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pynnbi

HeliTpanbHblii anemMeHT

MycTs S — Npou3BONLHOE MHOXECTBO.
Anrebpanyeckoii onepaymeii * Ha MHOXeCTBe S Ha3blBaeTCs
oTobpaxeHune x : S xS — S.

dnemeHT e € S Ha3biBaeTCs HEeMTPaANbHbIM 3/1EMEHTOM
OTHOCUTENLHO Onepauun *, eCan ANS KaXKAOro sjeMeHTa a € S
BEpHO

axe=ex*xa=a.

Teopema 1. HeiitpanbHeiii s1eMeHT (ecam OH CyLyecTByer)
€ANHCTBEHEH.

[oka3aTenbCTBO NpoBeAemM OT NPOTUBHOrO: MyCTb HalgyTCs ABa
HeliTpanbHbix anemenTa ¢ € Smu e’ € S, ¢/ #£ ¢€”.

Torpa

x e

— * e// — e//



pynnbi

CYMMETPUYHBIA 3N1EMEHT

[nsa sanementa a € S anement 3’ € S HasbiBaeTcs
CUMMETPUYHbIM, eCin

axa =a xa=e,

rae € € S — HeilTpasibHbI 31EMEHT OTHOCUTESIBHO OMepauun *.

Teopema 2. CumMmMeTpUYHBIN 31EMEHT OTHOCUTENBHO
accoymaTueHoli onepaymu (eCam oH CyLECTBYET) €AUHCTBEHEH.
[oka3aTenbCTBO NposeaeM OT NPOTUBHOrO: MYCTb AN
HEKOTOPOro 3/1eMeHTa a € S HaliAyTCs ABa CUMMETPUYHBLIX
anemeHta 2 € Sna’ €S, #£a".

Torpa



MHOXecTBO S € OgHON WM HECKONBKUMMN BBEAEHHLIMU Ha HEM
onepaumnsiM Ha3bIBAaeTCs agarebpandeckoii CTpYKTypoOil.
CrpykTypa G = (S; %) (T.e. MHOXeCTBO S C BBeleHHON Ha HEM
anrebpanyeckoii onepauueli *) Ha3bIBae€TCS FPYNMOWA, ecu

1) onepauust * accoumaTuBHa, T.e. 4715 JIIODbIX 3NEMEHTOB
a,b,c € S BepHo

(axb)xc=ax(bxc);

2) CyLeCTBYET HeliTpasibHbIf 3IEMEHT OTHOCUTENILHO OMEpaLMN *,
T.€. HAJETCs TaKoli 3NeMeHT € € S, 4TO ANA KaXKAOro 3/1eMEHTa

a € S BepHo
axe=exa=a

3) ANS KaXXAOro aneMeHTa a € S HaliAeTCs CUMMETPUYHBIT K HEMY
snemeHT @’ € S, T.e. Takoii 4TO

axa =ad xa=e.



Ecan gnsa rpynnsl G = (S; %) LONONHUTENBHO BbINOJHEHO, YTO
4) onepauunsi * KOMMYTaTWBHA, T.€. AJsi JItODbIX neMeHTOB a, b € S

BEPHO
axb=bxa,

TO TaKas rpynna Ha3bIBA€TCA KOMMyTaTVIBHOVI, unn abenesoii.



pynnbi

[ pynnebi

Teopema 3 (npaBuno cokpaiyeHust).
Mycts G = (S; %) — rpynna. Torga ecav 451 HEKOTOPbIX
anemeHTOB a, b, c € G BepHO

axb=axc (wmbxa=c=xa),

T0b=CcC.
Hoka3zatenbctBo. lNycTb anement 8’ € G cummeTpuyen
OTHOCUTENbHO onepauun * K anemMeHTy a € G. dnement 3’ € G
HaligeTcs, T.k. G — rpynna. Torga

axb=axc
adxaxb=axaxc
=exb= (adxa)xb=(a*a)xc =exc=c



pynnbi

[Mpumepbl rpynm

1. S ={e}; e x e = e — TpuBManbHas rpynna.



pynnbi

[Mpumepbl rpynm

1. S ={e}; e x e = e — TpuBManbHas rpynna.

2. S={ea}; xxe=exx=x,rae x =e,a

Yemy paBHO ax a =7

Echmaxa=a, Toa*xa=a*en a= e — npoTusopedue.
3HauuT, axa = e.



pynnbi

[Mpumepbl rpynm

1. S ={e}; e x e = e — TpuBManbHas rpynna.

2. S={ea}; xxe=exx=x,rae x =e,a

Yemy paBHO ax a =7

Echmaxa=a, Toa*xa=a*en a= e — npoTusopedue.
3HauuT, axa = e.

