB MOPOXKIAET MHO-
JKECTBO CJIOB, Ha3BLIBAEMOE COYEMOHUeM IJIAHLI n u3 A wim,
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uHade, Heynopadouennot n-xoli uz A, u obozHauaeMoe depes
{ai1,...,a,}. B gacrHocTn, coveranune, cpsizanHoe ¢ (yropsi-
JOYEHHOl) mapoit (u,v), cunTaeTcs HEYMOPSIOUEHHONW Mapoit
{u,v}, coueranue, cazannoe c (ynopsodeHHbIM) pasbuennem
(01,...,0p), — HeyHOpsIOUEHHLIM pasbuerueM {d1,...,0p}, 1
TaK jasee. 3aMeTUM, 9YTO COUETAHNE TTOPOKIAETCS TTePECTAHOB-
KaMu OYKB U3 TI060T0 cBOEro ¢yioBa. Ilpw aToM coueranne n3 A
6e3 moBTOpEHuii, TO eCTh COYETAHWE, TIOPOKJAEHHOE CIIOBOM W3
A", Bce 6YKBBI KOTOPOTI'O Pa3/JUYHBI, C COIEPIKATETHHON TOYKN
BPEHUsT TIPEICTABIAET CODOM «ODBITHOEY MOAMHOMKECTBO, & CO-
JeTaHWue ¢ IIOBTOPEHUSIMA — «KPATHOE» ITOJIMHOKECTBO MHOXKE-
CTBa A, TO €CTh IIOAMHOZKECTBO, B KOTOPOEC €r0o 3JIECMEHThI BXO-
JAT € OIPEJIEJCHHON KPATHOCTHIO (B COOTBETCTBYIOIIEM HHCITE
«3IK3EMIIIIPOBY ).

Yncsio pa3angHbIX coueTannit 6€3 MOBTOPEHWH IIWHBI 1 W3
muoxkectBa A, |A| = a, o6osnauaerca uepes (¢). Kax mspectro
(cm., Hanpumep, [27]),

(a)_ o _ala—1)-(a-n+1) 1)

n n!(a —n)! n! ’

a 9uCJI0 CoYeTaHuii ¢ (BO3MOKHBIMU) TOBTOPEHUSIMUA JIJTHHBI 7
a+n—1
n3 A paBHO ( " )

Maaykimeit mo n JIerko moKa3aTh, 9To

nl > (%)n (1.2)

a m3 copmysel Ctupmmara [25] cremyer, ol

nl ~ (g)n S, (1.3)

! Acuvmrormraeckoe pasencTso a (n) ~ b (n) o3magaer, uro lim
n—o0
TO €CTh

a(n)=(1+0(1))b(n).
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3 (1.1) u (1.2) BbiTekaer, B 4aCTHOCTH, HEPABEHCTBO

O o

ams (1.1) u (1.3) — acuMITOTHYECKOE PABEHCTBO!

((ZO ~ T (15)

HanomunM Tenepb HEKOTOPBIE IOHATHA, CBA3AHHDBIE C (DYHK-
usiMu 1 oTHoteHusgmu. Ilycrs © = (21, ...,y ), Te nepeMen-
Hag x; TpoOeraeT 3HaYEHUs M3 MHOXKeCTBa A W cBa3ama ¢ i-i
KOMIIOHEHTOH, i € [1,n], nekaprosoii crenern A”. @yuknuio f,
ONpeJeNeHHyI0 Ha MHOXKeCTBe A" M NPHHUMAIONIYIO 3HAUCHHS
u3 muOkecTBa D (MHOKECTBA A), Oy/1eM HA3ZBIBATE N-MeCMHOTU,
WM, UHAYe, n-aphol Pynryuet us muoxncecmea A 60 mmooice-
cmeo D (coorBercrBeHHO Had MHodCeCBoM A) OT HEpeMEeHHbBIX
x 1 6ygeM OpeJCTaBIsTh ee B BIIe

f=f(), f: A — D (coorBercrsenno f : A" — A).

IIpu stom B cayyae D = B = {0,1} dbyuxius [ cuuraercs
omuowenuem nad muoocecmeom A, a zamuce f (a) (f (a)), vae
a = (ai,...,a,) € A", o3HaUaeT, 9TO KOMIIOHEHTHI Habopa a
HAXOZATCST (COOTBETCTBEHHO HE HAXOJSITCSI) B OTHOIIEHUH [, TO
ectb f (a) =1 (coorBercreenno f (a) = 0).

Jnst GuHAPHBIX OTHOMIEHUH, TO €CTh OTHOIIEHWH OT JBYX
MTEPEMEHHBIX, ODBIYHBIM 00PA30M OMPENeSAI0TCI CBOMCTBA pe-
PIEKCHBHOCTH, TPAH3ZUTUBHOCTH, CAMMETPUIHOCTH U AHTHCHM-
merpuanoctr. OTHOIIEHWEe, 061a1aK01ee CBOMCTBAME ped.Jiek-
CHUBHOCTH, CHMMETPHIHOCTH W TPAHZUTHBHOCTH, Gy/IeM, KaK 0OBIT-
HO, HA3bIBATh OTHOIICHNEM 3KBUBAJICHTHOCTH. HaHOMHI/IM, qTO

"Yepes [a] (|a]) obosmauaercs GmmKaiimee K o CBepXy (COOTBETCTBEH-
HO CHU3Y) TIeJI0€ IHCII0

@yHKuo f OT HePeMEHHBIX T, To OyIeM, KaK OOBIYHO, MPeJICTABIATh
B Buze (x1fx2).
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OTHOIICHME IKBUBAJICHTHOCTHU T, 3aJaHHOC HA MHO2KCCTBE A,
MOpoKgaeT pa3dWeHne 3TOro MHOKECTBA Ha KJIACCHI T-IKBU-
BAJIEHTHOCTH — MAKCUMAJIbHBIE TT0 BKIIOUYEHHUIO TTOJIMHOKECTBA
MHO>KECTBa A, COCTOdImMe M3 TMOIMAaPHO T-9KBUBAJICHTHBIX 3JI€-
MeHTOB. [IprMepoM OTHOIIEHHS SKBUBAJIEHTHOCTH ABJISIETCST OT-
HOIIEHUE NePecmano604Hocmy Ha MHOXKecTBe A™, B KOTOPOM
cioBa o m o HAXOmATCA TOrIA M TOIBKO TOTAA, KOTAa o MOK-
HO TIOJIyYUTh U3 @ B pe3ysbrare IepecTaHOBKU OYKB. 3aMeTum,
YTO KJIACCAMHU SKBUBAJEHTHOCTH 110 STOMY OTHONIEHUIO SIBJISTEOT-
Ced COUeTaHMA C ITOBTOPEHUAMMU.

Otnommenne, obaagaiormee CBoiicTBaMu pedIeKCMBHOCTH, TPaH-
SUTUBHOCTH ¥ aHTHCUMMETPUYIHOCTH, OyjeM, KaK OObIYHO, Ha-
3BIBATH OTHOIICHUEM 4aCMu4to20 nopadke. Ecim 7 — oTHO-
[IeHre YaCTUIHOTO MOpsiaKa Ha MHOXKecTBe A, TO mapy (A,T)
OyJeM Ha3bIBATD 4GCMUYHO YNOPACOUEHHbIM MHOMCECNEOM. B
TOM CJlydae, KOT/ia B 9aCTUIHO yIopsiZioueHHOM MHOXKecTRe (A, T)
mobbie aBa saeMenTa @’ u a” w3 A cpaBHUMBI, TO €CTh JUGO
a'ra”, mabo a’'ta’, mapy (A, T) Gymem cuuTarh Aunelino yno-
pAJOUEHHBM MHOMHCECTEOM. TIpennonaraercs, 9To BCe dJIeMeH-
ThI KOHETHOTO JIMHEHHO yIIOPSI09eHHOr0 MHOKecTBa (A, T), e
|A| = t, mporymepoBanbl unciaMu otpeska [0, ) Tak, 9To s
mobbix a’ n a” uz A somep a’ e Gosblre, yem nomep a”’ Torga
U TOJIBKO Torma, Korga a'ra’”.

Ilox muckpermoit yHKIIEH MOHAMAIOT, O0OBITHO, OTOOpa-
JKEHWE OJIHOI0 KOHEYHOro MHOX«KeCcTBa B aApyroe. Tak, dyHk-
st Hag orpeskoM [0, k), tiae k > 2, HaseiBaercs @ynryued
k-snaunot aozuru (upu k = 2 — anzebpu ao2uku), & MHOXKE-
cTBO BCex Takux (pyukmnmit obozuagaercs yepes Pj. Juckper-
Hble PYHKIINN, KaK MTPABUJIO, MOTYT OBITH OMUCAHBI TAOIUIIAMU.
Tak, 6Gunapuas dyskiws f (21, r9) U3 KOHEYHOTO JUHEHHO yTIO-
psimodeHHOTO MHOXKeCTBA A = {a1,...,a; } B KOHEUHOE MHOXKE-
crBo D moxker OBITH 3amana Mmarpuneit M, M € D™™, rme
M (i,j) = f(ai,a;) upu Bcex 4, j u3 orpeska [1,m], u obparmo.

IIycte X ={x1,x2,...,Zpn, ... } — CACTHBII yIIOPSTOICHHBII
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andasuT nepemennbix Hasl MHOKECTBOM A n nycrs P4 =P 4 (X)
— MHOYKeCTBO Bcex dyukiuit Hag A or nepemennsrx u3 X. [le-
peMenHasi z;, ¢ € [l,n|, Ha3zBIBaeTCa Hecywecmeennol nepe-
mennol pynxyuu f(x1,...,2,) 13 Py, ecm f (o) = f(B) naa
JIOOBIX OTIMYAOIINXCA TOJILKO 110 x; Habopos a u [ u3 A™. B
MPOTUBHOM CJIy4ae MEePEeMEHHAS &T; HA3BIBACTCS CYULECTNEEHHOT
nepemennoit ¢yukiuu f. Cunraercd, aro ¢yHkuus f cyiie-
CTBEHHO (HECYIECTBEHHO) 3aBUCUT OT TIEPEMEHHON X, €CJTU XT; —
CyIIeCTBEeHHAs (COOTBETCTBEHHO HECYIECTBEHHAS ) TIEPEMEHHAsT
dyukimu f. HecyiecrBennas nepeMeHHas He BUSIET HA 3HAYUE-
Hre (QyHKINN, IO9TOMY, KaK OOBIYHO, paBeHCTBO PYHKIHI Oy-
JIEM PACCMATPUBATD C TOYHOCTHIO JI0 J00ABIEHUS WU U3 bATUSI
HECYITIECTBEHHBIX TlepeMeHHbIX. [Ipn 9ToM aBe PyHKIMM canTa-
IOTCS PAGHbLMU, ECTTH OHM MMEIOT OJHU W Te JKe CYIEeCTBEHHBIE
TePEMEHHbIE W ONWHAKOBLIM 00pa3oM 0TOOPaKAIOT JEKAPTOBY
cTemeHb A, CBSIBAHHYIO € WX CYNIECTBEHHBIMU TEPEMEHHBIMHE, B
A. Byaem rooputh, uto f — cyuwecmsennas QYHKINUSA, eCJIH
OHa CYIITECTBEHHO 3aBUCUT OT BCEX CBOUX TEPEMEHHBIX.

IIpeamonaraercs, 9T0 y HAC UMEETCH CUETHBIHN aadaBuT PyHK-
moHaIBLHBIX cMBOJIOB (DC) mist obosnavenus bynkuii u3 P 4
1 4TO B P4 BBIIeIeHO0 «0a3ucHoe» MHOXKeCTBO B. JaguM numyk-
TuUBHOE onpexenenue popmyanl Hax b u peanuzyemoit ero QyHk-
WK, KOTOPOE, B OTIMYHE OT [27|, HEsIBHO IPe/IIoiaraeT HaJlndamue
B B dyHKIMN, TOXKAECTBEHHO PABHON MEPEMEHHON. 3aMeTHM,
9TO C COHEP2KATETHLHON TOUYKN 3peHus (POPMY/Ia IPEeaCTaBIAeT
coboit cioBo, noctpoennoe n3 OPC «bazucHbIXy GHYHKINN, CHM-
BOJIOB TIEPEMEHHBIX U «Pa3JIeJUTeNel», KOTOPoe 3a/1aeT M0CIe-
JIOBATEIEHOCTE BBIMOJTHEHNUS OMEPAIUil CYIIEPIO3UIINN.

JIrobas mepemennas x; w3 X cuntaercsa Gopmyaots eaybunov
0 nad mmnooicecmeom B, KoTopaa peanusyer dbyHKIHIO ;. Ec-
mn o (x1,...,x,) € B n gua kaxkgoro i, @ € [1, k], oupegenena
dopmyna F; riybunsl ¢; Haa MHOXKecTBOM B, KOTOpas peasu-
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gyer pyarnuio f; u3 P4, 10 3anmuck F Buja

Hfzgo("fl,...,?k) (16)

ABJIAETCH hopmyaot eaybuns, ¢ = max{q,...,qx} + 1 nad B,
koTopas peanmsyer dyakuuto f Buga f = ¢ (f1,..., fr). Bee
3aUCH, OJYYEHHbIE B Pe3y/IbTaTe YKA3aHHOTO MHIYKTHBHOTO
MMOCTPOEHUsI, U TOJBKO OHM CUUTAIOTCS (POPMYAGMY HAO MHO-
orcecrneom B. Tlpu sT0M (DOPMYJIBI, [OJYYEHHBIE B IIPOIECCE
WHAYKTUBHOTO MTOCTPOeHUsT opMy/abl F, HABBIBAIOTCS €€ no0-
Popmysamu, a te nogdopmyast Fi, ..., Fp, W3 KOTOPHIX HA TTO-
CJIEJHEM MIare WHAYKTHUBHOTO TIOCTPOEHUsI CTPOUTCS (hOpMyJIia
F Buma (1.6), cumrarorcs ee z2aashvimu moadopmymavu. Ilog
caootcrocmviro (parzom) GopMyiel F MOHUMAETCS IUCTO BXOK-
nennit 8 Hee @C (COOTBETCTBEHHO CMMBOJIOB TIEPEMEHHBIX ), KO-
Topoe obosuadaercs qepe3 L (F) (coorsercrenno R (F)).

@®opuynel F u F’, peanusyompme papnble dbynknun [’ ou
f", HABBIBAIOTCH PAGHLIMU WU, HHAYE, IKGUGAACHMHbLMUY. TIpu
5TOM paBeHcTBO Buga t : F = F” camraerca moscdecmeom.
OO0BI9HBIM 00PA30M BBOISITCST TOXKJECTBA, XaPAKTEPUBYOIIHE
CBOJICTBA KOMMYTATHBHOCTH, ACCOIMATHBHOCTH U TUCTPUOYTHB-
HocTH OuHapHbIX byHKIWMT 13 P 4.

MuoxkecTBO BCex pyHKIMil, peayn3yeMbix (POPMyIaMu HaL
B, naseiBaerca samvikanuem muoxkecrsa B. Ilpu sTom mMmHOKe-
CcTBO B cumTaercda noansim, eciii ero 3aMbIKAHUE COBIAJIAET C
P4. B panwueiimenm Jroboe KoHedHoe 1oOJIHOE B P4 OasucHoe
MHOXKecTBO b Oynem HazwiBaTh 6asucom. llpu sTom, B oTnmdue
ot [27], 8 B moryT npucyrcreosars ®AJI, npu yjianseHun KoTo-
PBIX OCTABIIIEECH MHOXKECTBO MPOJI0JIZKAET OBITH [TOJTHBIM.
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§2 IlpeacraBienue yHkIiuii aaredpbl JOTHUKH C
MIOMOIIBIO AU3bIOHKTUBHBIX HOPMAJIbHBIX (hOpM
(AJH®) u ero «reomerpuyeckasi» WHTEPIIPeTa-
mus. Cosepmennasa /JIH®, kpurepuii efuHCTBEH-
"Hoctu JITH®

MmuozxkecrBo B", rie B = {0,1} un € N, 10 ecTh MHO)KECTBO Ha-
6opo aauHbl N w3 0 1 1, OOBITHO HA3BIBAOT eJUHUUHBIM KYOOM
win 2unepkybom paszMeprocTu n. OQTHOIEHUE EPECTAHOBOY-
HoCTH pasbusaer Ky6 B™ Ha KJIACCHl 9KBUBAJEHTHOCTH (COUe-
tanud) By, BY, ..., B}, tne B, i € [0,n], — Tak Ha3bIBaeMBblit
-1 co#t kyba B", TO ecTh MHOXKeCTBO HAOOPOB C 1 eAUHUTIAMH,
u, ouenzno, |BY| = (7).

