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®opmyna obpaweHuns Mébuyca

Pyrkuns Mebunyca Ha HYM

MycTb Ham 3agaHo BO3MOXHO BeckoHeuHoe YYM (A; <), Ho gnst
KaXKIoro aneMeHTa a € A HallfleTcsl TONIbKO KOHEYHOE YNC/o
5/1EMEHTOB, MPEALLECTBYIOLLMX EMY.

Onpegenum dyHkumo Mébuyca p(x,y) na HYM A:

1, ecnm x =y,

— > ulx,z), ecam x <y;
z: x<z<y

0, nHaye.

w(x,y) =



®opmyna obpaweHuns Mébuyca
®yHkums Mébnyca Ha kybe B?

Mpumep 1. PaccmoTtpum dbyrkumio Mébuyca pu(x, y) Ha kybe B:

x\y |(0,0)](0,1) | (1,0) | (1,1)
0,0 1 | -1 | -1 | 1
0,1)| © 1 0 | -1
(1,0)| © 0 1 | -1
(1,1)| 0 0 0 1




®opmyna obpaweHuns Mébuyca

®PyHkuymnst Mébuyca Ha kybe B”

Haiigem Bug dyHkuun MEbuyca Ha kybe B" n Ha byneatne B(n).

Nemma 1 (pyHkuunsi Mébuyca Ha n-mepHom Kybe). PyHkyus
Mébuyca (v, B) Ha kybe B" umeer Bug:

(=)=l ecim o < ;

(e, B) = { 0,

nHa4ve.

[Joka3aTenbCTBO NpoBeAemM MHAyKLMeER no 3Havenuto |B] — |al.

Basuc nHaykuymm: p(a, o) = 1 = (—1)l°l=lel = (—=1)0 - gepro.



®opmyna obpaweHuns Mébuyca

®PyHkuymnst Mébuyca Ha kybe B”

JokasatenbcTBo (npogosxenne). VHaykTusHbIf nepexos. Ecan
a < B, T0

H(O‘7ﬁ) = - Z ,u(oz,'y) = — Z (7]_)|7|—‘Ué| —
Tasi<p yaTa<s

61—l -1
=— > G (F)F (=) Pl () Bilel <
k=0

_ +(—1)8-lal = (_1)8i-lal,

34eCh 415 BbIpaXKeHUsi, BbIAENEHHOTO CUHIM LBETOM, Mbl
BOCMOJIb30BAINCh NPEANONIOKEHNEM UHAYKLNN; BbIPAaXKEHNE,
BblAeNeHHOe LIBETOM, PaBHO HYJIKO MO CBONCTBAM CyMM
buHoMManbHbIX KO3DULNEHTOB.



®opmyna obpaweHuns Mébuyca

®yHkums Mébunyca Ha byneane B(n)

Cnepcteue 1.1 (cyHkumnsi Mébuyca Ha byneane). @yrkymns
Mébuyca (X, Y) Ha byneane B(n) umeer Bug:

—)YI=XI ecan X C Y;
(X, Y)z{é ) -

nHa4ve.



®opmyna obpaweHuns Mébuyca

CeoiicTBa pyHkuUun MEbuyca

Nemma 2 . [ns mobeix x,y, Takmx, 4T0 X < Y, BbIMNOJHEHO:

1, ecm x=y;
> u(z,y)—{o Y

ecmx <y.
z: x<z<ly

JokazatenbCcTBO NpoBefeM UHAYKLUMUER NO MaKCUMabHOW JUHE
LEenn C HaWMEHbLUVMM 3JIEMEHTOM X U HanboNbLINM 3/1EMEHTOM .

Basuc nHgykymm (x = y) BepeH No ONpeaeneHnto yHKLNN
Mébuyca.



®opmyna obpaweHuns Mébuyca

CeoiicTBa pyHkuUun MEbuyca

HokasatenbcTBo (npogosxenne). VIHgykTusHbIfi nepexos. Nyctb

x < y. Torpa
Yoowzy)=ply, )+ Y wzy) =
z: x<z<ly z: x<z<y
=y, )+ >, |- D wzuw|=
z: x<z<y u: z<u<y
Y e Y Y -
z,u: x<z<u<y u: x<u<y z: x<z<u

=1—p(x,x)— Z Z p(x, u) =0.

u: x<u<y z: x<z<u

BbipakeHue, BbIeNEHHOE KPaCHbIM LBETOM, PaBHO HYJIO MO
NPeanosIoKEHNIO NHAYKLMNN.