3.5 ={e,a,b};
x|e a b
ele b
a b e
b|b e

I'IepeqmcneHHble rpynnbl KOMMYTATUBHbI.



pynnbi

1somopduzm rpynm

Oee rpynnel G = (S; %) u G’ = (S'; x) HasbiBatoTCs
M30MOPdHBLIMU, €CNN HAAETCS B3aUMHO OAHO3HAYHOE
oTobpaxkeHune

p0:S—=5,
COXpaHsitoLLee onepauuio, T.e. Anst obbIX snemMeHToB a,b € S
BEPHO

p(ax b) = p(a) x ¢(b).

MNepeumncnenuble B n.n. 1-3 rpynnbl eNHCTBEHHbIE C TOHHOCTLIO [0
n3oMopdnama rpynmnbl COOTBETCTBEHHO U3 OAHOTO, ABYX U Tpex
3JIEMEHTOB.



pynnbi

[Nopsgok rpynnbi

lpynna G = (S; *) Ha3bIBAaeTC KOHEYHOW, €CAN B MHOXECTBE S
KOHEYHOE YNCIO IIEMEHTOB.

Ecnm rpynna G = (S; *) KoHe4Ha, TO YMC/IO 371EMEHTOB B
MHOXeCTBe S Ha3blBaeTCs ee NOPSIAKOM 1 obosHavaeTcs |Gl.

Mycte G = (S; *) — rpynna ¢ HeliTpaNbHBIM 3JIEMEHTOM €.
[ns snemeHta a € G HauMmeHblUee HaTypanbHOE Yucno n (ecnu
OHO CYLLECTBYET), TaKOE YTO

axax---*xa=e,
~—_—

n

HA3blBAETCA €ro NOpsAgKoM.



pynnbi

KoHeyHble KoM MYTATUBHbIE TPYNMbl

Teopema 4. [lycts G = (S; *) — KOHeYHasi KOMMYTaTUBHasI
rpynna, u e € S — ee HeliTpasbHbIi 3nemeHT. Torga aas aboro
snemeHTa a € S BepHo ax ---x a = al®l = e.

|G|
Hokasatenbctso. lNycts S = {a1,...,a,}, n a € S. PaccmoTtpum
371EMEHTBI Fpynnbl

axap, axap, ..., axap.

Bce 371 anemeHTbl pasnunynbl (nodemy?). M ux posHo n. 3Hauur,
3/€eCb NepeyncrieHbl BCE 3/1IeMeHTbl FPynbl.

[MosTomy, C y4eTOM KOMMYTaTUBHOCTM U aCCOLMATNBHOCTM
onepauuy *, Noay4aem:

[T~ 11620 =+ 1]
i=1

Mo npaeuny cokpauyennsi (Teopema 3) nonyuaem al®l = e. O



pynnbi

Manasa Teopema Pepma

Cnepcteue 4.1 (manas teopema ®Pepma). Ecim p — npoctoe
YUCTI0, TO AJI1 KaXK[Oro HatypaJjbHoro 4yncaa a, 1 < a<p—1,
sepHo aP~1 = 1(mod p).

Hokazatenbctso. Mycts S ={1,2,...,p— 1} n -(mod p) —
onepaunst YMHOXEHUS MO MOAY/O p dYucen u3 S.

Hecnoxto nposeputb, 4to G = (S, -(mod p)) — kommyTaTuBHas
rpynna nopsigka (p — 1) ¢ HeliTpanbHbIM 3nemMeHTom e = 1.