Ha muOX)ecTBe B" BBE/IEM OTHOIIEHME JIEKCUKOTPAPHIECKO-
ro JIMHEWHOTO MOPA/IKA, KOTOPOE 33/1aeTCsi B3aUMHO OJ[HO3HAY-

HbIM OTOOpazkenueM (Hymepanueit) v: B™ — [0,2") takum, 410

n
viag,...,an) = Z ;2"
i=1

Bamernm, uto gpomdnasi 3amuck uucaa v(a), a € B", jo-
IOJIHEHHAS CJIeBa HyJAMH 10 Habopa JIMHEL 7, COBIAJAET C
«. AHaJIOTUYHBIM 00PA30M BBOJUTCS JIEKCUKOTpahUIeCKuil mo-
psajok ua muoxecrse ([0, k))" npu k > 2. MuoxkecTBo HaGOPOB,
siBJIsifOITieecsi obpaszoM orpeska [a,b], tue [a,b] C [0,2"), upu
oToGpazkenuu v, HasbIBaeTC ompeskom Kkyba BT

Hnga mnabopos «, 8 uz B™ uepes p(«, ) obo3rauaerca Taxk
HA3LIBAEMOE PACCTOAHME X3MMUHIA MEXKIAY HUMH, TO €CTh 9HC-
JIO T€X Pa3p4d/i0B, B KOTOPBIX OHW OTJIMYAIOTCH JIPYT OT JPyTa.
ITpm aToM HABOPHI, HAXOIAIINECS Ha, PACCTOSTHIN N, HA3HIBAIOT-
CA NPOMUCONONONCHBLMY, & HADOPBI, OTIMIAIIIACCT TOILKO B
omuOM (i-M) paspsijie, CAUTAIOTCH COCeIHUMU (COOTBETCTBEHHO
cocedrnumu no -1 nepemennot). Ilpu reomerpuaeckom n3o6pa-
xeunn Kyba B™ #a MI0CKOCTH BEPIUHBI (-TO CJI0OA OOBITHO Pac-
IOJIATAIOTCA HA OJHOM M TOM YK€ TOPH3OHTAJILHOM YPOBHE HaT
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(1111)

(111)

T(0221)

(0000)

Puc. 2.1: B3 u B*, upumeps! rpamei

BepimHamMu (i — 1)-ro ciost, @ = 1,...,7n, a COCeIHIE BEPIINHBI
COeIMHAIOTCS OTpe3KaMu psaMbix (cM. puc. 2.1). MHoxkecTBO
Habopos Kyba B", HAXOJAMUXCS HA paccTosiuun t (He GoJibIle,
uem t) or HabOpa (v, HA3BIBAETCS Chepoli (COOTBETCTBEHHO Ui~
pom) paduyca t ¢ uenmpom . 3aMeTuM, 9To i-it caoit Kyba B"
spsiercs cdepoii pamuyca i ¢ nenrponm B madope 0 = (0,...,0)
u cepoit paguyca (n — i) ¢ eHTpoM B Habope 1= (1,...,1).

Ha muoxkecrBe B" o0bI9HbIM 00pa3oM BBEAEM OTHOIIECHHE
JACTUIHOTO TMOPsAAKa < TaKO0e, 9TO

Oé:(Oél,---,Oén)gﬂz(ﬁla"'vﬁﬂ)

TOTJIA W TOJIBKO TOIyIA, Korja «; < [3; upu Beex ¢ € [1,n]. Tlpu
9TOM CUHUTAETCsI, 9To o < 3, ecmn o < S o # 3, a HAGOPHI
o, Buz B", nna xoropeix o < fumm S < o (o € Bu B £ a),
HA3BIBAIOTCS CPAGHUMBLMU (COOTBETCTBEHHO HECPAGHUMBMU).
Hns wabopa v = (y1,...,Yn) JIMHBL N HAJ MHOXKECTBOM
[0,2] wepes I', obo3HatMMM MHOXKECTBO BCeX Tex HabOPOB a =
= (a1,...,ap) Kyba B™, mag KOTOPBIX ( = <; MPH BCEX i €
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.%'1“0‘?1‘1’1‘1
0 (0]1 1
10011
a)
z m|l&| Ve~ ][4
0O 0O|o0oj0jO|1]|1]1]1
O 1y40j1}j1(0}|1]1]|0
1 00|11 (0|0|1/0
1 1 }1(1]01]1]0]0
b)
ay HasBaHUe QYHKIWH f
(00) — 70" (koHCTaHTA HYyJIb)
(11) — 717 (koHCTaHTa €MHNUIIA)
(01) — roxkaecTBeHHAst DYHKIIUST
(10) — orpunanue
0001) — KOHBIOHKIWS (yMHOXKEHHE)

— CcyMMa TI0 MOJYJIRO 2
— 9KBUBAJICHTHOCTDH

— UMILTUKAIUS

— mrpux [Mleddepa

)
)
)
)
0111) — nU3bBIOHKIWMS
)
)
)
)
) — crpeska Ilupca

c)
Puc. 2.2: P, (1) u «ocuosusiey DAJI uz Ps (2)
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[1,n] Takux, 4ro y; # 2. Muoxkecrso I', HaseiBaercs epanvio
kyba B™, ancno (n — r), pasraoe aucay 72”7 B Habope 7, canTa-
eTCST Pa3MePHOCTbIO ITOHW TpaHW, a YUCJIO T — €€ Pan2oM. 3a-
MeTHM, 4TO yKasaHHad rpanb [, mpejacrasiger coboit moaxy0
pasmeproctu (n — 1) Kyba B™ u cocrout u3z 2"~ Habopos, OT-
JIMYAIOIIUXCA JIPYT OT JAPYTa TOJBKO B TEX PA3PAIAX, B KOTOPBIX
pacrosoKeHbl CUMBOJIbL 2”7 Habopa . B wacTHOCTH, TpaHb pas-
mvepuoctu () mpeacTaBageT coboit BepimuHy Kyba, rpanb pasmep-
Hoctu 1 — ero pebpo, rpaHb Pa3MEpPHOCTH 2 — KBAJpPaT, U TaK
nanee. Tax, na puc. 2.1 B ky6e B3 soigenens pepa Ny, ..., N,
a B Kybe B* BuIje/iecHBI IpaHu T(0010)s T'(0200)> I'(0221) ¥ I'(1222)
pasmepnocteit 0, 1, 2 m 3 coorBeTCcTBEHHO. JIErKO BHIAETH, UTO
rpaub I'y pamra (n —r) B xkybe B", rie v = (a,2,...,2) n
a € B"™", cooTBeTCTBYET OTpe3Ky Kyba mauHbl 27, a MHOXKe-
CTBO BCEX TPaHel YKa3aHHOTO BUAA oOpa3yer paszbuenue B" ma
MOCTIeOBATETHHBIE OTPE3KH.

Bynem, kak 00bIvHO, IPEAIIOIArATH, YTO Y HAC UMEETCS CUeT-
HBIH yTIOpsiouenubiii andasut Oynesbix mepemennbix (BIT) X =
{z1,29,...,2pn, ...}, u Oymem paccMaTpPUBATEL (DYHKIIUH AIres-
poet joruku (DAJT), unn, unaqe, Oynesnl hyHKIUE OT TIEPEMEH-
HBIX M3 X, & MHOXKECTBO BCeX TakuxX byHKImi Oymem obo3ma-
qarh depes Py (X), wnu Py. Bymem npejmonarars Tak:ke, 9To
KaXKIbIil paccMaTpHBaeMbIil n-MepHbIH Ky0 mmeer Bug B =
= B"(X), rae muOkecTBO Tepementbix X = {xj,,...,2;,} CX
uji < -+ < jp, IpHYEM llepeMeHHasI L, Ui Beex ¢ € [1, n| cBa-
3aHa ¢ i-M paspsagom kyba B™(X). Muoxectso BCex dyHKImit
asrebpst storuku f(zj,,...,x;, ), orobpaxatomux ky6 B"(X) B
B, 6yaem obosnauars yepes Po (X)), a ero m-1 j1ekaproBy cre-
MeHb, TO €CTh MHOXKECTBO cucreM Buga F' = (f1,..., fm), cocro-
ammx n3 m Takux ysxmmit, — vepe3 Py (X). Kak mpasuio,
Mol Byzem Boutesats u3 X muoxkecrso BIT X (n) = {x1,..., 2.},
rme n € N, Gygem comoctaBasaTh emy nHabop BII z(n) =
= (x1,...,xy,) u bynem paccmarpusarh MHOKeCTBO DAJT Po(n) =
P5(X(n)), a Takxe ero crenean Py*(n)= Py*(X(n)).
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Honst sananus @AJL f uz Po(n) MOXKHO HCIIOJIB30BATH €€
n
TabnIy 3HAYEHN, TO ecTh Marpuiy M n3 muoxectsa B2 "1
i-s1 cTpOKa, i € [1,2"], KoTropoii nmeeT BU

M G, [L,n +1]) = (a, f (@),

rae v (a) =i — 1. IIpu sTom cronbern M ([1,2"],n + 1), ommo-
s3nagno 3agarowuii PAJL f, cunraercs ee croadbuoM 3HaYEHUT
7 0OBIYHO 3aMUCHIBAETCA B BUIE TPAHCIOHUPOBAHHON CTPOKH,
obozHawaemoit depe3 ay. OTcioga Cilelyer, B 9aCTHOCTH, UTO
|Py (n)] = 22". Ha puc. 2.2a (2.2b) npusesens Tab/mIb Beex
(coorBercrBenHO «0oCcHOBHBIX» ) DAJI or BII x1 (cooTBercrBen-
HO 1, &2), & Ha puC. 2.2C TIepedncaenbl CTONObI 3HAYeHN (¢ 1
HaspaHns I Beex yKazannolx ®AJIL. Cronben snauennii ©AJI
f u3 Py (n) upu aobom k € [1,1n) MOXKHO 3amUcaTh B BUJIE [Psi-
MOYTOJIBHOM TabuITB! (MATPHITEI) JJTHHBI 2% 1 BbicoTnr 27K
CTPOKa KOTOPOIt, ¢ € [1, 2”"“], AMEET BU/I

af<<(i—1)2’“,i2k}>.

Kpowme Toro, ®AJI f ogHO3HAUHO ONpeEneTseTcs CBOUM Tapak-
MEPUCTNUHECKUM MHONCECTNEOM, KOTOPOE COCTONT U3 BCEX Ha-
6opos o € B™ rakux, uro f («) = 1, u obosHagaercs gepes Ny,
a Tak:Ke ero gonojHenneM N f = Ny = B" \ V. Bamernm, 4ro
QAJl f apagerca xapaKTePUCTUIECKON (PYHKIIMEH MHOXKECTBA
Ny.

Ha puc. 2.3a nokaszana rabuuna 3uavennii @AJI rpex nepe-
menubix H (21, z2,T3), KoTopas Ha3bIBaeTCa QYHKIHEH 2040C0-
eanus, HAa puc. 2.3b TpuBeIEHbI TPAMOYTOJIbHBIE TAOJIUIIBI €e

, -9

3HadeHuit, a "a puc. 2.3¢ BuIMUCAHLI HAOOPHI MHOXKECTB Ny
Ny.

Herpyamo ybequThest B ToM, UT0 GuHapHBIE orneparuu &, V,
@ YHOOBJIETBOPAIOT OOLIYHBIM <«aJredpamdecKuMy TOXKIECTBAM
ACCOMMATUBHOCTH U KOMMYTATUBHOCTH, a onepanus &, Kpome
TOr0, — TOXKJIECTBAM JTUCTPUOYTUBHOCTH OTHOCUTETHHO V U B,
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H

T2 XT3

T

0 011
01 01

T2
T3
1

1
0

0
0

YS
Tr1 T2
0

0

0 001

0111

Ny = {(011),(101), (110), (111)}

Ny = {(000), (001), (010, (100)}

Puc. 2.3: yuknua rogocosamnms
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C HOMOIIBIO KOTOPHIX MOXKHO PAcKpbIBarTh CKOOKu'. Bamernm,
TaKKe, UTO UMEIOT MECTO CJIEAYIONINe TOXKIECTBA TTPUBEICHUSI
IIOJIOOHBIX

z-0=z-T=x0x=0, zVli=zVZi=zdT=1 (2.1)
r-x=xVr=zV0=xd0=z-1=uz, (2.2

r1Vrixre =y,

TOCJIEAHEE N3 KOTOPBIX HA3BIBAETCA «TOKIECTBOM MTOTJIOMEHISS .
Hamomunwm, aro ®AJI suga

f(xlw-'axn):alxl@"'@anl‘n@ao

u3 P5 (n), roe o, . . . , 4, — Oy/I€Bbl KOHCTAHTBI, HA3BIBAETCSL AU-
netinott ®AJI n 3amermm, uro cymecrsenubiMu BIT sToit ®AJT
ABIAI0TCs Te 1 ToabKo Te BII x; n3 muOXkecTBa X (n), 1u1st KO-
TOPLIX «KO3(hduumenT» a; paper 1. 3amernm Tak:ke, aro GAJI
by =21® - @apuly, =2, D xy, 1 aBasioTCT €1UH-
CTBEHHBIME CymiecTBeHHbIMH uHeHHbIME PAJL B P (n).

Paccymorpum mHekoTOpBIe (DOPMYIIBI «aaredpandecKoroy Tu-
1a HaJ MHOXKECTBOM

by = {l’l -T2, 1V T2, fl} .

Oyurnuu T; u T; 0yaem HazsBaTh 6yxeamu BII x; n, kak oObIy-
HO, 6y/IeM CUATaTh, 9To 19 = T, o} = x;. Konblonknus (1usb-
wakiua) 7, 1 < r < n, 6yks pasmmunabix BIT w3 mHOXKe-
crBa X (n) HA3BIBACTCS AeMEHMaPHol Konstonkyued (COOTBET-
CTBEHHO 24eMEHMapHoti Qussronkyuet) parea r om 6yie6us ne-

pemennoie X (n). U3 (2.1), (2.2) caemyer, 910 s/1€MeHTApHAL

Tpu 3amcu bopumyn mam P (2) Gymem mpuMeHATH OGBIMHbIE COTJIA-
[IEHUS O «CHJIE» OIEPAIWii, B COOTBETCTBUH ¢ KOTOpbiMU PAJI — cuibHee
DAJI &, a DAJI & cunbree Beex ocranbabix PAJI or ayx BII. Kpome To-
ro, BHENIHIE CKOOKHM M CKOOKM, 33JAIONIIe ITOPSITOK MHOTOKPATHOTO BBITIOJ-
HEHUs OJIHOW U TOW e OWHAPHON accornuaTusBHON omeparuu &, V, ~, @,
OyzeM, Kak IIPaBUJIO, OIYCKATh.
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ar
ir
g (D) J = afl v val el < iy < -o- < dp <
apygrorcd xapakrepucrundeckumu PAJI rpann Ng = I'g u ee
nononuenus Ny = B™\ T'g, rue nabop § u3 ([0,2])" obia-
Taer TeM cBoicrBoM, 4T0 3 (i,) = oy mpu Bcex p € [1,7] u
B (i) = 2 B ocrasbHBIX caydasix. Tak, s/eMeHTapHble KOHbIOHK-

koubionkiug (OK) K = 27! -+ - 2] u sjiemenrapuas Ju3bIOHK-

N T1T2X3T4, T1T3T4, £1T4 W 1 panra 4, 3, 2 u 1 cooTBeT-
crBerno ot BII x1, x2, X3, T4 SBASIIOTCS XapaKTEPUCTUIECKUMUT
®AJI rpaneit Kyba B*, nokazaumbix Ha puc. 2.1b. Bygem cuu-
TarTh, 4T0 KoHCTaHTa 1 (KoHcTaHTa 0) $IBJISETCS DJIeMEHTAPHOM
KOHBIOHKITAEH (COOTBeTCTBeHHo 3JIEMEHTAPHON ;LH31>}0HKL:1/161?1)
pamra 0. 3aMeTrnM, 9TO J00as OTIUYHAS OT X1 B To U T1 ~ T2
cymecteernast OAJI or BII x1, xo asaserca mubo K, aubo
/1 panra 2.