®opmyna obpaweHuns Mébuyca

Popmyna obpauerns Mebuyca

BaxkHocTb dyHkunmn MEbuyca onpegensietcs cnepytowyei
TEOPEMOii, MO3BOIAIOWEl 0bpalaTh onepauuio CyMMIpPOBaHNS.

Teopema 3 (dpopmyna obpawenusi Mébuyca). lycrb gas
Kaxkgoro x ¢pyHkums f BbIpaXaeTcsi 4epe3 hyHKUMNIO g 1o hopMye

fx) =) &(2).

z<x

Torga cnpasegivBa ¢hopmyna

g(x) = f(2)u(z,%).

z<x



®opmyna obpaweHuns Mébuyca

Popmyna obpauerns Mebuyca

Joka3zaTtenbCcTBO NpoBesem, NPUMEHSISt 1eMMy 2:

Yo @)=Y | D &) |uzx) =

z: z<x z: z<x \u: u<lz

= > ez = > ) Y wlzx) =

u,z: u<z<x u: u<x z: u<z<x
=g()+ D glu) > ulzx)=gx)
u: u<x z: u<z<x

Bbipa)keHue, BbIfeNEHHOE KPaCHbIM LBETOM, PaBHO HYJIO MO
nemme 2.



®opmyna obpaweHuns Mébuyca

BbipaxkeHue koabduumeHToB nonnHoma MerankuHa

Mpumep 2. Mpumernnm dhopmyny obpaueHus Mébnyca ans
nonydeHusi hopMysibl BbIpaXkeHusi KO3 LMEHTOB NOJNHOMA
MerankuHa pyHKLMM anredpbl NOrMKM YEpe3 ee 3HaYeHUs.

Myctb dyHkuus anrebpbl norukn f(xy, ..., x,) 3ajaHa B Buae
nonnHoma MKerankuHa, T.e.

F(x1,.. %) = EP cr(0)Ks,

oeBn

rae ¢r(o) € B — koacbdunumenTsl, a K, — MOHOTOHHbIE

3JIEMEHTapHble KOHBIOHKLMNK, npudem K, = H Xj, ecnum
si=1

0 = (517 ce 7Sn) E Bn’ a K(0770) = 1



®opmyna obpaweHuns Mébuyca

BbipaxkeHue koabduumeHToB nonnHoma MerankuHa

Mpumep 2 (npogonxenue). Torga ans kaxoro Habopa a € B”

BEPHO
f(a) = EP (o).

o<«

Mostomy no dopmyne obpaueHus MEbuyca nonyyaem:

cr(a) = EP f(o)u(o, ).

o<la

3ametum, 4to ecim 0 < «, 1o (no nemme 1) p(o, o) = 1(mod 2).
OTkyga nonyyaem copmyny:



®opmyna obpaweHuns Mébuyca
BbipaxkeHue koabduumeHToB nonnHoma MerankuHa

Mpumep 2 (npogonxenue). Haiigem no nonyyeHHol opmyse
nosmHom MerankuHa dpyHkuun f(x1, x2) = x1 V x2. Monyvaem

cr(0,0) = £(0,0) = 0;

cr(0,1) = F(0,0) @ f(0,1) =01 =1;

cr(1,0) =f(0,0)® f(1,0) =01 =

cr(1,1) = (0,00 @ f(0,1) @ f(1,0) @ f(1,1) =00 1d1d1=1.
MoaTomy

X1V Xo = X2 @ X1 D X1 X2.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

[Npumep o cTyaeHTax

PaccmoTpum cnegytowyto 3agady.

Mpumep 3. Mpu nccneaoBaHNN YNTATENLCKUX NHTEPECOB
CTYLEHTOB okasanock, 4to 60% cTyaeHToB YnTatoT xypHan A, 50%
— xypHan B, 50% — xypnan C, 30% — xypHansl A n B, 50% —
xypHanel A u C, 20% — xypHansl B u C, 20% — xypHansl A, B

n C.