MosTomy, no Teopeme 4 nonyuaem, uto aP~! = 1(mod p) ans
Kaxkgoro a € S.



pynnbi

TepmuHonorus

axa*x---*a
—_—

n

Obuwas ApanTneHas MynbTunnmkaTueHas
* onepauus + cnoxeHune - YMHOXeHUne
€ HelTpanbHbIl 0 Honb 1 eanHnua
a’ CUMMETPUYHBI | —a NPOTUBONONOXKHBIN | a~ 1 obpaTHbI
na a" cteneHb




CumMmeTpuyeckas rpynna nepectaHoBokK

[lepecTaHoOBKY

Mycte N ={1,2,...,n}, rae n > 1.
MepectaHoBKOW (N 31€MEHTOB) T Ha3blBaeTCs B3aUMHO
0[HO3HaYHOE OTObparkeHue

7m:N— N.

MHOXeCTBO BCEX NEPeCTaHOBOK N 31EMEHTOB 0D0O3HAYUM Kak S,.



CumMmeTpuyeckas rpynna nepectaHoBokK

3ap,aBaTb nepecTaHOBKN MOXXHO

(1234
1) Ta6n|/|u,em.7r—<2 1 4 3

B NepBOli CTPOKE MepecTaHOBKOl MEpPeBOANTCS B IEMEHT BO

> — B KaXXgoMm CTOJ'I6LI,e SNIEMEHT

BTOPOW CTPOKE;

2) cTpokoii: m = [2143] — B CTpOKe Ha i-M MeCTe CTOUT SN1EMEHT
m(i);

3) npounssegernem yuknos: m = (12)(34) — kaxpgas ckobka
SIBISIETCS OTAENbHBIM LIMKIIOM, B KaXKAoii Ckobke cneayrowynii
3IEMEHT MOJIYYEH U3 MPEAbIAYLLErO NMPUMEHEHNEM MEPECTAHOBKM,
MNepBbIfi 3EMEHT NONYHeH N3 MOCNELHErO MPUMEHEHNEM
MepecTaHOBKMN.



CumMmeTpuyeckas rpynna nepectaHoBokK

[lepecTaHoOBKY

OnuHol umkna nepecTaHOBKU HA3bIBAETCS YUC/IO SJIEMEHTOB B
HEM.
Twunom nepectaHoBku 7 € S, HasbIBaeTCA Habop

A(m) = (Ai(7), ..., An(7)),

rae A\i(7) — 4nCno UMKNOB A4/IMHBI | B NEPECTAHOBKE T.
3ameTV|M 4yTO A5 Noboli NepecTaHoBKU T € S, BEPHO
Z i+ Ai(m) = n, T.K. KOKAbI 3JEMEHT NPUHALJIEXUT POBHO

op,Homy LUKAY.

Hanpumep, gnsa nepectaHoBkn m = 1234 ee Tun
PUMEP. A7A NEP ™\ 2143
A(m) =(0,2,0,0), T.e. B Heli ABa LMKNA, KaXKAbIT N3 KOTOPbIX

COAEPXKUT MO ABa 3JIEMEHTA.



CumMmeTpuyeckas rpynna nepectaHoBokK

[lepecTaHoOBKY

Beegem onepauuto KOMMO3MUUKN © HA MHOXECTBE NMEPECTaHOBOK.
Komnosuuwueii (nin nponsseaeHnem) nepecTaHoBOK T U p
Ha3bIBAETCA Takasi MEPECTAHOBKA 7T O p, H4TO AN NtobOoro snemeHTa
x € N BepHo

(70 p)(x) = 7(p(x))-



CumMmeTpuyeckas rpynna nepectaHoBokK

[lepecTaHoOBKY

Teopema 5. [1lpn n > 3 onepaunsi KOMMNO3MLMM NEPECTAHOBOK N
3/IEMEHTOB HE SIBASIETCS KOMMYTATUBHOIA.
HokazatenbcTBo. PaccmoTprm nepectaHoBKK

123 4 123 4 n
”:<2134 >"'p:< 31 4 n>
Torpa

(mop)(1) =1,
a
(pom)(1) =3



CumMmeTpuyeckas rpynna nepectaHoBokK

[ pynna nepecTtaHoBOK

Teopema 6. MHoXecTBO NepecTaHOBOK n 371€MEHTOB S, C
onepaymeii KOMNoO3nuLnun o sIBASIETCS rPynno.