Jn3bIOHKINAS Pa3JInIHBIX JeMEeHTAPHBIX KOHBIOHKINAN Ha-
3BIBAETCS QUSBHOHKMUSHOT HOPMaAbHOT dopmoti (JTHD), a korb-
IOHKIIS PA3JIUIHBIX 3JeMEHTAPHBIX U3 BIOHKIIAN — KOHBIOHK-
muenoti hopmasvnoti popmoti (KHD). TTpu strom THP (KHD)
canTaercs cosepuennol, ecau Bee ee DK (coorsercreenno /1)
CYIIIECTBEHHO 3aBuCAT OT omuux u Tex ke BII, a mx panr pa-
Ber wucity stux BIl. Yucrno 9K (911) B IH® (coorsercrBenHo
KH®) 2 nasbiBaerca ee daunoti n obosrauaerca aepes A ().
JIiobyo ®AJIL f(z1,...,2,), OTIHIHYIO OT KOHCTAHTBI, MOXKHO
npegcraButk B Buge ee copepiieHubix JJH® u KH® cremyio-
M 06pazoM:

fz1, ... zy) = \/ it angn =

(Oq,...,Ocn)ENf

= A (#voval). @

(B1,--»Bn)EN

Tak, copepruennas JJH® ®AJL g (21, z2, x3), s Koropoit N, =
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{(000), (111)}, (cm. puc. 2.1a) umeer Bug

g(z1,m2,73) =
= 217223 V 2122T3 V T122X3 V T1T2x3 V T1XT2x3 V T1T2X3.

Bamerum, uto a0y PAJL f uz Py (n), OTIHIHYIO OT KOH-
craaTbl 0, MOXKHO TIpencTaBuTh ee coseprmennoit JTH® Buma
(2.4), a DAJL f =0 — dopwmynoii z1 - T1. CirenoBaTebHO, JTIO-
Has OAJI uz P moxker 6bITH peain3oBana hopMysioit Hax B,
¥ IIO3TOMY MHOXKecTBO By saBisgerca 6azucom Ps.

Cosepmennyto JTH® (2.4) o6obimaer coremytomniee mpeacras-
JIEHHE, KOTOPOe HAa3BIBAIOT 0ObLIUHO pazsoxkenneM lllennona:

fle") = Voo (o), (25)
0" =(0g415-,0n)
raeq € [0,n], 2" = (z1,...,2¢), 2" = (Xg41,...,2n) 1 for (2) =

f(2',0"). 3amerum, uro pu ¢ = 0 Bece «ocrarounbiey DA
for (2') aBASIIOTCS KOHCTAHTAMU.

IIpeacrasnenne @®AJI B Buae JIH® miun KH® umeer npo-
CTYIO F€OMETPHUYECKYI0 HHTepHpeTammio. Ilycrs

f(xl,...,:l/‘n):Kl\/...\/KSZQ(, (26)
f(xl,...,xn):J1~~ Jt:sB,
rne Ky, ..., Kg (J1, ..., Ji) — pasauunbie 9K (coorBercrsen-

no /1) or BIT z4,...,z,. U3 (2.1), (2.2) creayer, aro npes-
craBienus (2.6) u (2.7) 9KBUBAJICHTHBI CJIETYOIINM TTOKPBITHSIM

muoxkecTs Ny u Ny rpanavu Kyba B™

Nf:NKlLJ...UNKS; (28)
Nf:WJIU...UNJt.

Tax, mpeacraBsenne

g(x1,29,23) = K1 V...V Kg, (2.10)
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rae Ny = {(000), (111)} u

K| = x173, Ko = 2073, K3 = 7129,

Ky =m23, K5 = Toxs, Ke = 2172,

coorBercTByeT HOKpbITHIO Ny = N1 U ... UNg, T1e N; = N,
npu Beex ¢ = 1,...,6 (cm. puc. 2.1a). Bamerum, aro cosep-
mrernbie JJHO uw KHO OAJL f uz (2.4) 3a1a10T HOKPBITHE MHO-
xKects Ny u N § coorBercTBeHHO rpansimu pasmeprocru 0. ITpu-
HUMAas BO BHUMAHUE YKA3aHHYIO BBIIIE TeOMETPUIECKYIO WHTEP-
TIPETAITNIO, MBI He HyIeM B JAMLHERIIIEM TeaTh CYIIEeCTBEHHBIX
pazsmunit mex gy 9K K; n coorBercTBytoreii eit rpanbio N,
a rakxe Mexay JTH® suma (2.6) u cooTBETCTBYIONMM €ii 110~
KpbiTuem (2.7).

JIemma 2.1. Cosepwennan JH® PAJL f, f € Pa(n), asaa-
emca eduncmeennoti JTH® om BII X (n), xomopas pearusyem
omy PAJI, mozda v moavko mozda, xo20a 60 mnosicecmse Ny
Hem CcocedHUux Habopos.

Zoxasameavcmaso. Coseprennast JIH® OAJT f apnstercs enns-
creennoit /TH® or BII X (n), koropas peanusyer sty DPAJI,
TOrJla U TOJILKO TOI/a, KOT/la B MHOXKecTBe Ny HeT rpaneii pas-
mMeprocTu 60Jibire (), 9TO SKBUBAJIECHTHO TOMY, 9YTO B MHOYKECTBE
Ny ner cocenux HabOPOB. O

Cnencrsue. Cosepuwenmvie JJHD OAJLL,, b, asarsomea edun-
cmeennvimu JTHD omuz PAJ om BIT X (n).

§3 Cokpamennag /ITH® u cnocobbl ee mocTpoeHus

Paccvmorpum Temeph HekoTopbie cremuaiabHble Buabl JIHD u
UX «TEOMETPUYECKYIO» HHTeplperanuio. byiem roBoputsk, 9To
@AJT f' umnauyupyem DAJT f”, wmu, unage, PAJL f” no-
enowgaem DAJL f', ecim Ny C Ngr, TO €CTb MMIVIMKAIIHST
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(f" — f") roxmecTeenno pasha 1. DyieMeHTAPHAS KOHBLIOHK-
1mst, Koropass uMmmmnupyer OAJI f wHazpiBaeTcsa uMnAuKaH-
mot stoit DAJI. BameTnM, 9TO OTHOIIEHUE UMILIAITAPYEMOCTH
ABJIAETCS OTHOIIEHNeM YaCTUYHOro HopsjiKa U 9To f' umrim-
mupyer f” morma m tombko Torma, korma f”7 = f'V f" wm
f = f"-f". Orcopa cnenyer, B wacrnocru, uro IK K’ mvnin-
mupyer 9K K’ Torma m ToJBLKO TOrIa, KOTIa MHOXKECTBO OYKB
K" comepxurcst Bo muoxectse 6yks K’ o ectb K/ = K" - K
1 mekotopoit K K, ne mmeromeit obmumx 6yks ¢ 9K K. DTo
o3Havaer, 9ro B JanHoM ciaydae K K’ moxer ObiTh «ycrpa-
nena» n3 JH® K’V K' ¢ moMompo TOKIECTBa IOTIOMICHNAST
(2.3).

JusbronkTusryto HopMaabHyio dopmy 2 Buga (2.6) Gyxem
vaseiBarTh JH® 6e3 nozaowenut K, ecnn au onna u3 rpaneit
Nk, ..., Ng, He COIepKUTCA HU B ONHOII M3 IPYTUX I'paHeil
nokpbiTHs (2.8). Ha «s3bIKe HMILUTHIIMPYEMOCTHY 9TO O3HAYAET,
gro Hu ofua n3 K K;, i € [1, s], He aBigeTcs NMILTUKAHTOMN
9K Kj, rne j € [1, s] u i # j. 3ameru™, 4TO C NOMOIIBIO TOXK-
A€CTBA HOIVIOIEHN S (2.3) u3 moboit JTH® A MOKHO TOMTYyInTH
JAH® 2. 6e3 norsomenuit K.

Nmvnmkanra K ©AJL f HasuBaeTcs npocmoti uMniukan-
moti stoit OAJI, ecsiv OHa He MOTJIOMAETCH HUKAKON JIpyTOit
oTmuHON oT Hee nMmitnKkanToit @AJI f. U3 onpenenennii u oT-
MEUEHHBIX BBITE (PAKTOB CAEIYET, UTO B MPOCTYIO UMILTUKAHTY
DAJI f me BxonsT OyKBBI HecymecTBeHHBIX BIT aToit ®AJI u aTo
u3 060t ummankanTel PAJ] f MOXKHO TOTYyYIUTH ee TPOCTYIO
UMILUIMKAHTY y/ajenneM HeKoTopbix OykB. [locsenee o3nava-
et, aro Jyirobasg umimkanTa QPAJI f uMmmunupyer HEKOTOPYTO
mpoctyio uMIIHKAHTY f. C «TeoMeTpudecKkoity TOUKU 3PeHUsT
npocteie uMiimkanTbl PAJT f coOTBETCTBYIOT MaKCUMAJIBHBIM
O BKIIOYEHNIO TPAHAM MHOXKecTBa NV

Hwmsbrorknust Becex mpocThbix uMmintnkanT PAJI f wazweiBaet-
ca ee coxpawernot JTH®. Bamernm, uro coxparennas THO
DAJl f asnserca JJH® 6e3 morjomennit u 910 €l COOTBET-
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CrByer ILOKpbITHe MHOXkecTBa Ny BCEMH MAaKCHMAJIbHBIME II0
BKJIIOUEeHNIO Tpanamn MuokecTsa Ny sroit @AJL. Vkazanwoe
COOTBETCTBUE TO3BOJIAET CTPOUTL cokparienuyio JH® wma oc-
HOBE <«TEOMETPUYIECKUX» coobpaxkenwit. Tak, B COOTBETCTBUM
¢ puc. 2.1 npaBas gacth (2.10) sBasiercst cokparennoit JJTHO
DAJI g, a ms3 puc. 3.1a BeiTekaer, uro cokpamennas JIHO OAJI
g (z1, 22,23, x4), 1 KOTOPOIE gy = (111110111101 1010), mme-
eT BUJ

g =K/ V...VKI (3.1)
e K{ = I374, Ké = T273, Ké = ToX4, Kfl = r1723, Ké =
= 2974, K§ = T1T4, K, = T1To, mpuuem DK K/, i =1,...,7,
coorsercreyer rpaan N, = Ny na puc. 3.1a. Ha puc. 3.1b

IpHUBEJICHA J/If HAIJIAJHOCTH «pa3BepTKa» MHOXKecTBa Ny 1
COCTaBJ/ISIOIIMX €r0 MAKCUMaJIbHbLIX I'paHeil ykazannoiit ®AJI ¢’
Jlerxo Bujiers, uro cokpariennas JH® DK wiu 9/ coBraaer
C Hell caMoii.

Yrobb! caenarh nocrpoenne cokpamennoil JTH® pua OAJT
f, [ € Py(n), 6ostee HADISIHBIM, 9aCTO HUCIIOJB3YIOT €€ Mpeji-
craByienue B Buze xapmo, Kapno, To ects B Buze tabmumst 1o o( f),
B KoTopoit Habops! (10) u (11) mepecTaBeHbl, a TPOTHBOIIOIOK-
Hbl€ CTOPOHBI OTOXKJICCTBJICHBI 110 TUITY <«TODa». BaMeTI/IM7 qTO0
mo6oe pebpo Kyba B* cooTBeTCTBYeT JABYM COCEIHMM KJIETKAM
YKa3aHHO Tab/miel, a j060i kBagpar B BY — nubo ksagpary,
COCTABJIEHHOMY M3 YeTHIPEX COCEIHWX KJIETOK TaOJIUIBI, JInbOO
ee crpoke min crosoiy. Ha puc. 3.2 mpuBenena kapra Kap-
o ®AJT ¢' (21, T2, T3, T4) M yKA3AHBI BCE MAKCUMAJbHBIE TDAHN

stoit DAJL.

Teopema 3.1. ITycmo A u A" — coxpawennwve JHP PAJ
' u " coomeemcmeenno, a JH® 2 6es nozaowenuti noayua-
emca uz gopmyan, A - A" 6 pesyavmame packpvimus crobox
u npusedenusn nodobnuwx. Toeda A — coxpawennas JHDO OAJI

f=1f
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Bs = (1011)
N3
az = (1001) az = (0001 ar = (0011)
NN |
Bo = (1000) ap =0 as = (0010)> B+ = (0111)
N1 No
a1 = (1100) a5 = (0100) g = (0110)
!
N
Bs = (1110)
b)

Puc. 3.1: «reomerpus» cokpamennoit JJTHO OAJI ¢
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Tz 01|10
xsﬁso 0|11
0 0 1 1 1 171
0 1 [1]0]1][]
1 1 [[1]]o]ol]
1 o [AfT]1]o

b)

Puc. 3.2: xapra Kapno ®AJI ¢
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Zloxazameavcmeo. JloctaTouHo moKa3aTh, 910 B 2 BXOANUT JTHO-
6ast mpocrag nmmankanTa PAJL f. [lycts 9K K asasercs mpo-
croit mmrukanToi @AJI f u, ciemoBaTebHO, SIBJISIETCS M-
mmkanToit kak ®AJL [/, rak u ®AJI f”. N3 cBoiicTs cokpa-
mennbx JJH® pritekaer, aro 8 A’ u A" maiinyrea 9K K' u K”
COOTBETCTBEHHO, KOTOpBie mMmiuimpytorcs 9K K. Takum 06-
pason, B JTH® 2 soiiner ummmnupyemas PAJT K- K" DK K,
KOTOpas MOJIYUUTCS B PE3YJIbTATEe PACKPBITHA CKODOK W TIpUBe-
nenns nonobubix B dopmyse A’ - A”. Bamernm, 9To npum 3TOM
9K K nmuymnupyer AT K’M-K” U, CJIETIOBATE/THHO, MMILIATIA-
pyer 9K K. [Nockoabky K K asaserca nmmaukanToit PAJL f
u, ojiHOBpeMeHHO, uMiumnupyercs K K, ro K=K , TAK KaK
K — npocrag nmmaunkanTta @AJI f.

Teopema Jokazana. ]

CaencrBue. Fcau JAHD A 6e3 nosaowenul nosyuaemcs u3
KHO B QAJI f 6 pesyavmame packpumus ckobok u npusede-
HuA nodobnuzr, mo A — coxpawennan JHO OPAJ f.

[Ipumenssa creacrsue n3 Teopembl 3.1 x PAJI ¢, mokazan-
HO#t Ha puc. 3.1-3.2, noayunm (cpasuure ¢ (3.1))

D=(T1VZ2VTy) (1 VT2 Va3V Tyg) (T1 VT2 VI3V xy) =
= (Ta VT4 VT123) - (T1 VI VT3V xy4) =
=23T4 V T124V T1T9 V ToZ3 V X2T4 V T123 V ToX4.
Creayromuit meton (meron Bueiika [6]) mossosster mosty-
vath cokparerayio JJH® OAJI f us npoussosbuoii JIHD sroit

@AJI ¢ TOMOIIBIO 3KBUBAMEHTHBIX MPEobpa30BaHUil HA OCHOBE
TOXK1eCTBa 0DO0DIIEHHOr0 CKJICHBAHNI:

T1Z2 V T1x3 = 122 V T1x3 V T2X3.

Jrwbag JTH® 2, xoropyw MoxuO moayuarh u3 JTHD A
nyreM (OPMHUPOBaHUSA B Heil ¢ MOMOIILIO TOXKJIECTB acColia-
THBHOCTH ¥ KOMMYTaTHUBHOCTH mogdopmMyn suga x; K’V T; K",
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NPUMEHEHUsT K 9TUM 10a(OopMyJiaM TOXKIAECTBA ODODIEHHOTO
CKJIEMBaHUA

JJiK/ vV fiK” = a:iK’ V fiK// v K'K" (3.2)

¥ TIOCIEAYIOIIErO MPUBEIEHNST TOM00HBIX, HABBIBAETCS PACUIUPE-
nuem JTHD 2A. Pacumpenne " JTH® A cuntaerca cmpoaum, ec-
A cogepxkuT IK, He ABIOMIYIOCS UMILTUKAHTON HU OFHOM
9K uz . 3amerum, aro cokpamennas JIHO we umeer cTporux
paCIUpeHnii U 9TO B PEIYJIBTATE MOCTPOEHUS MOC/IEI0BATE b~
HBIX CTPOTMX PACIIUPEHUl U NpUBeJIeHUs MOA00HBIX U3 J1060it
JH® moxkuo moayunts JTH® 6e3 nornomenunit 9K, koropas He
UMeEeT CTPOIuX PACHIUPEHU.