CKOJIbKO MPOLIEHTOB CTYLEHTOB HE YUTAIOT HU OAHOTO N3 XKYPHAsOB

A Bun C?

MeTog peweHns nogobHbIx 3agay AaeT NpuHUMN
BKJIIOUYEHNW-NCKJTIOUYEHUN.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

Popmyna BKAOHEHNA-UCKIOHEH WA

Teopema 4 (dpopmyna BkAtoUeHui-uckntoyenmin). Mycts A —
KOHeYHoe MHoxecTBo, M A=A U---UA,.
Torpa

n

AU UA =) (-1 Y A N nAl

r=1 1<ip<---<ir<n

Joka3aTenbCTBO MOXKHO NPOBECTM, BOCMO/L30BABLUNCH
cBOWCTBaMU BUHOMUANBHBIX KO3DPULNEHTOB.

PaccMoTpyM Npou3BOJILHLIA 3/1EMEHT @ U3 MHOXECTBA
AtU---UA,.

Onpegennm, no dopmynam B
YyTBEPXKAEHUN TeOpeMbl 4

B nesoii 4acTu oH yunTbiBaeTca 1 pas.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

Popmyna BKAOHEHNA-UCKIOHEH WA

Hoka3atenbctBo (npogosixerue). Mepeiigem k npasoii HacTu.

Ecnn a ¢ A Ans HeKOTOPOro MHAeKca ij, To
agApN---NA;N---NA;,. MNosTomy B Takix nepeceqeHnsIx ox
He y4MTbIBaeTCA.

[lycTb anemMeHT a NpMHAZNEXUT B TOYHOCTU MHOXXECTBAM
Ais ..., Aj.. Torpa oH byneT coaepxaTbCs BO BCEX BO3MOXKHbIX
nepeceyeHmnsIX N3 3TUX MHOXKECTB 1 TOJIbKO B HUX.

Yucno cammx MHOXXeCTB — k = CL
4UCIIO X MOMapHbIX nepecedennii — C2;
YUCNO UX NEPECEYEHNiA no Tpu — C3:

YUCNIO UX NepeceyeHnii no k — 1= C,f.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

Popmyna BKAOHEHNA-UCKIOHEH WA

Joka3zatenbcTBo (npogosxeHue).
Torpga no dopmyne B NpaBoit 4acTu 3NEMEHT 3 NOACYNTAETCS

(-1)°CH+ (-1)1C2 + -+ (-1)*1Cf pas.

Bocnonb3syemcsi cBoiicTBaMn BUHOMMANBHBLIX KOIPMUUNEHTOR 1

nony4nm:
k k
()= (D) +1-1) =
r=1 r=1
k
=D (-v¢|-1)=1
r=0

CnepoBaTesibHO, B MPaBoli Y4aCTN KaXKAblii Takol 37eMeHT
YUUTBIBAETCS TOXKE POBHO 1 pas. ]



MpuHUMN BKAOYEHNA-NCKAOYEHNT

BbiBog, hopMysibl BKIKOHYEHWTA-UCKIOYEH T

DopmMysly BKIOYEHUA-NCKIIIOYEHUTT MOXHO A0Ka3aTb Npu NOMOLLU
dopmynbl obpaueHns Mébuyca.

Mycte A= A1 U---UA,. Begem Ha noaMHOXeCTBaX MHOXECTBA
nupekcos N = {1,...,n} cdynkumu (/) n g(I), rae I C N.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

BbiBog, hopMysibl BKIKOHYEHWTA-UCKIOYEH T

Mycte f({i,...,is}) obo3HAYAET HNCNO S/1EMEHTOB MHOXKECTBA A,
KOTOpbl€ MOrYT He NPUHAAIEKATL KAKUM-TO U3 NOSMHOXKECTB

Aiy ..., Aj,, HO 0Dsi3aHbI NPUHAANEXaTh KAXKAOMY U3 OCTasIbHBIX
MOAMHOXECTB.
3ameTum, 4yTO

F(N) = [Al;

F(1)= | () A npw 1 £ N,

il

Mycte g({f,-..,ls}) 0DO3HA4AET YMCNO INEMEHTOB MHOXECTBA A,
KOTOPbIE He MPUHAAIENAT HN OFHOMY U3 MOAMHOXECTB Aj, ..., A

N NMPUHaONEXaT KaXXAOMY N3 OCTaJibHbIX MOAMHOXECTB.