OokazatenbctBo. [1poBeprm cBoiicTBa rpynnei.
1) AccounaTuBHOCTb Onepauum o.
Mycte 7, p, 7 € S,,. Torga ans nwboro anementa x € N

((wop) o7)(x) = (7o p)(7(x)) = w(p(7(x)))

(wo(poT))(x) =7((poT)(x)) = m(p(r(x)))-



CumMmeTpuyeckas rpynna nepectaHoBokK

[ pynna nepecTtaHoBOK

Hokazatenbcrso.
2) CywiecTBOBaHME HEATPAILHOTO 3IEMEHTA €.
HeliTpanbHbIM 3/1€MEHTOM SIBASIETCS MepecTaHOBKa

1 2 ... n
7'{' g
€ 12 ... n)’
OCTaBASAIOWLASA KaXKAblli 31EMEHT Ha MeCTe.

3) [ns KaXK[oro afnemeHTa 7 CyLECTBOBAHNE CUMMETPUYHOIO
snemMeHnTa 7.
[ns nepectaHoBku

S 1 .. o n
S\ 7(1) ... w() ... =(n)
0bpaTHbLIM (CUMMETPUYHBIM) S/IEMEHTOM SIBJISIETCS NEPECTAHOBKA

7Tl:(m) o) .. 7r(n)>‘

1 i n



CumMmeTpuyeckas rpynna nepectaHoBokK

[ pynna nepecTtaHoBOK

Hokazatenbctso.
CneposatensHo, (Sp,0) — rpynna.

Mo Teopeme 5 npu n > 3 3Ta rpynna He KOMMyTaTUBHA.

g

['pynna Bcex NepecTaHOBOK N 3/1EMEHTOB C OMnepaLueil KOMNosuumm
O Ha3blBAaETCA CUMMETPUYECKO rpynnoii NnepecTaHoBOK U
obosHavaeTcs Kak Sp,.

Teopema 7. [lopsigok CUMMETPUHECKOU Tpynibl NEPECTAHOBOK Sy,
paseH n!, Te.

|Sn| = n!



CumMmeTpuyeckas rpynna nepectaHoBokK

[pynna S3

PaccMoTpuM cuMMeTprYeckyto rpynny nepectaHoBoK Ss.

m1 = e = [123] = (1)(2)(3) — HeiiTpanbHbiii anemeHT (eguHnua
rpynnbi);

mp = [132] = (1)(23) — anemeHT 1 ocTaeTcsi Ha MecTe, SEMEHTbI
2 n 3 MeHATCA MecTamu;

m3 = [321] = (13)(2) — anemeHT 2 ocTaeTCst Ha MeCTe, SNEMEHTbI
1 n 3 meHsitoTCH MecTamu;

ma = [213] = (12)(3) — anemeHT 3 ocTaeTcst Ha MECTe, 3JEMEHTHI
1 n 2 meHsitOTCA MecTamu;

75 = [231] = (123) — anemenTsl 1, 2 n 3 caBuratoTcs No LMKy No
YACOBOW CTpesKe;

76 = [321] = (132) — anemenTsl 1, 2 n 3 caBuratoTcs No LuKIy
NPOTWB YAaCOBOW CTPENKWU.

Mopsigok rpynnbl |S3| = 3! = 6.



Moprpynnei

[Nogrpynnbl

Mycte G = (S;%) —rpynna, u T C S.

Ecim H = (T; %) sBnsieTcs rpynnoii, To OHa Ha3blBaeTcs
noarpynnoi rpynnel G = (S; %).

Ecnv npn stom T # {e} n T # S, To noarpynna HasbiBaeTcst
COOCTBEHHOIA.



Moprpynnei

[Nogrpynnbl

Teopema 8. [lycte G = (S;%) — rpynna, » T C S.
H = (T; *) ssBnsiercs rpynnoii Torga v TONLKO TOrAa, KOraa Ass
tobbix anementos a, b € T BepHo, 4To a*x b € T.