Teopema 3.2. JJH® 6es nozaouwenuti 9K asasemcs coxpa-
wennott AH® moeada u moavko moeada, xoeda ona me umeem
CMPOUT PACUWUPEHUL.

oxaszameavcmeo. Hocrarouno yoemurbesa B Tom, aro JJHD A
6e3 noryomennii DK, He nMeromas CTpPOrux paciiupeHnii, co-
JIEPKAT BCE TTPOCTHIE MMILTHKAHTEI peannzyemoit ero @AJI f.
Mycrs X (n) = {x1,...,2,} — muoxecrso BIT JTH® A, a K —
MpoCTast UMILTHKaHTa f, KoTopas e BxoauT B . PacemoTpum
MHOKeCTBO K, COCTOsAIIEe W3 BCEX TEX JIEMEHTAPHBIX KOHBIOHK-
it o1 BI1 X (n), KoTopeie SIBASIOTCS MMILTUKAHTaMA f, HO HE
SABJAIOTCA UMITMKanTaMu Hu ofHoit 9K w3 2A. 3amerum, 9To
MuoxkecTBo K He mycrTo, Tak Kak coiepxkuT K K B cuiy ee
cBoficTs, n ato K He Moxer cogepxkarh DK panra n, mockob-
Ky siobas 9K suma 2" ---20", tme « = (oq,...,a,) € Ny,
siBJIsieTcst uMILIMKaHToi Toit DK uz A, koropas obpalnaercs B
1 ma mabope a.

IIycts, ganee, k — 9K makcumasnbaoro paura B K, mpuuem,
Kak Obw1o ormedeno, R (k) < m, u nycrs 6ykBbl Hekoropoii BII
zi, 1 < i < n, ve xonar B k. Torma, B cuny Beibopa DK k u
ceoiicts JTH® A, 9K suma z; -k (Buna T; - k) nomkna ObITh M-
wmKanTolt nekoropoit K suga z;- K’ (coorsercreenno T;- K")
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u3 A, rae OK K" u K" cocroar nz 6yks 9K k. Crenoparen-
no, K k asaaerca nmmimkanToit 9K K pasnoit K'- K", a QK
K , B CBOIO OU€DEIb, SIB/IIETCS UMILIMKAHTOH HEKOTOPOoi K u3
A. Heiicrurensruo, JTHD 2 me nmeer cTporux paciimpenuii u
moaToMy conepxkuT IK, xoropas nMmmannupyercs DK K , TIO-
nydatoreiica uz noadopmynsl ; K’V T; K" B pesynbrare K-
BUBaJIeHTHOrO mpeobpasosanus (3.2). Takum obpasom, DK k
SIBJIAETCI UMILTHKAHTON HeKoTOpo#t DK m3 A u He MoxkeT BXO-
mutk B K. llosyuennoe mporusopedne jnokaspiBaer, uro 9K K
BxoauT B 2.

Teopema JoKa3aHa. O

Caencreue. Uz awo6ol JHP A QAJI f moocHo noayuums co-
kpawennyto JJTH® smoti PAJI 6 pesysvmame nocmpoeHus no-
CAEDOBAMEALHVT CMPORUT pacuuperud u npusederud nodob-
Hoxr do noayvwenus JHO 6e3 nozaowenuid IK, ne umeowed
CMPOUT PACULUPERUL.

Bozbmem pgist mpumepa B xadectee JIH® 2l coBepriennyto
JJH® ®AJT romocosanust H (x1, x9,23), KOTOpask UMeET BT

A (.271, x9, wg) = 12223 V T1X2X3 V £1T2x3 V T1X2T3.

[Ipumensa k A meron baeitka, momyanm:

A = (l‘lxg.rg V legxg),) V £1ZT2x3 V X122T3 =
= Tox3 V T1T2x3 V L1T2T3 = (:L’gl’g V TQIL‘llL‘g) V X129%3 =
= xox3 V 2123 V 1X2T3 = To2x3 V (I‘g.’El \/53:1311'2) =

= x9x3 V X123V T129. (33)
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§4 Tynukosbie JJH®, aapo u JTH® nepeceuenue
TynukoBbiX. JIH® Kgaiina n JJH® cymma Ty-
NUKOBBIX, KPUTEPUil BXOXKIEHNSA IIPOCTHIX NM-
NJANKaHT B TynukoBbie /IH®, ero sokaabHOCTH

Bynewm rosoputs, aro JTHD A, peanusyromas PAJI f, apaser-
e mynuxosoti JTH®, ecom [ # A’ nna moboit JTHD 2| moy-
veHHOM 13 2 B pe3ysibTare yaajgeHus HEKOTOPBIX OYKB WU 11e-
abix DK. U3 onpenenennst BbiTekaer, uro B Tynukosyio JIHO
A ®AJI f MOTYT BXOJIUTHL TOJBHKO MPOCTHIE MMILTAKAHTHI STOMH
QAJIL, u aro A asastercst JITHDO 6e3 noryromennit K. C «reomer-
pryeckoity Touku 3penns Tynukosas JH®D A OAJI f zanaer
TynmkoBoe (cM. §1) mokperrie MuOKecTBa N f MAKCHMATBHBIMA
rpausmu ®AJL f u obparHO.

IlocTpoenne Becex man HEKOTOPHIX TYMUKOBHIX JIH® mra 3a-
mamroit DAJI f saeagercs, OOBIYHO, TPOMEKYTOUHBIM ITATIOM
[PH TOCTPOEHUN Muhumarvhotl (xpamuatwet) JTHO GAJL f,
To ectb JIH®, koTOopas mvMeer MUHMMAILHBIA paHT (COOTBET-
creenno jnHy) cpean Beex JJH®, peanusytonmx f. D10 cBs-
3aHO ¢ Tem, 4To MumHuUMaAbHag JIH® oba3arenbHO aBageTcs
TYIUKOBOM, a cpean Kpardaimux /JIH® Bcerma ecTb TYITHKO-
Basl.

ITpu mocTpoernu Tymukosbix JIH® OAJI f 6piBaeT mose3Ho
suarh AH® nepeceuenue mynurxoswz (JHD NT) GAJL f, To
eCTh JUIBIOHKITUID BCEX TeX PA3JAMIHBIX MPOCTHIX WMIIJTUKAHT
sroit PAJI, koTopwie BxogaT B obyo Tynukosyio JTHD GAJI

f.

Ha6op «, a € B™, masbisaerca adposoti moukot PAJL f (x1,. ..

eciu o € Ny 1 o BXOJUT TOJILKO B OHY MaKCHUMaJIbHYIO IPaHb
QAJI f. Ilpu s1oM rparb N, SIBAAIOMASCT MaKCUMAJIBHOM
rpambio PAJL f u comep:kammas TOUKY «, CUNTAETCS AIPOGOT

epanvio DAJI f| a COBOKYITHOCTD BCEX PA3JIUIHBIX SJPOBBIX I'Da-
meit ®AJL f naswiBaercs adpom DAJIL f.
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Jlemma 4.1. Jlusstonxmuenas HopmasvHas dopma NI OAJI
f cocmoum us mex npocmuixr umnauranm DQPAJ f, xomopwe
coomesememeyom Adposvim eparam smoti PAJL

Aoxazamenavcmeso. Ilycrs rynukoBast JJTH® A DAJL f (z1,...,x,)
HE BKJIIOYAET B cebd MPOCTYI0 MMILIUKAHTy K, KOTOpas CoOT-
BeTCcTBYeT sapoBot rpann Ny ®AJI f, comepxkarmeit smpoByio
touky « 310t @AJI. TlockosbKy Bce orauuabie 0T K MPOCTHIE
nvmakauaTel PAJL f obparmatoress 8 0 ma nabope «, To JIHD
2 Takxke byger pasua (0 ma 3ToM Habope m, CJ/I€IOBATEIHHO,
[ (a) = 0. llonyuennoe nporuBopeune ¢ TeM, 410 & € Ny, Ji0-
Ka3bIBAET HEOOXOAMMOCTD BKIOUeHns 9K K B 00y10 TymmKo-
Byio JIH® DAJI f.

[Tyets Teneps mpoctast nmmankanTa K ®AJL f coorseTcTBy-
et rpauu N, kKoropas #e BxoguT B anpo OAJI f. [lpu sTom
KaxKJtasg Touka rpaHu Ny MOKPBIBAETCS XOTd ObI OJHON OTJINY-
voit or N makcumaibhoii rpanbio ®AJI f. CiepoBareinbHo,
Bce omauuHble 0T Ni MakcuMasbable Tpanun PAJI f obpazy-
10T IOKPBITHE MHOXKECTBa Nf, U3 KOTOPOIO MOXKHO BBIJIE/IUTD
TYIUKOBOE TIOJIIOKPBITHE, COOTBETCTRYyIOEee TynukoBoit JTHO
DAJI f, e comepxarmieit 9K K.

JlemMa JOKa3aHA. O

Mcexops 3 «reoMerpudeckuxs» COOOParKeHWil MOXKHO HaXo-
JIUTH Bee Win HeKoTopble TynukoBbie JJH® mra ®AJI ot Heb0H-
moro uucaa BII. Tak, manpumep, cokpamennas JTHD (3.3)
g OAJT «rosmocoBanuay H (x1,x2,x3) ABAIETCS eIUHCTBEH-
Hoit TynukoBoit JTH® stoit DAJI, DAJI g (z1,z2,z3) (cM. puc.
2.1a u (2.10)) umeer nsars Tynmukosbix JJTHD —

W =K1 VK3V Ks, A=KV K,uVKg, (4.1)
A3 = K1V EKoVKyV K5, A4 =KoV K3V KsV Kg,

(4.2)
As = K3V K4V KgV Kq,
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ay QAJl ¢ (21,22, 23,24) (cm. puc. 3.1-3.2 u (3.1)) umerorcs
nBe TynmukoBbie JTHO —

'=K/VK{VK,VKL A=K, vK,VK,VKL (43)

ITpu sTtom JTH® Ay, Ao B (4.1) u JTHD A}, AL B (4.3) aBasa-
FOTCSl MUHUMAaJbHBIMHA W, OJHOBpeMeHHO, KpaTdaimmmu JITHP
D®AJI g u ®AJI ¢’ coorBercrBeHHo.

ITpu mocrpoennn Tynukosbix JIH® QAJI f wapany ¢ JTHO
repeceveHne TYMUKOBLIX mo1e3H0 3HaTh JITH® cymma mynuxo-
soir (JIH® XT) PAJL f, 10 ecTh AUBBIOHKIMIO BCEX TEX Pas-
JIMUHBIX TPOCTHIX uMImKauT 3710t PAJI, KoTophle BXOAAT B
x0TI 6561 B ouy Tynukosyio JTHD OAJI f. Samernm, uro JIHD
NT ®AJI f B obuiem cayuae wHe peanuzyer camy PAJI f, a B
HEKOTOPBIX CJIydasX U, B YacTHOCTH, B ciaydae DAJI g (cMm. BBI-
nie), Moxker ObiTh mycroit. B To xe spema JTH® YT DAJT f
Beerma peannayet 3Ty ®AJL, conepKUTCst B e COKpAIeHHoH n
MOXKET ¢ Hell COBIaIaTh, KaK 3T0 uMeeT MecTo B ciayuae OAJI
g nwin B caydae PAJL «romocoBammsy.

Bynem mazwsate PAJl adposoii, ecnn Bce ee MaKCHMAJIb-
HbIE TPAHU ABJISIIOTCS sIIpoBBIMHU. V3 jemumbl 4.1 ciegayer, 9To
cokparrennas JJH® snposoit DAJI asagercsa ee eTUHCTBEHHON
rynukosoit JIH®. Ilpumepom saposoit PAJI aengerca GAJI
rostocoBanus (3.3) (cm. Takzxke §6).

Ju3boHKTHBHAS HOpMaJibHasi (pOpMa, ITOJTyJAOAACS U3
cokpamerntoit JTH® PAJI f yramenuwem tex K K, aaa ko-
TOpBIX Tpaib N mokpwiBaercs aapom QAJL f| HO He BXOIUT B
Hero, HaswiBaercd JH® Keatina sroit @AJI. 13 onpeuesenui
caenyer, aro JH® Kraitna ®AJI f sriatouaer B cebst JHD T
sroit DAJI n copepkurcst B ee cokparennoti JTH®. 3amernwm,
aro g OAJT g” (x1,x2,x3), mokasanuoit wa puc. 4.1, ee co-
kpamennaa JH® nmeer sug g = x9T3 V T1xo V T123, TO €CTh
orauuaercd ot JIHD Kgaitra, koTopast aBiageTcs eqUHCTBEHHOH
rymukoBoit JH® sroit ®AJI u umeer sun ¢” = 2973 V T1x3. B
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(111)

1) €3

(000)

Puc. 4.1: «reomerpus» coxpaiiennoit JTH® ®AJT ¢”

10 ke Bpema mua PAJI ¢, moxazannoit na puc. 3.1, JTH® Kgaii-
Ha cosnagaer ¢ cokparieranoii JTH® sroit ®AJI u orauyaercs
ot ee JH® ¥T', koropas (cM. BbIIIE) paBHA

K| VK,V K,V K)VKL.

Hna ®AJL f (z1,...,2,) n HAOOPA , @ € Ny, 0b03HATIM
gepe3 I, (f) MHOXKECTBO BCeX MPOXOMSINIAX Y€PE3 (@ MAKCH-
maibHbIX rpanreit DAJL f, kKoTopoe MbI OyieM HA3BIBATE NY4KOM
QAJI f uepes moury a. Touxy a, o € Ny, Gyaem Ha3eIBaTh pe-
eyasaproti mouwott PAJI f, ecim maiiperca Touka 3, S € Ny,
1l KOTOpOii mMeeT Mecro crporoe Britodenne g (f) C I, (f).
VKazaHHOe BKJ/IOYEHWE O3HAYAET, 9TO Jiiobasd MaKCHUMAJIbHAS
rpamb PAJL f, mpoxomsimasa depe3 TOUKY [3, TPOXOIUT U Iepe3
TOUKY (v, TPUIEM eCTh TaKas MakcuMaJibuas rpanb @AJI f| ko-
TOpasi TPOXOINT HUepe3 TOUKY (v, HO He TTPOXOJNT Uepe3 TOUKY
B. Jlerko BUAETDL, 9TO s MI060# peryasaproit Tourkn o PAJI
[ Bcerma maiineTcd Taxkas HeperynapHas Touka 3, € Ny, nas
koropoit Ilg(f) C I (f).

W3 ompenmenennii cieayet, 9To Jrodast HesTIpoBast TOUKa, Iy
POBO#i TpaHM peryssipHa, u [o9TOMY TOYKHU oy, i € [1,7], DAJI
¢', noKasaHHoit Ha puc. 3.1, ABIMIOTCA €€ PEryJsapHbLIMU TOUKA-
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mu. Kpome roro, B cuiy sritouenus g (¢') C Iy, (¢'), Touka
Qg TOYKE SIBJISIETCSI PETYJISIpHOM TouKoi 310t OAJI.

I'pans N ®AJI f HaswiBaeTCss peaysaproti 2panblo ITON
QAJI, eciiu Bce Touku Ny peryasipHbl. 3aMeTUM, UTO TPaHb,
KOTOpast He BXOJUT B si/IPO, HO TOKPBbIBACTCS UM, SIBJISIETCS pe-
rynsproit. 3amerum Takxke, uro pas OAJI ¢/, mokazaHHOI Ha,
puc. 3.1, rparu N u N,, xoroprie ne sxogar 8 JH® XT, as-
JISTEOTCST PETYJISIPHBIMU, TaK KaK COCTOSIT W3 PEryJISPHBIX TOUEK.

Teopema 4.1 (cp. [27, 6, 22, 10]). IIpocmas umnaukanma K
QAJI f sxodum 6 JHD® T moada u moavko mozda, ko2da
eparv Ni He Asasemcs pe2ysapHots eparvio amoti PAJL

Joxaszamesvcmeso. Ilycts o, ...,y — BCE PETYyASpPHBIE TOUKH
DAJI f. Torma nast kaxaoro j, j = 1,...,8, B CHIy peryasip-
HOCTH TOYKH (vj, Halinerca HeperyagpHad Touka [; OAJL f,
obTaIatoImas TeM CBOWCTBOM, ITO JTI00ast MaKCUMAJIbHAS TPAHD
®AJI f, npoxoadmmas depe3 TOUKY [5j, IPOXOAUT U 9epe3 TOU-
Ky aj. CienoBaresbHo, i0bas CuCTeMa MaKCHMaJBHBIX TDa-
meitt @AJI f, mokpeiBatomas ToUKU Si,...,Ss, «aBTOMaTHIe-
CKH» TMOKPOET BCE TOYKU (,...,0s. LlakuMm 00pa3om, rpaHb
N, COCTOAAsT U3 PETYASIPHBIX TOYEK, HE MOMKET BXOIATL B
TYIHKOBOE HOKPEITHE MHOXKECTBA Ny MaKCUMaJbHBIME IDAHS-
Mu, n osTomy DK K we moxer sxoquth 8 JJTH® YT DAJI f.

ITycte Temeps Ni — mHeperymgapras rpaas OAJI f koro-
past COJIEPKHUT HEPEeryJIdpHYIo TOuKy «, u mycTb Ny \ Ng =
= {pB1,..., B¢} U3 HeperyaspHOCTH TOYKA (v CJICIYET, YTO st
moboro j, j = 1,...,q, mydok Ilg, (f) me mMoxeT GBITH CTPO-
ro siaoxen B nydok I, (f). Kpome roro, pasencrso Ilg (f) =
= Ha(f) Toxe mesosmoxkmo, Tak xak Nk € I (f) \ g, (f),
u mostomy B I, (f) matinerca rpanb Nk, KOTOpast TPOXOIUT
gepe3 TOUKy [3;, HO He IPOXOIUT depe3 TouKy . CiejoBaTenb-
HO, W3 TIOKPBITHA MHOXkecTBa [Ny MaKCHMAJbHBIMI TDaHAMI
Nk, Nky, ..., Nk, nembss yiamth rpaib N, Tak Kak TOJIb-
KO OHa MMOKpBIBaeT B HeM TOUKYy «. Takum obpazom, jroboe Ty-
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IIMKOBOC ITOKPBLITUC MHOZKECTBA Nf, ABJIAIOIICECA ITOAIIOKPBITH-
€M YKa3aHHOTO TTOKPBLITUA, 6yﬂeT COOTBETCTBOBATH TyHI/IKOBOfI
JH®, comepxameit 9K K.

Teopema JoKa3aHa. O

Kocuemcst, majee, BOIpOCa O JIOKAJIbHOM XapaKTepe pac-
CMOTPEHHBIX BbIIIC KPUTEPUEB BXOXKACHUA ITPOCTHIX UMITJIUKAHT
DAJl f Bee JHO NT u JHD T (em. |27, 21, 22, 16]). Haa
kax10it Makcumaabaoii rpanu N ®AJL f (x4, ..., zy,) 10102KHUM
So (N, f) = {N}, azarem ungykimeii nor, r = 1,2, ..., onpeje-
M MHOZKeCTBO Sy (N, f) KaK MHOKECTBO BCEX T€X MAKCHMAJIb-
wbix rpabeit GAJI f, KoTOpBIE UMEIOT HEMYCTOE TepecevueHne
xorst 6b1 ¢ ofHO# Tparbio w3 Sy—1 (N, f). Ilpu sToM MHOKECTBO
Sy (N, f) Bynem HasbiBaTh OKpecmuocmoio nopadka r 2paru N

JokazkeM, 9TO BOIPOC O BXOXKJIEHWH MPOCTONH HUMILIAKAH-
o1 K ©®AJT f 8 JTH® NT (JH® XT') sroii PAJI moxHo pe-
IUTH, paccmarpusas okpectaocth S1 (Ng, f) (coorBercTBenHO
Sa (Ng, f)). JeiicturenbHo, rpaib N SIBJSIETCS TIPOBO#T Tpa-
wbio @AJI f Torga w TONBKO TOT/A, KOT1a OHA HE TTIOKPHIBAETCS
BCEMU OCTATHHBIME MaKCHMATBLHBIMEU pamamu 9Toit DAJI. ITo-
cKosbKy rpanu, He Bxogsine B S1 (Ng, f), He umeror obmmx
rouek ¢ N, rpaib N SIBJISIETCS siIPOBOM TOTJIA W TOJBLKO TO-
rda, KOTJa OHa HE IMOKPBIBACTCA BCEeMH OCTAJIBHBIMHU T'DaHAMAN
u3 S1 (Ng, f). U3 Teopemsr 4.1 caenyer, uro 9K K He BXo-
aur B8 JH® XT ®AJI f rorga u TOABKO TOTHa, KOUAa sl JIH0-
boit Toukn « m3 N Haiizerca Touka 3, 3 € Ny, 11d KOTOPOIl
g (f) C Iy (f). Bamernm, aro Bee rpann myuka I, (f) Bxogar
B S1 (Nk, f), a Bce rpanu mywuka Ilg (f), ecin I, (f)NIg (f) #
@, —B Sy (Ng, f). Crenosarebro, mpoBepKy rparn Nx Ha pe-
TYJASPHOCTH MOYKHO OCYIIECTBUTH HA OCHOBE aHAJIN3a €€ OKPECT-
HOCTH mopsika 2. JIerko moxkasarh, YT0 pacCMOTPEHHE OKPECT-
HOCTHU TIOPSIIKA 2 JTOCTATOYHO JJIsT TPOBepKu Tpanu Ni Ha ee
Bxoxgenne B JIH® Ksatina ®AJI f. Ecou ke Bce sapoBbie Tpa-
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nu QAJL f BbLIEIEHBI M «ITOMEYEHBI» (JIJIs1 3TOrO, KAK yIXKe T0-
BOPWJIOCH, JOCTATOYHO PACCMOTPETH WX OKPECTHOCTH TOPSAIKA,
1), To mepxox aenne YK K 8 JIH® Ksaitna ®AJI f pasHOCHTIH-
HO TTOKPBITHUIO T'DaHN NK OTJIMYHBIMU OT HEE KIIOMEYEHHbLIMU»
rpatsiMu u3 okpectaoctu S7 (N, f).

§5 Ocobennoctu JJH® nuHeiiHbIX 1 MOHOTOHHBIX
dbyuknnii. PyHKNng noKpbuiTHd, Tabaumna Ksaii-
HA W ITOCTPOEHNE BCEX TynukKoBbIX IH®P

Bynem ropoputs, uro @AJL f(x1,...,x,) aunedno sasucum om
BII x;, nmm, wnage, uro BII z; asagerca aunetinott BIT ®AJI
f,ecim f(a) # f(B) ns smobbix cocenunx no BII x; Habopos
au 8 kyba B™. Ilpu stom qaa @AJL f umeer MecTO paBEHCTBO

f(xlw'wxn) :mi@f(xlu"'7$i—1707'ri+17-"7xn)7

koTopoe paBHocubHO JuHeiiHocTr BIT x; ®AJI f, a 3naunr
DAJI asistercst JIUHEIRHONE TOTIA W TOJBKO TOTIa, KOT/Ia OHA
JIMHEHHO 3aBUCHUT OT BCEX CBOMX CyImecTBeHHBIX BII.

Samernm, uro ecam PAJI f mumetrro zasucut ot BII z;, To
B M06y10 uMIIHKaHTY 370t PAJI BxoaUT OHA U3 OYKB T;, T;.

Pacemorpum masee xknacc monorouabix @AJI w HekoTOpBIE
CBsI3aHHBIE C HUM JIpyrue Kjiaccel ¢ynkiumit. Hamomumm, 4To
DAJT f (x4, .. ., x,) HAZBIBAETCS MOKOMOKHOU, ecnn f(a) < f(B)
it mobbix Habopoe a u B kyba B™ makux, uro a < 5. Bynewm
rogoputb, aro PAJI f(z1,...,x,) MmoHOMONKO 3a6ucum om
BII x;, wiu, maaue, BIl x; asnsgerca monomonnot BII ®AJI
f, ecou mepasencrso f (o) < f () BbmosHsieTCst Jgisi JIHOOBIX
coceaamux mo BII z; mabopor a u § xyba B™ takux, uro a < f.
Jlerko Bumerh, uTo MoHOTOHHAsT PAJI MOHOTOHHO 3aBUCHUT OT
Bcex cBoux BII m obparwo.

Hoxaxem, aro eciiu PAJL f(x1,...,2,) MOHOTOHHO 3aBU-
cur ot BIl x;, TO HU OfHA M3 ee MPOCTHIX UMILIUKAHT HE MO-
JKET cofiepKaTh OYKBY T;. elicTBUTENBHO, TyCTh UMILINKAHTA,
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K' ®AJT f comep:kur OyKBY T; M, CJIeJA0BATENLHO, JJid I'DAHU
Ngr =Ty, rme 7" € ([0,2])" w +/ (i) = 0, mmeer MecTo BRIIOYe-
mne Ni» € Ny. Torna, B cumy MoroToHHO# 3aBucuMoct OAJI
f or BII x;, nmeroT MecTo BKJIIOYEHUST

NK”:P'}/’/QNf n NK:FW:NK’UNK”ngy

rie mabop 7" (mabop «y) mosywaercs u3 mabopa v’ zamenoii 0 B i-
oM paspsizie Ha 1 (coorBercTBenHO 2). [locetHee U3 9THX BKITIO-
ueHUit o3HaUaer, uTo IK He ABJTETCT TPOCTON MMILTHKAHTOMN
DAJl f, To ecTh TpocTasg UMIIHKAHTa MOHOTOHHON o BII 24
DAJI e MmoxeT cogepxkarh OYKBEI T;. OTCIOA CAEIYET, UTO JTHO-
Hast TpocTast IMIIMKaHTa oTAndHoi oT 0 MoHoTOHHON DAJT 8-
sgerca monorounoii DK, To ecrs He comepxkut orpuranuii BII.

YacTabiM caydaeM MOHOTOHHOH 3asucumoctu ®AJI f ot
BIT z; ssagerca xonstonkmushas (OQU3BIHOHKMUEHAA) 3aBUCH-
Mocth f oT x, Korga f = x; - g (coorBercTBeHHO f = T4 V g),
rae @AJI g nonyuaercs u3 f nogcraHoBkoii koucraaTs 1 (co-
orsercreenno 0) Bmecro BIT x;. Tlpu sToM B CIyvyae KOHBLIOHK-
TUBHOW 3aBUCUMOCTH OYKBa X; BXOJIUT B OOV UMILITHKAHTY
DAJl f, a B caydae IU3BLIOHKTWBHON 3aBUCHMOCTH OYKBa X;
He BXOJUT HU B OJHY MpocTyio uMiimkanTy ®AJI f orawanyio
ot x;. Bynem ropoputs, uro QAJL f (x1,...,z,) unMOHOMONHO
(unronsronkmueno, undussionkmueno) 3asucut ot BIl x;, ecm
DAJT f (21, ..., Xi—1,Ti, Tit1, - - - » T ) BABUCAT OT T; MOHOTOHHO
(COOTBETCTBEHHO KOHBIOHKTHUBHO, AU3BIOHKTUBHO). OHUeBHIHO,
uto BCe ocobennocru JAH®, xapakrepubie pig @AJL ¢ Toit nim
WHOM MOHOTOHHOM 3aBUCHMOCTBIO 0T BII pacmpocTpanstoTcs: Ha
QAJI ¢ aHAJIOrMIHON UHMOHOTOHHON 3aBUCUMOCTHIO TIOCIE WH-
BepTUPOBAHUA COOTBETCTBYIOMUX BII.

ComocraBuM kaxkgomy zHabopy S u3 B™, Mmouoromuyio DK
Kg' or BIT X (n), cocrodrmyio n3 Tex u TOIHKO TeX OYKB Xj,
J € [1,n], nas xoropeix B (j) = 1, u 3aMeTUM, 9TO KaXKIast MO-
norounast IK or BIT X (n) moxer GbITh IpejcTaBIeHa B yKa-
3aHHOM BH/IE. JIerko BUETh TakzKe, 9T0 I'PaHb, COOTBETCTBYIO-
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mas 9K KE, rge B = (B1,...,58n) € B", umeer Bux I'y, rue
v=(2-p1,...,2— By). Habop o, a € B™, HazbiBaercs nuoic-
neti edunuyett Mmornotonnoit ®AJL f, f € Py(n), ecm o € Ny
u f(8) =0 amst r060ro oTmgHOro 0T (@ Habopa [ TaKOro, YTO
B < a. MHO0XKECTBO BCeX HHKHUX eIUHHUI MOHOTOHHON PAJI f
byaem obo3HavuaAThL depes N}".

B cuny BBEIEHHBIX OIIPEIETICHMIA, KE () = 1 Toraa u TOTB-
KO TOTJIA, KOTJa « > 3, OTKyAa cjaeayer, uro Habop O aBasiercs
eIUHCTBEHHON HIzKHed equnuimeir DK KE u uro DK K, um-
wmnupyer YK K7, torma u tomsko Torga, xorga 1 > (.
Orcrosia BoITeKaeT Takzke, 910 DK KE ABJISIETCS MPOCTON UM-
wmKanToi Mmooronnoit @AJI f rorga u T0BKO TOINA, KOIIA,
B € N]T, ” 910 Habop [ ABJILETCA TIPU 3TOM HAJAPOBOI TOYKOI
DAJI f. Takum 06pa3oM, JOKA3AHO CIEAVIONIEE YTBEPKICHE.

JIemma 5.1. Coxpawernan JJHP A monomonnot PAJL f, f € Py (n),
asaaemea eduncmeennoti mynukoeot JH® amoti OAJI u ume-
em 6ud:

A(z1,...,Tn) = \/ Kg'(a:l,...,xn).
pent

Ilpu smom 6ce nabopvr u3 N]'f ABAAOMCA A0POSHIMU MOYKAMU
DAJI f.

Caencrsue. Monomonnas PAJ asasemea adposoti PAJIL.

Hamnomuum, 4T0 € «reoMeTpruyeckoity TOUKU 3PEHMs, COKPa-
mennas JTH® O®AJL f uz P» (n) npeacrasisger coboii TOKPEITHE
MHOKecTBa Ny BCeMU MaKCUMaJ/IbHBIME IPAHAMU, & TyIHKOBAs
JH® coorBercTByeT TYNMMKOBOMY TTOJTOKPBITHIO, BbIIEISEMO-
My M3 3TOT0 TMOKpBITHA. PaccMoTpuM cHaUa/ia MeTOM BhlIejie-
HUY U3 33JIAHHOTO TTOKPBITHS KOHEYHOTO MHOYKECTBA BCEX €ro
TYIUKOBBIX MOJMOKPBITHN, OCHOBAHHBIN HA TTOCTPOEHUU COKPAa-
mennoit JIH® ans cuenuanbaoii monoronnoit ®AJI, cea3annoit
C MCXOJTHBIM TTOKPBITHEM.
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Iycrs N = {aq,...,as} — KOHeuHOE MHOKecTBO, a M =
= (N1,...,N,) — cncrema ero mogMHOKECTR, 0OPABYIOIIUX 110~
kpbitre MaOKecTBa N. Comocrasum mape (N, 0N) marpury M, M €
BP»* | nma xoropoit M (i,j) = 1 Torja m TOJIBKO TOTa, KOTJa
N; 3 ;. 3amernwM, uro MaTpuna M He nMeeT HYJIEBBIX CTOJIO-
OB, TaK Kak cucrema I obpasyer moKpwITHE MHOXKECTBA N.
Byzaem cumrarh, uro i-st crpoka (j-it cronberr) marpuibt M co-
oTBeTCTBYeT momMHOKecTBY N; crcremsl DN (s/1eMeHTy (rj MHO-
xkecrBa N) u He GygeM JeaTh MEXKJy HUMH CYMIECTBEHHBIX
pazauuwmii. Tak, Gyzmem roBOpPUTH, 9TO - CTPOKa Marpuiibl M
nokpwieaem ee j-it crouber, ecau M (i,7) = 1, o ectp N; 3 a,
u uTo cucrema crpok ¢ mHomepamu u3 I, I C [1,p], obpasyer
nokpvimue mampuyor M, ecim Kaxk/Iplii ee cTOJI0elr MOKpPbIBa-
eTcst XOTsI ObI OJHOM CTPOKO# ¢ HOMEPOM M3 I, TO €CTh CHCTEMA
nopmuokects {N;},c; 3anaer nokpeirne muoxecrsa N. Amna-
JIOTHYHBIM 00pa30M MOHUMAETCs TOKPBITHE OJHOTO MHOMKECTBA
cTpok Marpuitbl M npyruM MHOXKECTBOM €€ CTPOK # T. TI.