Hokazatenbcrso.
<. Mpoeepum cBolicTBa rpynmbl.
1) accoumatusHOCTb onepauun x: T.k. G — rpynna;
2) cywiecTBoBaHME HENTPasbHOTO 3NemMeHTa e: ecam a € T, TO
axa =ec T,
3) ANS KaXAOro 37EMEHTa CyLLECTBOBaHNE CUMMETPUYHOIO
afneMeHTa: ecma € T,Toexa =a € T;
anrebpan4HOCTbL onepauun * Ana MHoxecTea T:ecam a,b € T, To
non3)b eT, max(b) =axbeT.

O



Moprpynnei

[Nogrpynnbl

Mpumepsbl noarpynn B rpynnax.
1. Ecan G = (S, ) — mynbTunankatueHas rpynna, n a € G —
3/1EMEHT MOPsifika N B Hell, TO MHOXECTBO

T:{a,a2,...,a”_1,a”:1}

C onepauueli - 0bpasyeT MyNbTUNANKATUBHYIO NOATPYNny

H = (T;-) nopsigka n rpynnsl G = (S;-).

MynbTUNAMKAaTMBHAA rpynna Ha3blBaeTCA LMKIANYECKOM, ecu
KaXKAbI N3 ee 91eMEHTOB SBJISETCA HEKOTOPOI CTENEHbIO
BbIAENEHHOrO /1EMEHTA TPYMNbl, KOTOPbIN Ha3blBaeTCS
00pa3yloLWwmMM 31EMEHTOM TPYyMMbI.

[pynna c obpasytowum s1emeHToM a 0bo3HavaeTcs Kak < a >.
lpynna H = (T;-) u3 n. 1 aBnsietcs uuKANYeckoli NoArpynmoii
rpynnbl G = (S; ) c obpasytowmm anementom a € T, Te.
H=<a>.



Moprpynnei

[Nogrpynnbl

2. Haiigem rpynny H nepecTaHOBOK BepLUMH MPaBUJIbHOTO
TPeyroJibHMKa Mpy ero BPaLLEeHUsIX B NJOCKOCTU, NEPEBOASLLNX €ro
B Cebsi.

PaccmoTprm npaBusibHbIl TpeyroibHuk 1 byaem noBopaqmeaTh €ro
MO 4aCoBOIi CTpesIKe:

1
3
nosopot Ha yron 0: 71 = e = (1)(2)(3);
noeopoT Ha yron 2 mp = (123);
nosopoT Ha yron 2t w3 = (132).



Moprpynnei

[Nogrpynnbl

Monyyaem rpynny BpalyeHUii BEPLUMH NPaBUILHOIO TPEYroNbHIKA
B nnockoctn H = ({m1, m2, m3};0), |[H| = 3.

OHa siBnsieTcst NOArPYNMoi CUMMETPUYECKON FPyMnbl NEPECTAHOBOK

Ss.



Teopema Kann

Teopema Kanu

Teopema 9 (Kann). Kaxgas koHeqHasi rpynna n3omMopgHa
HEKOTOPOUI MOAXOAALLEN NOArPYnne CUMMETPUHECKON rpynbi
nepecTaHoBok Sy,.

Hokazatenbctso. yctb G = (S; %) — 3aAaHHast KOHeYHast
rpynna, |G|=n,unS={gi=e€,8,...,8n}

[ns kaxxgoro snemeHTa gi € G NOCTPOUM COOTBETCTBYIOLLYIO EMY
NepecTaHoBKy 7y, € S, no npasuny

= ( 81 82 &n >
& gi*g8L &i*x& ... &ixg&n )’
nnn
S ( 1 2 n >
& ng(l) ng(z) ng(n) ’

rae mg,(j) = k, ecnn gj * gj = gk.



Teopema Kann

Teopema Kanu

Hokazatenbctso.

1. CHavana noka)kem, 4TO Takoe onpepeneHune 3agaet
NepecTaHoBKM.

OT NpoTMBHOro: NYCTb 3TO He Tak, T.€. AN HekoToporo gi € G
HallgyTcs Takue anemenTol g € G n g € G, g; # g, 4TO

i * 8 = 8i* 8l

Ho Torpa no npasuny cokpaiienus (Teopema 3) BepHO g = g —
npoTMBOpEYNeE.