TToxpeiTre marputsl M, B KOTOPOM HU OfHA CTPOKA HE I10-
KPBIBAETCS JIPYTO CTPOKOI, CUUTAETCS HENPUSOOUMbBLM, & TIO-
KPBITHE, HE WMEIOIIee COOCTBEHHBIX MOATIOKPBITHI, HA3BIBAELT-
CA MYynuKOSbHM W T. TI. 3aMETUM, 9TO 3a1a9a BHIIECJECHUSA BCEX
TYIHUKOBBIX MOAMOKPBITHI 13 MOKPBITHA I MHOKecTBa N 9KBHU-
BaJICHTHA 3a/a49€ IMMOCTPOEHUA BCEX TYNUKOBBIX HOKprTI/Iﬁ MaT-
punibt M, coorsercreytommeit mape (N, ). Jns pemienust 91oit
zagaun o anagoruu ¢ JIH® MoXHO BBECTH MOHATHE AXPOBO-
IO U PEeryJisipHOTO CTOJIONOB, & TaK¥Ke siIPOBON M PEryJsipHOi
CTPOKH, [IJid KOTOPBIX OYIyT CIIPABEJINBLI YTBEPXKICHUSI, aHa~
sgormanble JeMMe 4.1 n Teopeme 4.1.

Iycte M, M € BP*® — wmatpumna 6e3 HyJEeBBIX CTOJOIIOB.
ComocraBuM i-it cTpoke, i € [1,p], marpurer M BII y;, a kax-
pomy Habopy [, [ € BP, 3HaueHUWil 3THX TEpeMeHHBIX Y =
(Y1,---,Yp), — MHOMKECTBO CTPOK MATpuiel M ¢ HOMepaMmu u3
muoxkectsa [ = I(8) C [1,p], rme ¢ € I () Torjga n TOJLKO
rorma, Korma [ (i) = 1. Pacemorpum @AJL F (y), ayst KoTOpOoit



§5. Ilocrpoenne Bcex tynukoBeix JITH® 41

F(B) = 1 Torga u TOJBKO TOrA, KOIJIA CUCTEMA CTPOK MAaT-
putst M ¢ nomepamu u3 I () obpasyer ee OKpbITHE, U OyeMm
Ha3bIBaTh 3Ty PAJI dynryuets noxpomus marpunsl M. Same-
tim, uTo PAJI okpeitust F (y) siBasiercst monorornoit @A, a
ee «HUXKHUE eUHUITBIY COOTBETCTBYIOT TYIUKOBBIM TIOKPBITHSM
marpuisl M. Teficreurenbro, us Hepasernctsa (' < 5" poiteka-
er, uro I (B") C I(8") wnoromy F (5') < F (B”), To ectb DAJI
F asngaerca mouoronnoii. 13 ompenenenuii ciemnyer TakxkKe, 9TO
nabop B, B € BP, apagonmiica «mmzkaeit equanieiiy ®AJL F,
coorBercTByeT MHOXKECTBY I (), KOTOPOE 3a71a€T TYIIMKOBOE 110~
kpbiTre MaTpunbl M, n obparno. Takum o6pa3omM, B CHILY JeM-
MBI 5.1, Kaxkgas npocrasg UMIUIMKaHTa suta K = v, Yi, - - i,
rae 1 <ip < -+ < i, < p, DAJI nokperrust F (y) coorsercrry-
eT TYIUKOBOMY TOKPBITHIO MATPUIIBl M, COCTOSIIEMY U3 CTPOK
¢ nomepamu u3 muokecrsa I = {iy,...,i,}, n obparHo.

JIemma 5.2. Qynxyua nokpumua F (y1, ..., yp) mampuyoe M, M €
BP® | pes nyaesvix cmoabyoe sadaemca KH®D suda:

F(yl,...,yp)—j/:\l< \V y> (5.1)

1<i<p
M(ij)=1

Aoxazamenavcmeo. st kaxgoro j, j € [1, s], momoxum

L=\ v
1<i<p
M(i,j)=1

rae ¥y = (Yi,...,Yp). Jlerko Buzers, wro J; (5) = 1 aas mpo-
u3BOBHOTO Habopa (B, f € BP, Torga m TOJBKO TOTJa, KOT/a
MHOKECTBO CTPOK ¢ HoMepamu u3 [ () nokpeiBaer j-i crosber
marputiel M, j € [1,s]. Orciona cneayer, uro KH® B mpa-
Boit wacru (5.1) obpamaerca B 1 ma Habope 3 TOrJa U TOJTBKO
TOIJIa, KOTJIa MHOXKECTBO CTPOK ¢ HoMepamu u3 I(f) obpasyer
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moKpbITHE MaTpuilbl M, TO eCTb TOT/Ia U TOJBKO TOTJIA, KOT/Ia
F(p)=1.

JlemMMa JOKa3aHa. O

Chnencreue. B pesyavmame packpoimus cxobox u npusede-
nua nodobruvz us KH® (5.1) mooicio noaywums cokpauenyio
JIH® QAJI F (y), npocmuie umniukanmos Komopot 63auMHO
O00HO3HAYHO COOTNGEMCINEYION, MYNUKOGHIM NOKDIMUAM MATT-
puuse M.

Bagaua mocrpoenns Beex TymuKoBbIX JJTHO OAJL f uz Py (n)
Ha ocHoBe ee cokpamerroit JTH® cBoamTcst K paccMOTPEHHOM
BBIITIE 33,1a9€ O MOKPLITHH, €CTH B KAYeCTBe MHOKECTBA N B3SATH
MHO2KeCTBO Ny, a B KadecTse ero HOKpbITus Il — cucreMy Beex
MakcuMaTbHbIX Tpaneit PAJL f. Marpuma M, cooTBeTCTBYIO-
nias ykasannoit nape (N, M), naspiBaercs, 06br4HO, MabAuyed
Ksating ®AJI f. Bamernm, uto aaposoit crosber (cTpoka) Tab-
bl KeaitHa cBs3an ¢ SpoBOit TOYKON (COOTBETCTBEHHO I'Da-
uei0) QAJT f, aro perynstpublii cronbern (CTpoka) 3Tod Tab/m-
1Bl 33JIA€T PEryJISPHYIO TOUKY (cooTBercTBeHHO rpanb) GAJI f,
9TO CTPOKa, IMOKPBhIBaAEMad AAPOBBIMU CTPOKAMMt, COOTBETCTBY-
eT TPaH’, TIOKPBIBAEMOH FJIpOM U T. TI.

PaccmorpumM, utst ipuMepa, 3a/1ady MOCTPOCHHST BCeX TYIIH-
koBbIX JTH® st DAJL g (w1, xe, x3) u3 ee cokpamennoit THD,
nosraras (cm. puc. 2.1a, (2.10), (4.1) u (4.2)), uro

Ny = {1 = (100), ap = (110), a3 = (010),
ay = (011), a5 = (001), ag = (101)},
N={Ny, ..., Ng},

rae N; = Ng, = {ag, 41} nas Beex 4, @ € [1,6], npuuem
a7 = aq = (100). Ilape (Ngy, M) yKa3aHHBIM BBIIIE CHOCOOOM
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conocrasuM Tabsiniy Knaitna

I
_ o O O O
OO =~ OO
O = = O O O
_— -0 O O O

(=Nelololl S
SO O = =O

®AJI nokperTusg koTopoit B coorsercreuu ¢ (5.1) 3amaerca ce-
nytomeit KH® or nepemensbix y = (y1,...,Y6):

F(y)=(ys Vyr) (1 Vy2) (w2 Vys) (s Vys) (yaVys) (ys V ys) -

PackpriBast B 910it KH® ckobku u mpuBois 1o00HBIE, TIOJTY-
qum cokparennyto JTH® OAJL F (y) Buzsa

F (y) = y1y3y5 V Y2yaye V Y1Y2Yays V Y2356 V Y1Y3Y4Ye,

cjaraeMbleé KOTOPOU B3aUMHO OJIHOBHAYHO COOTBETCTBYIOT TY-
mikoBbiM JTH® QAL g (cm. (4.1), (4.2)).

B obmenm ciyuae mpu noctpoennu Bcex TynukoBbix JIH®
DAJL f, f € P2 (n), c moMoOmIBI0 IeMMBID.2 Ha OCHOBE €€ COKpa-
mernoit JITH® wcmonb3yror, 00BIYHO, CIeayIoNyio MOAuduKa-
IIUI0 PACCMOTPEHHOTO BBIIIE MTOJIX0/IA, KOTOPasi TO3BOJSET YMEHb-
math pazmepbl matputiel M. Ilycrs N, ..., Ni, — BCe Mak-
cumasbible rpain ®AJI f, npudem rpann Nk, ..., Nk,, e
1 < p <t < q, apngiorca a/posbivu, a rpadn Nk, ...

.+, Nk, — perynapubivu rpanaymu @AJL f, u mycrs MHOXKe-

ctBO N COCTOMT M3 BCEX SIIPOBBIX M PeryasipHbix Touek DAJI
f. Tlomoxxum

N=Np\N, ={Np,....,N,},

rae N; = N, \ N mpu Beex i, i € [1,p|, n 3ameTnm, 94To 3a1a-
1a TocTpoeHus Beex TymuKoBeix JIH® DPAJI f sxkeuBanentHa
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3a/lave BBIJIEJEHUS BCEX TYINHUKOBBIX TOJIIOKPBITUN U3 MTOKPbI-
st N maoxecTBa N. JleficTBUTENBHO, ec/ii CUCTEMA TTOIMHO-

xecTB Nip, ..., Ny, tme 1 < 41 < -+ < ip < p, dBIFIETCA TY-
MMKOBBIM TIOKPBITUEM MHOXKECTBa N, TO CUCTEMA MaKCUMaJIb-
ueix rpateit Nk, ..., Nk, , Nk, ..., Nk, 331aeT TyIuKOBOe

HOKPEITHE MHOXeCTBa, Ny, TO €CTh COOTBETCTBYET TYTIUKOBOI
JHD DAJT f, u obparHo.

Tak, npuMenss ykasanuyio mogudukanuio Kk ®AJT ¢ wuz
P, (4), nokazanHoii Ha puc. 3.1 (cm. Taxxke (3.1) u (4.3)), mouy-
YUM  TPUBHAJBHYIO 3a1ady O MOKPBITHH MHOKecTBa N =

= {(1000)} nByMsI COBIAJAIONMME C HUM TIOMHOKeCTBaMU N1
n NQ.

§6 I'pagmeHTHBIN aJIrOpUTM U OIEHKA AJUHBI Irpa-
AMEHTHOTO NMOKpbITuda. Vcmosb30Banue rpaau-
€HTHOro ajroputMma aJjd nocrpoenund /TH®

Broinenenne Bcex TYNMMKOBBIX MOJTOKPBITHN W3 33 AHHOTO T0-
KPBHITUS M, B YaCTHOCTH, TIOCTPOEHMe BceX TynukoBbiX JIH®
SABJISIETCS TPYIOEMKO# 3amadeil. B cBsa3m ¢ 9TM, BMECTO TO-
ro, urobel crponTh Bce Tymnukosble JIH® u Beibmparh cpemum
HUX, HATTPUMEP, KPATIANIIYIO, TACTO HCIOAB3YIOT IBPUCTHYE-
CKHe aJTOPUTMBI, MO3BOJSIIONINE TOJIYYaTh He OUYeHb <JIJIMH-
weiey JTH®. K uunciay Takux ajropurMOB OTHOCHTCH W TPAIN-
E€HTHBIN aJATOPUTM, OPUEHTUPOBAHHLIN Ha BHIJIEJIEHNEe U3 33 1aH-
HOT'O TOKPBITUS JOCTATOYHO «KOPOTKUX» MOIIOKPBITHN, WJIH,
WHade, Ha TOCTPOEHNE JOCTATOTHO «KOPOTKUX» MOKPBITUHN AT
zagannoil marpunbl. Ha kKaxk10Mm mare rpaJiueHTHOrO ajrOpuT-
Ma B MaTPHIE BLIOMPAETCA W BKJIIOYAETCS B IMOKPLITHE TaKas
CTPOKA, KOTOPAsI TIOKPHIBAET HANOO/IbIIIEe YHCTIO EIe He TOKPbI-
THIX CTOJNONOB (€CM TAKMX CTPOK HECKOJBKO, M3 HUX BHIOMpA-
eTCsT CTPOKA ¢ HAMMEHBIITUM HOMEPOM ). AJITOPUTM 3aKaHIHBAET
CBOIO PaboTy MOCJIe TOrO IMIara, Ha KOTOPOM MOy IH/I0CH TOKPhI-
THE.



§6. I'pagmeHTHBINH AJTOPUTM 45

Crenyrotiiee yTBEepKIEHUE JA€T BEPXHIOK OIEHKY JIJIMHBI
TTOKPBITHS, TTOJYTaeMOTO C TTOMOIIHIO TPAIUEHTHOTO AJTOPUT-
Ma JJIsT MATPUIL ¢ 33JaHHOU «TYCTOTOWY.

Teopema 6.1 ([6]). Tycmo das deticmeumenvrozoy, 0<y<1,
8 Kascdom cmonabue mampuyse M, M € BP® umeemca ne
MeHvUe, wem Y- p, edunuy. Toeda nokpwmue mampuyv M, no-

AYUAEMOE C NOMOUDHIO 2PAIUEHMHO20 GAZODUMG, UMEET OAU-
ny ne Goavue, vemt Hlm+ (fys)—‘ + %

Joxazameavcmeo. Ilycts it mOCTpOEHUST TTOKPLITUST MaTPH-
el M ¢ MOMOIIBI0 IPAIREHTHOTO AJITOPUTMA MOTPebOBAIOCH
C/IeJIaTh ¢ 1IAaroB, IPUMYeM Ha mare ¢ nomepowm t, t € [1, ql, 6bi-
na BhIOpaHa cTpoka ¢ HomepoMm iy s kaxkmoro t, t € [1,q),
paccMoTpuM MaTputly My, KoTopast oydaercs u3 MaTpuitbl M
B Pe3y/IbTaTe yaIeHnst CTPOK ¢ HoMepamu {i1, ..., 4}, & TaK¥Ke
MOKPBIBAEMBIX UMHU CTOJIOIIOR, 1 KOTOPast TPAHAIEKNUT MHOKE-
ctBy BPVSt tnepr =p—tu sg =50, 0 < 0 < 1. Jlas onpejie-
JIEHHOCTH OyaeM CIATaTh, 9ro Mo = M, po =p, so =8, 6 = 1
Upg = p—q, Sq =g = 0. 3amernm, aro upu mobom ¢, t € [0, q],
CTIPaBEeJTTABO HEPABEHCTBO

g<t+0d;-s, (6.1)

TaK KaK ITOCJI€ BBIITOJITHECHNA TIEPBBIX t maros aJITOpUTMa OCTa-
IOTCHA HE MOKPBITBHIMU 03 - § ¢TOA0I0B MaTprunsl M, a Ha KaxKIoM
CJIEIYIOIIEM TITare TMOKPBIBAETCA He MEHEe OJHOTO CTOIOIA.
BamernM, gasee, IT0 B Kaxk oM crojbie Mmarputsl My, t € [0, q),

MMEETCA HE MEHEEe, YeM 7Y - P, €MHUIL U MO3TOMY 0BIIee 4nucao
equHAL B Marpune M; He MeHbIne, 9eM Ypsd;, a 3HAYAT CPEI-
HEe YKCJIO €JIUHUILL B €€ CTPOKAX He MeHbIe, yeM ysdy. Orcroma
BBITEKAET, YTO CTPOKa MaTpuilbl M ¢ HOMEPOM iry1, KOTOPAs
BbIOMpaeTcs Ha (t + 1)-M mIare ajropuT™Ma W sIBJISIETCS CTPO-
Kot MmaTpuilbl My ¢ HAMOOIBITTNM YUCIOM €IWHNI, COMEPKUT He

Monaraem, uro Int 2 =lnz, ecm 2z > 1, ulnt 2 =0, ecm 0 < 2 < 1.
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MEHBIIIE, YeM 7YS0¢, €JIMHNLL, TO €CTh IIOKPBIBAET HE MEHBIIE, &M
v8d¢, €ellle He TMOKPHITHIX ¢Toab1oB Marpuisl M. Takum obpa-
30M, fist Jir06oro ¢, t € [0, q), BBITIOJHSIOTCS COOTHOIICHST

80141 = Sg41 < 8¢ — ¥80; = s6; (1 — ) ,
13 KOTOPBIX, C y9eTOM g = 1, clemyer, 4To
<=yt <e™ (6.2)

npu moboM ¢, t € [0, q).
Bribupast 3nagenne mapamerpa t Tak, 9TO

1
t=|=In"(ys -‘ ,
9
no/cra/sist ero B (6.2) u yunteBas (6.2), mosyamM
1 1 1
q < { I (VS)W Fsoe M09 < [ ™ (78)-‘ M
v Y Y

Teopema Jmokazana. ]

B kagecTBe mpuMepa IPUMEHEHUS IPAJUEHTHOIO AJITOPATMA,
pPacCMOTPHUM 3aady O «IIPOTHIKAHWUW» Ipaneil Kyba ero Touka-
MH. 33/1a9a 0 «IIPOTBIKAHUW» CHCTEMBI I, cocTOdIne#l n3 mos-
muoxkects N, No, ..., N, muoxecrsa N = {ag,..., 05}, 3a-
KJIIOYAETCA B HAXOXKJAECHUH TAKOIO IIOJMHOXKECTBA MHOXKECTBA,
N, B koTopoM npu arw0bom i, i € [1,p|, umeercs xorst GBI OJUH
sjeMerT u3 N;. DTa 3313498 CBOJUTCH K 33J1a49€ O BbIJICJIEHUHN
MOJMOKPBITAST U3 TOKPBITHsT OTpe3Ka [1, p| ero mojaMHo)KecTBa-
v Iy, ..., I, tne I; = {j: o; € N;} npu Bcex i, 7 € [1,5].
3aMeTnM, 9TO MATPHUIA IOCTPOCHHON TAKMM 00Pa30M CHCTEMEI
HOJIMHOXKECTB OTpe3Ka [1, p| mosydaercss w3 MaTpHilbl CHCTEMBbI
(N, 91) B pesysbrare TPAHCIIOHUPOBAHNS.
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JIemma 6.1 ([18]). IIpu arbvz namypasvhuz n u m, m < n,
6 kybe B™ ecezda natlidemca nooMHOMCECMEO MOUHOCTIU He 6O-
aee, wem n - 2™ npomuwikalowee 6ce 2panu paraa m.

Zoxasameavemaso. [lpuMensst yKa3aHHBIH BBINIE MMOIXOM, PAc-
CcMOTpPUM MHOXKecTBO N, COCTOsINee W3 BCEX TpaHell paHra m
kyGa B", [N| = (') - 2™, a rakxe cucremy N = {No},cpn €ro
noamuoxKecTs, rae N, — MHOXKecTBO Tex rpaneil u3 N, koro-
pble ITPOXOJAT Yepe3 TOUKy <. OUeBHHO, UTO KaKJias I'DaHb
u3 N cogepkurca B Tex 2™ noamuoxkecrBax Ny, /g KOTO-
PBIX TOYKA (v IPUHAJIEKUT 310l rpanu. CienoBaresbHO, MaT-
puna M, ceasannas ¢ napoii (N, I1), cocrour u3 p = 2™ crpok
ns= (:711) - 2™ cTosIb1I0B, B KAXKJIOM M3 KOTOPBIX UMEETC P - 7,
e v = 27, eaunnn. MckoMoe MHOXKECTBO HAOOPOB TOJTyda-
ercs B pesyabrare npuMmenenus K marpuie M teopembr 6.1 u

MMOCTPOEHUS TIOKPBITUA JJIUHBI ¢, TJe

o<l ()] < ()] =

<2M(n—-1)+2"=n-2".

JlemMMa JOKa3aHa. O

§7 3SBapaua munnmvuzanuu JIH®. IToBegenune dyHK-
nuit I1lemHOHA U OHMEHKHN TUMNYHBLIX 3HAYCHIH
aadg paura n aiaueasl JIH®

Kak yxke ormeuanocs, JTHD mpemacrasisger coboit ymoOHYO u
HADISTHYIO (C «TeOMEeTPUYECKOl» TOYKM 3peHwusi) (hopMy 3a-
marusg OAJIL. C gpyroit croporsr, JTHD mMoxkHO paccMaTpuBaTh
KaK MPOCTEHIIYI0 MOJIEJb, IPeIHA3HAYEHHYIO /IJId CTPYKTYPHOiT
peammzanuu OAJI (cv. ra. 3).3amernm, uTo pasjuvHbIE TApPa-
merpel JJH® (panr, ayinHa o T. 1) XapaKTEPU3YIOT PA3THIHBIE
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«MEPbI» CJIO02KHOCTU YKA3aHHOI'O IIPpeACTaBJICHUS NI CTPYKTYD-
HOM peaan3ainni. B CBS3W ¢ 3TWUM 9acTO BO3HWKAET HEOOXOIN-
MOCTDH TIOCTPOEHUS ONTUMATLHON B TOM mym wHoM cMbicte JTHO
i 3agannoit @AJL, To ecrh HEOOXOAMMOCTH PEIIeHUs COOT-
BETCTBYIOMIEH 3a1a49n Munumudayuy JH®D, KoTopas aBasgeTcs
JaCTHBIM CJIy9a€M 3aJa491 CUHTE3a YIIPABJIAIOMNX CUCTEM (CM.
1. 3).

B obmem Bume 3amaua munmmumzarun JIHP moxer OBITH
cpopmynuposana chaexyiommm obpazom. Ilycrs jyra Kaxkoit
JH® A ompenenena ee «cmoxkuoctb» ¥ (A), ¥ (A) > 0, qia
koropoit ¢ (A") = o (A"), ecrm THD A" nonyuaerca uz JTHD
A" ynanennem 6yks naun K. B srom ciydae 6ygaeM rOBOPUTH,
uro Ha MHOKecTBe JJH® 33120 HEOTpUIATETBHBIN HYHKUUOHAA
cA0dCHOCMY ), ODJIATAFOTITNI CBOMCTBOM MOHOMORHOCMU. 11pu-
MepaMu TakuX (bYyHKIHOHAJIOB MOLYT CIYKHUTH janHa A (),
parr R () nmm «dopmynbrasy croxuocts L (A) JTHD A, a
TakKe qncyo Bxoxkjaenuit Bll ¢ orpunanusavu u apyrue mnapa-
merpsl JITH®. 3amaua vuanvusaruu JIHO orrocuTebH0 QyHK-
IIMOHAJA CJIOKHOCTH 1) COCTOHNT B TOM, UTOOLI IIO 33IaHHOI
QAJI f nocrpours peamusyromniyio ee JTHD A takyro, 910

¥ (A) = miny (Ql’) ,

rae muaumyM O6epercsa o seem JJHD 2| peamuzyromum OAJT f.
I[Tpu srom JH® A cumraerca MUHUMGADHOTU OMHOCUMEALHO
Pyrryuonasa P, i, waade, Y-munumasvhott JTHD, a 3Ha-
wenne 1 (A) HazpBaeTcs caoocrocmovio PAJI f omuocumenvro
PyrKUUOHAAG ), WU, HHAYE, V-caodchocmbio PAJT f B xitacce
JHD. B cooTBeTcTBUM C BBEJEHHLIMU DaHEE OMpeIeeHUIMH,
A-vuanMaabayo JIHD, To ects JIH® munuMmansHyo 0o gauHe,
Gynem Ha3plBaTh Kpardaimedt, a R-muwaumaapayio JIHD, 1o
ectb JITH® MuHUMAJBHYIO IO PAHTY, — MPOCTO MUHUMAJIBLHOIN.
D yHKIIIO
(n) = max v(f),

feP2(n)
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KOTODasl XapaKTePU3yeT MAaKCUMAJIbHOE 3HAYEHHUE 1)-CIIOKHOCTI
DAJI uz P (n), nHazeBaior, 0061aHO, dynkyuet lennona nis
xiacca JJH® orHOCHTE/BHO (DYHKITHOHATA 1.

Yeranosum nosegenve dyuknnii Hlennona A(n) u R(n) s
el 1 parra JHO OAJL w3 Ps(n) cooTBETCTBEHHO.

Jlemma 7.1. Jlaa wi06020 n,n € N, umerom mecmo coommouie-
HUA

An)=2""1 R(n)=mn-2"""1 (7.1)

Joxasamesvemeo. Huxkuue onenknu (7.1) ciepyror u3 toro,4ro
Mlp) = 2"t u R(l,) = n- 2"} Tax kax eguacTeennoi JTH®
muueiinoit ®AJL I, = x1 ® -+ & x, ABILETCI €e COBEpIIeH-
nag JTH®. Jls monyaenus Tpebyembix B (7.1) BEpXHUX OIEHOK
Bo3bMeM Tipon3BosibHy0 DAJL f u3 Pa(n) u, B cCOOTBETCTBUH C

(2.5), paznoxum ee mo BII xg,. .., z, cregytommm obpa3om:
f(xl’“.,wn) = \/ $g2...x2n 'f($1,0”) (72)
0"=(02,...,0n)

Jlerko BujieTh, 4TO TOCIIE 3aMeHbl B paziaoxkennn (7.2) Kaxioit
DAJI f (z1,0") pasnoit eit DAJI u3 muoxkecrsa {0, 1, x1, T1} u
npuBefeHud M0A00HbIX MbI Tostydnm JJH® 2, naunasr He 601b-
me, gem 2!, w10 nOKazBIBaeT BepxHHE omeHKH B (7.1).
JleMMa JOKa3aHA. O

ITpu wzyuenun Toro mwaum nuoro ceasanuoro ¢ JIHD dymk-
IMHOHAA, 1) HAPSIY € €r0 MaKCHMAJIbHBIM 3HAYEHHUEM, TO €CTh
dbyukuueii Mlennona ¢ (n), npeacrasasier nHTEPEC COOTBETCTBY -
1onmit orpe3ok "turmuabix"  3HaYeHuit, To ectb orpesok [ (n), ¥ (n)],
B KOTODbIii nonaaator 3uadenust 1 (f) st mourn Beex GAJL f
3 P (n). Ecim npu stom rpanunst ¢ (n) n ¢ (n), tone n =
1,2,..., acUMOTOTHYECKH DaBHBI 1 (N), TO TOBOPSAT, UTO st
mapamMerpa ¥ umeer Mecto aipexm Illennona. Buiscaum Heko-
Topbie ocobennocTr crpoennst JTH® y mourn Becex @AJI u yera-
HOBUM, B 4acTHOCTH, orcyTcTBue 3ddekra [Mlernnona gia ma-
pamerpoB A u R - mymubl u paura JH® coorsercTBeHHO.
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BiejieM JUCKPETHYI0 BEKTOPHYO C/lydaiinyio seuauny &™)
(56, e 7§T)7 COCTOATIYIO U3 2" HE3aBUCUMBIX CJIYJIANHBIX BEJIU-
unH &y, « € B", npuruMmaromux 3uadenns: 0 u 1 ¢ BeposaTHO-
CTHIO % ITpu sTOM, OUeBHIHO, 15T JEO0OTO v, « € B™, BBITIO-

HAIOTCA PaBECHCTBa

Bt =3, Déa = 3, (7.3)
rae Ef u DO - maTemMaTndecKoe OKHUIAHHE U JUCIEPCHS CJIY-
vafinoii Beauannbl 6 (cM., Hanpumep, [24]).

Byneum cuurars, uro jobas PAJL f uz P, (n) aeasercs: pe-
anmsanueil Besmaunbl £, npu Koropoil &, = f (a) st moboro
«, a € B™, 1 4T0 BEepOATHOCTh TAaKOil peaju3alnuy pasHa 272 .
Orcroma cnemyer, aro masa moboro muoxkectsa Q, Q C Py (n),
ormomenne |Q| /22", 1o ectn mona Tex ®AJI f uz P (n), KoTo-
poie npuHajiexkar Q, paBHA BEPOSITHOCTH TOIO, YTO Pean3a-
1us caydaiinoil Bejimunnbl £ npuHaiexkut Q.

W3 HesaBucuMocTy ciaydaitHbix Bejmund &, o € B™, BbITE-
KaeT, 4TO [AJj1d UX CYyMMbI E(") = {N, KOTOpas paBHA MOIIHOCTU
muozxectsa Ny naa @AJL f| apnsiomeiica peannsarmeii cryJaii-
noit Besmunnsl £ = € B cury (7.3) cupaBeIuBLl PABEHCTBA
(cm., mampumep, [4])

E£( = gn—1, DEM = on—2 (7.4)
ITonaraa

t=|n-2%], IT=(2""' =, 27 1)

¥ IpHMeHAs K CIy9ailHofi Be/mduie & ¢ ydeToM (7.4) mepanen-
crBo Yebbimena [4], nosyunm, 9To BeposiTHOCTE coObiThst & & I,
To ecTb jonst Tex PAJL f u3 Ps (n), g xotopsix |Ny| ¢ I, He
bosIbITIe, YeM

12 T 4n?
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¥, CJAeI0BaTEIbHO, cTpeMuTcd K 0 mpu n crpemsimemcs K Hec-
KOHEYHOCTHU. 9TO O3HaYaeT, B 9aCTHOCTU, YTO JJId TTOYTHU BCEX
®DAJI f uz P2 (n), BHIIOJHEHO PABEHCTBO

INy| = 2nt (1 +0 (n : 2-”/2)) (7.5)

To ecthb gynna cosepinernoi JTH® y mourn Becex PAJI uz Py (n)
acHMITOTHYeCKH pasHa 27 L.

JIemma 7.2. JTas noumu ecex @AJI f, [ € Py(n), svnoansa-
H0MNCA HEPAGEHCMEA

M) < %2”_1 (1+0(n-272)), (7.6)
M) < %n 2 (140 (n-27?)), (7.7)

Jokasameavemeo. Ilycrs @AJTL f, f € Py(n), apasiercs peasiu-
zanueii ciayuaitnoit Besimuannbl . s kaxgoro nabopa 5, 8 €
B"! paccMOTpUM CAyUARHYIO BEIUUIHHY ns = 0,8 V &1,8)-
Bamernm, 9TO CiIydaiiHbIe BeJHMIUHEL 13, 3 € B" !, nesasucu-
MBI, & MATEMaTUYIECKOE MKUJAHNE U JUCIEPCHs JII000H U3 HUX
PaBHbBI % n % COOTBETCTBEHHO. BaMeTI/IM TaKXKe, 9TO PpaBEHCTBO
ng = 1 BbIIOIHSIETCH TOrJa U TOJIbKO Torja, korda B JH® g,
mocTpoentoit mo jgemme 7.1 s @AJL f, Bxoqur ciaaraemoe, co-
oTBeTCTBYyIOIIee Habopy [. W3 He3aBUCHMOCTH CIyYailHBIX Be-
muuun g, B € B", cuenyer, uro ans ux cymmbl 1) = )
BBITIOJTHSIFOTCS COOTHOITIEHU S

B — ZQH’ D™ —

3
Zon—1 7.8

Ilonaraa

t= [n - Qﬂ . I= (32"1 4, %2“*1 —|—t>
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u npoBoAs Ha ocHoBe (7.8) pacCyKJeHus AHAJIOTUYHbBIE TEM, C
MOMOIIBIO KOTOPBIX n3 cooTHonennit (7.4) BHIBOAMIOCH PaBEH-
ctBo (7.5), momymm, uro A(2y) € Iy me menee, wem 2% (1 — #)
DAJI f uz Py(n). D10 o3nagaer, uro st nouru seex PAJT f,
[ € Py(n), nmana u panr eé JJH® ¢, nocrpoeHHoii B cooTBET-
cTBum ¢ jilemMoit 7.1, ynosrersopsier (7.6), (7.7).