Obo3HauMM nosyy4eHHOe MHOXECTBO nepectaHoBok kak T, T C S,,.



Teopema Kann

Teopema Kanu

HoxasaTtenbcTBo. PaccmoTpum nepectaHoBky 7y, rae g € G,

i 81 82 e 8n
g gi*x81 Li*x& ... Li*E&n
Myctb g/ € G — cMMMeTpUYHbIA K gj anemenT. Torga
1 ( g1 & ... & )
7Tg,- - / / / N
g *81 8 %8 ... & *8&n
-1 _
3HauurT, Mg, =Ty



Teopema Kann

Teopema Kanu

Jdoka3aTtenbctso. 2. Tenepb no Teopeme 8 nMokakem, 4ToO
NOCTPOEHHOE MHOXXECTBO MEPECTAHOBOK C OMepaLmeii KOMNo3nLum
obpasyeT noarpynny CUMMETPUHECKON FPynbl NEPECTAHOBOK Si,.
Beigenum niobele anementel g1, gj € G n paccmMoTpum
NepecTaHoBKy m, o m, .
T.k. G — rpynna, BepHo g/ € G.

Torga gns noboro anementa x € N nonyvaem

200 = (7 07, )(x) = 7 (1,0 () = 7,0 ().

(mg om f :

T.k. G — rpynna, BepHO g; * gj’ =gk € G, oTkypa xg! = Mgy

3HauuT, T o7ré?jl cT.

CneposatensHo, H = (T;0) — noarpynna rpynnsi S,.



Teopema Kann

Teopema Kanu

JokaszatenbcTtso. 3. Tenepb nokaxem, 4to rpynnel G = (S;*) un
H = (T; o) — n3omopdHbi.

PaccmoTpum otobpaxeHue
p:S—=T, g— g,

KOTOpOe 3/1eMeHT g € S nepeBoguT B aneMeHT ¢(g) =7, € T.
1) OTobpaxeHne ¢ B3aWMHO OAHO3HAYHO.
2) Ecwm g, 87 € G, 10

P21 % &) = Tang = T, © Mg = 9(21) © P(g))-

T.e. oTobpaxkeHne ¢ COXpaHsieT onepauuio.
3HauuT, oHo siBnsieTcst usomopdusmom rpynn G = (S; %) n

H = (T;o).



Teopema Kann

Teopema Kanu

Onsi koHewHoii rpynnbl G = (S; %) nocTpoeHHast B AoKa3aTeNbCTBE
n3omopdHas eii nogrpynna H = (T; o) Ha3biBaeTCs NEBbIM
perynsipubim npeactasnedvem Kanu.

Halinem nesoe perynsipHoe npegctasnenve Kanu gns rpynnel us
Tpex 371eMeHTOB N3 PaCCMOTPEHHOrO paHee npuMepa

S ={e,a,b};
x|e a b *|1 2 3
ele b o 11 3
a b el 2 31
b|b e 313 1

Torpa

me = (1)(2)(3);

ma = (123);

Monyyaem rpynny BpaleHunii H npaBunabHOro TpeyrofibHUKa B
MAOCKOCTY, SIBASIFOLLYIOCS MOArPYNMoi rpynnbi-Ss.



3aja4un Ansi CaMOCTOSITENIbHOMO peLleHus

1. Haiitu rpynny G nepecTaHOBOK BepLUMH KBajpaTa npu ero
BPaLLEHNAX B MJOCKOCTU, ABSIOLLYIOCS NOArpynnol rpynnbl Sy.

2. Haiitn neBoe perynsipHoe npegcrasieHue Kaan rpynnsi

G =(S;%), rae S ={0,1,2,3}, onepaumnsi * — CnoXxeHme no
moaynto 4.

3. Haiitn neBoe perynsipHoe npegcraeneHue Kanu rpynnbi

G =(S;%), rae S ={1,2,3,4}, onepaumns * — yMHOXeHME MO
mogaynto 5.
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1. Jlnpn P., Hugeppaiitep . KoHeunble nonsi. M.: Mup, 1988. 'n.
1, c. 12-23.



Koney, nekuunn
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