JlemMa J10Ka3aHa. L]

§8 AaropurMumyueckKkue TPYTHOCTU MUHUMUIAINI
JAH® u oneHKn MakCUMaJbHBIX 3HAYEHUI HEKO-
TOPBIX CBA3aHHBIX C Hell mapameTpoB. Teopema
10. . ZKypaBiaesa o JITH® cymma MuHUMAJb-
HBIX

Pemenne 3agaa munnvuzannn JH® naa 3agannoit @AJI xa-
PAKTEpU3YeTCsl Pas3uIHLIME mapamerpamu dToii PAJL u, B
TIEPBYIO OYEPEIb, SHAUCHUSIMY UCCIEIyeMbIX (DYHKITNOHAJIOB €
cioxuocTu (M. §7). Kpome Toro, Kak 0TMEUYaIOCh BBIIIE, Psif]
napamerpos (amuHa cokpamennoit JIHD, ancio TynmuKoBbIX nim
muHAMAIBHBIX JTH® u 1p.) XapakTepusyroT TPYI0eMKOCTh 3a-
maan muanMuzanun JTH® giasa pacemarpusaemoit @PAJI. B cea-
37 C 9TUM TIPEJICTABIAET WHTEPEC MOBeJeHne ipu n = 1,2,.. .,
MaKCUMAaJIbHOI0 3HAYEHUS TOT0 WU WHOTO [TOI00HOT0 TapaMeT-

pa ¢ g ©OAJL uz Pa(n):

P(n) = max p(f),

fe€P2(n)

KOTOPOe,KaK U B cjiydae PYHKIIMOHAJIOB CJI0KHOCTH, HA3hIBAIOT,
0bbruno, pyuknueit Hlennona mig mapamerpa ¥ B kiaacce JTHD.

Bynem oboznauars 3navenne pyukiuu [lennona gis mapa-
METPOB, PaBHBIX umcay' TymmroBeix JH®, unmcay MuHIMAIb-

!Bce JJH® paccMaTpuBaioTCs ¢ TOIHOCTHIO 10 TepecTanosku DK u 6yxs
B HHX.
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ubix JTH® u gymne coxpamennoit JTH® y ®AJI us Po(n), gepes
T(n), 1 (n) n Acoxp. (1) COOTBETCTREHHO.

W3 mMouoToHHOCTH (DyHKITHOHANA ¢ T caokuoctu JJHO
(cm. §7) cemyer, uro Y-muanmansayio JTHD scerma MOKHO BbI-
6pathb cpequ TynukoBbix JH®, aaropuT™ mocTpoeHus: KOTOPBIX
ommcad B §6. OmHAKO, KAK MOKA3BIBAET CJAEYIOIIEE yTBEpPK, 16
mme, PAJI MOTyT WMETh OYEHB MHOTO Pa3JUIHBIX TYTHKOBBIX
JIH®, u gaxe umncao pazananbix MuHAMaIbHBIX JTH® vy mHux
MOXKET OBITh OYEHb BEJIUKO.

JIemma 8.1. Yucao mynuxosvx (munumanvruvz) THD y PAJI
fus Py(n), n>4, suda

fz1, . o xn) = g(xy,29,23) - (4 D -+ D ),
2de N, = {(000), (111)}, pasno 52" (coomeemcemeenno 22" ).

Joxasameavcmeo. N3 ceoiicrs smneiinoit ®AJI u csoiicrs PAJI
g BbiTekaer, uto (cM. §1 u §4) robas mpocras uMmTHKaHTa K
QAJI f umeer Buj

K = K; (z1,m9,73) - 2" - 2",
rne K;, i =1,...,6, — npocrag nmmmukanra PAJT g (cm. puc.
22awm (2.10)) u B4 B - - ® By, = 1. Takum o6pas3om, coKpaIeH-
vag JTHO DAJI f ¢ «<reoMeTprdeckoity TOUKHU 3PEHUST COCTOUT
u3 2"~ mukoB mmmmer 6 (em. §4). CrremosaTesnsHo, mobas TY-
mukosas (MuHuMasabHas) JTHO PAJT f sritouaer B cebs 0HO
U3 IATH (COOTBETCTBEHHO JIBYX) PeOEPHBIX ITOKPHITHI, CBA3AH-
HBIX C TYHMKOBbIMU (COOTBETCTBEHHO MuHMMaibHbIMU) JTHD
DPAJI g, mpusenenneivu B (4.1)—(4.2) (coorBercrBenno (4.1)),
Juisl Kaokioro u3 274 ykazsanubix nuksos. Ilosromy umciio Ty-
mukoBeIX (MuEuMaTbabx) JTH® OAJT f pasao 527 (coorser-
creenno 22" ).

JlemMMa JOKa3aHa. O
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CaencrBue.

7(n) =5 (n) = 2

Baxkuapiv mapamerpoM, BAUAONAM Ha pasMmep Tabanisr Ksaii-
Ha U, CJIeJIOBATENbHO, HA TPYI0EMKOCTDb 3319l MUHUMU3AINH,
apagerca ganHa cokparrmernsoit JTH®. YceranoBuMm HEKOTOPHIE
HIKHEE ONeHKH JuHbl cokparnentoit JTH® y ®AJI ot n BII,
MTOKA3LIBAOININE, B YACTHOCTH, UTO jauHa cokpartennoit JITHD
MO2KeT OBITH CYIIECTBEHHO 00JbIe AInHBI coBepirennoi JTH®
toit ke QAJIL.

Hns I C [0,n] uepes s! (z1,...,2,) obozmaumm PAJT u3
P, (n), xotopas siBasiercst xapakrepuctudeckoit @AJT obbeau-
HeHud Bcex cioeB kyba B"™ ¢ momepamm u3 I. Ilpu stom uwmc-
a m3 I cumratores pabowumu wucaiamu OAJL sl . Bamernm, aTo
DAJI 5711 SIBJISTETCST CUMMEMPUNECKOT, TO €CTh He N3MEHSIET CBOe
3HaYeHne IpHU J000 IepecTaHOBKe apryMEeHTOB, I Ha00OpOT,
mobag cuvMerpuieckas QYHKIUS aarebpbl JOTHKW COBIIATA-
er ¢ ognoit n3 ®AJI suna s{L. 3aMeTHM TakKiKe, UTO OTJINIHAL
oT KOHCTaHThI cuMmMeTpudeckas OAJL saBisgercs: CyIecTBeHHOM
DAJI. Jlerko BueTh, 9T0 pAbOINMHA IUCTAMEA CAMMETPHIECKAX
DAJI ¢, u {,, ABIAIOTCS BCE HEUETHBIE M BCE 9ETHDIE UHCIIA OT-
peska [0, n] COOTBETCTBEHHO.

Cummerpudeckaa DA JT HAZBLIBACTCS NOACKOG0T, €CITN €€ Pa-
6oume uncaa obpazyior orpesok. llosckosoit PAJI seistercs, B

2,3
gacraoctu, @AJI ronocosanns H (r1,x2,13) = 5[3 ], a Tak-

1,2
xe QAJI g = sg’ }, nokasanHad Ha puc. 2.2a. Jlerko BumeTsh,

uro cokparennas JTH® nosckosoit ©AJI SZ’”’] (X1,...,@p), THeE

0 < r < p < n, cocrour u3 Beex YK panra (n + 7 — p), KOTO-
peie cogepxkar r BIT w (n — p) orpunanwit BII, To ecth nmeer
BT

S’L?p} (xl, ceey xn) — \/ qu . x?”’H’T*P. (81)

11 ’ tn+r—p
1<7;1 <"'<7;n+r—p<n
Ul+"'+0'n+'r—p:'r
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13 (8.1) caenyer, uro qnuua cokpamennoit JTHO OAJT sl

pagaa (7) - (*77), n mosromy npu r =n — p = [%| ona B coor-
n
BerctBun ¢ (hopmysoii Crupauara (1.3) He MeHbITE, Yem 61%,
IZe €1 — HEKOTOpas KOHCTaHTa. TakuM 06pa3oM, JOKa3aHO CJIe-
JIYIOIIEe yTBEPIKICHHE:
JlemmMma 8.2.
37L
)\cmcp.(n) = 61?;

20e €1 — Hexomopas KOHCmMaHina.

PaccymoTrpennbie mpuMephl TOKA3BIBAIOT, 9TO € AJTOPUTMU-
qecKoM TOYKH 3peHHs 3ajada MuHUMH3anmun JIHP geiagercs
OYeHb TPYA0EMKO 3a1aueii. B Teopun CI0KHOCTH BBIYUC/IEHNTIH,
rJe TPYJ0eMKOCTb aJrOpPUTMa OIpPEIe/IaeTcs, OObIIHO, YUCIOM
OUTOBBIX Oreparnii, HeOOXOAUMBIX JIJTsl €r'0 BBITIO/THEHUS B «XV/I-
meM» Cjydae, BbIJeJIeH IeJblil KjiacC Tak Ha3biBaembix NP-
ITOJIHBIX TTPO0JIEM, KOTOPBIE CIUTAIOTCS AJITOPUTMUYECKA TPY/I-
Hbivu (cM., Hanpumep, [1, 22]). K NP-noaasivm nipo6aemam or-
HOCUTCS, B YacTHOCTH, npobema BoimogauMoctn KH®, xoto-
past cocTonT B TOM, 9T00BI 10 3agaHH0i KH® BRISICHUTH, paBHA
TOXKTECTBEHHO Hy.TI0 peanuzyemast eo ®AJI min wer. Takum 06-
pasom, naxe mocrpoenue cokpamiennoit JTH® uz KHD (cum. §3)
ABJIACTCA aJIlOPUTMUYCCKHA TPYAHON 3aiadeif.

C apyroit croponst, FO.M. ZKypasaes [9, 6] npemioxun npu-
MeruTeabHO K JIH® Mosens Tak Ha3bIBaEMBIX JOKAJIBHBIX WU
OKPECTHOCTHBIX aJTOPUTMOB, KOT/1a mpeodpa3oBaHue pacCMaT-
pUBaeMOil IpaHU OJHO3HAYHO OIPEEJAETCS «COCTOAHUEMS €€
«OKPECTHOCTH» 3ajaHHoro nopsaka (cm. §4). Ou xe (cm. Teo-
pemy 8.1) mokasas, aTo mpu mocTpoennn MuanMaaLHOM JTH®
st DAL uz Py (n), n > 3, npuxoauTcs, B 06IIEM CIydae, pac-
CMaTPHUBaTh OKPECTHOCTH TOPsIKa (N — 3) ee MaKCHMAaJbHBIX
rpaneii. CresroBarensHo, 3agaya muanmuzaiun JJHO asisercs
TPYAHON U C TOYKY 3PEHUSA YPOBHHA JIOKATHHOCTH UCIIOIB3YEMbIX
AJICOPUTMOB.
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(6%)
Ny Na

(651 T (X3

Puc. 8.1: muoX)ecTBO Ny A nenHolt u nukamdeckoir OAJIL f

Omnpenemm JTH® cymma muanmvanbabix QAT f (THD XM
DAJl f) KaK AMIBIOHKIUIO BCEX TeX €€ MPOCTHIX MMILTHKAHT,
KOTOPBIE BXOJAT XOTs 661 B ofay MuanMaasayio JHO® GAJT f.

Oyukuus f (x1,...,z,) HA3BIBaETCS Yenkol (yuriuueckol)
Ppynryuet dauns t, ecin ee coxkpariennas [TH® ¢ «reomerpuye-
CKO» TOUKM 3PEHNA MPEICTABISET CO0O0I Ternb (COOTBeTCTBeH—
HO [IUKJI) U3 ¢ Tocae10BarebHo coequaennbix pebep N1, Na, ..., Ny
kyba B™ (cm. puc. 8.1a u 8.1b). 3amerum, 9T0 HUKINIECKAS
OAJI guHe! t cymecTByeT TOra U TOJALKO TOraa, Koraa t > 6 —
verHOe 4uciio, a uenHad PAJI jymnab ¢ — npu sobom ¢ > 1.
[Ipumep nennoit ®AJI pmuer 3 naer PAJI ¢”,) nokaszannas ma
puc. 4.1, a PAJI g (cm. puc. 2.1a) aBaserca nukamaeckoit DAJT
JJTUHEI 6.

W3 Teopewmsr 4.1 ciieyer, B 9aCTHOCTH, YTO J1Jisi JIFOOOU 11€rI-
voit @AJI jumbbl He Menbine 4 u Ji060i nuksmmyeckoin AL
HH® T cosmamaer ¢ coxkpamennoit JJTH®. TIpu srom mennas
QAJI f megernoit qmubl t = 2k — 1 > 3 uUMeeT €IMHCTBEHHYIO
vuanMaabayio JIH®, koropas cosmagaer ¢ ee JIHO XM u co-
oTBeTcTByeT NOKpbITHIO (cM. puc. 8.1a) N7 UN3sU. . .UN; miunb
k. leiicTBuTebHO, MHOKECTBO [V ¢ B JAHHOM CJIydae COCTOUT U3
2k wabopoe u He MOXKeT GbITh MOKPHITO (k — 1) pebpom. Kpo-
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a, =1
Nn—l Nn
Qp—1 Qp41
a2 a2n—2
Ny Nop—2
al\/QQn—l
0

Puc. 8.2: nemnas PAJI pmunsr (2n — 2) B kybe B”

Me TOTO, IOKPLITHE MHOXKecTBa Ny, cocTodmee us k pebep, ne
MOKET BKJIIO9aTh B ce0s pebpa ¢ obImmMy BEepPITuHAMEA W JOIK-
HO comepKaTh saposbie pedbpa N1 n Ny @AJI f. Jlerko Bumers,
uT0 TOJbKO HoKphiTHe N1 U N3 U ... UN; 0baagaer BceMu 3Tu-
Mu cBoiictBaMu. Takum obpasom, aaa nemmoit PAJ] megerHoit
nmunbl t, t > 5, JJIH® XT ne coBmagaer ¢ JJTHD X M.

Teopema 8.1 (cp. [6, 22, 10]). IIpu awbom n € N, n > 3, 6
Py (n) eywecmeyrom QAJIL ' u ", umerousue obuwyro npocmyro
umnauxanmy K, xomopas exodum ¢ JHD XM oduoti, no ne
sxodum 6 JH® XM Jdpyeoti us smuxr PAJ u das womopot

Sn73 (NK’f/) = STL*S (NK’f”)'

Aoxazameavcmeo. Jlocrarouno mocrpouts B P (n) nenuyo GyHK-
o f werHoit mawwbl t = 2k > 2n — 2 > 4. JleiicTBUTEIBHO,
ecn ykazanHag OAJI f maiinena, a ee MEHOXKecTBO Ny COOTBET-
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crByer puc. 8.1a, To, rojaragd

Ny =Ng\{ar} m Ngr=Ny\{opg},

nonyanm nenabie AJT [ u f” mewernoit qnuunt 2k — 1 Takwue,
ar0 Kaxgoe pebpo N;, tne i = 2, ..., t—1, sxogut B IHD XM
onuoit w3 Hux, HO HEe BxomuT B JIHD® XM apyroii. [Ipu stowm,
ogesunno, Si_o (Ng, f') = Sk—o Ng, ") u, cnenosarensuo, uc-
komag 9K K coorBercrByer pebpy Ni.

Jns 3aBepiieruns MoKa3aTeI-CTBA BO3bMEM B KadecTBe f
nennyio PAJI bl (2n — 2), y KoTOpOii MHOKECTBO N§ CO-
crout u3 Beex Habopos «o; = (1,...,1,0,...,0), rme @ € [1,n],

7 n—
u HabOPOB (i = O, © € [1,n), a pebpo c HOMepOM j, j €
[1,2n — 2], mmeet Bug Nj = {a;, aj41} (em. puc. 8.2) u npume-
HUM K HEil OIUCAHHbBIE BHIIIE TOCTPOEHHUSI.
Teopema JoKa3aHa. O

Jameuarue 1. V3 TeopeMbl cjenyeT, 9TO KPUTEPUN BXOZKjIe-
nug DK B JH® XM He umeer Takoro JIOKaJILHOIO Xapakrepa,
kak Kpurepuii Bxoxkaerus DK B JJTH® X7 (cpaBrute ¢ Teope-
Moii 4.1).

Bameywanue 2. Vzsecrro [7], uro upu n > 14 B Py (n) umeercst
mentag PAJI wernoit aumusl ¢, t > 2" 11 — 4, Ha ocuoBe KoOTO-
pOI71 CIIPAaBEIJIMBOCTDL TCOPEMBI MO2KHO yCTaHOBI/ITb HJId OKpecT-
HOCTH MOPSIIKA, (% — 2) (cM. OKa3aTENHCTRO).
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