3ametum, uto g(N) = 0.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

BbiBog, hopMysibl BKIKOHYEHWTA-UCKIOYEH T

Torpa pns kaxxgoro mHoxecTea nHgekcos | C N sepHa dopmyna:

Mpumennm obpawenne Mébnyca n ceoiicTea dpyHkuuu MEbuyca Ha

byneaHe:

0=g(N)=> f(J) = f(J) =

JCN JCN
= A+ ) 1Al
JCN j¢J

OTkyna

Al =D ()" A= DY (D Al

Jcn j¢J pCICN icl



MpuHUMN BKAOYEHNA-NCKAOYEHNT

PelweHve 3aga4n o cTygeHTax

Mpumep 3. XypHan A untarot 60% cTyaeHTos, xypHan B — 50%
ctynenToB, xypHan C — 50% ctyaentos; 30% — xypHanel A n B,
50% — xypHansl A u C, 20% — xypHansl B u C; 20% — xypHansbl
A, B n C. Ckonbko NpOLEHTOE CTYAEHTOB HE YMTAIOT HU OJHOrO U3
xypHanos u3 A, Bu C?

Pewenue. Mo dopmMyne BKAOYEHNA-UCKAOYEHNT NONYYAEM:
|A| = 60; |B| = |C| = 50;
|JANB| =30; |JANC| =50; |BN C| = 20;
AN BN C| = 20.
Torpa
|JAUB U C| = (60 + 50 + 50) — (30 + 50 + 20) + (20) =
160 — 100 + 20 = 80.
T.e. xoTa 66l oanH xypHan yntatoT 80% cTyaeHToB. A 3Ha4NT, HK
oaHoro xypHana He yutatot 100% — 80% = 20% cTyaeHTOB.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

[poposykeHne 3aja4m O CTyAeHTax

Mpumep 3 (npogonxenue). B ycnosusix 3Toro npumepa MoxxHoO
3aflaBaTb Apyrue BOMPOCHI.

Hanpumep, cKonbKO NMpOLEHTOB CTYAEHTOB YNTAOT HE MEHee [BYX
>KypHanos?

Vinn, ckonbko NpoueHTOB CTYAEHTOB Y4MTalOT POBHO ABa XXypHana?

OTBeTbl Ha 3TN BOMPOCHI MOXXHO MOJYYUTL HA OCHOBE CNEAYHOLLMNX
Teopem.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

[MpousBoaHble caydan opMysbl BKAKOYEHNA-NCKAOUYEHNA

®dopmyna BKIOYHEHNA-UCKAIOHEHNIA ANA YUCNA SNEMEHTOB,
obnagarowmx B TOYHOCTU M CBONCTBAMM:

Teopema 5. [lyctb A — koHedHoe MHOXecTBO, M A = A1 U---UA,.
Torga 4ncno 31eEMEHTOB MHOXECTBA A, NpuHagnexalymux B
TOYHOCTU M MHOXeCTBaM u3 Az, ..., An, rge 0 < m < n, MOXHO
HaiiTu no ¢popmysne

n—m
> (=) > mirl A N0 AL
r=0 1<ih<-<imtr<n

Joka3zaTtenbCTBO NpoBeAem aHanoOrM4HO Teopeme 4.
PaccMoTpuM npounsBonbHbIi 31eMeEHT a, NpUuHagnexawuii He
MeHee, YeM m MHoXecTBam u3 Ag, ..., A,.

Onpegennm, no dopmynam B
YTBEPXKAEHUN TeopeMbl 5



MpuHUMN BKAOYEHNA-NCKAOYEHNT

[MpousBoaHble caydan opMysbl BKAKOYEHNA-NCKAOUYEHNA

Hoka3satenbctBo (npogosxerune). B nesoii qactu oH
y4nTbiBaeTca 1 pas.

MNepeiigem Kk npagoii YacTu.

MycTb 3ne€MEHT a NPUHAANEXUT B TOHHOCTU MHOXECTBAM
Ai, ..., A, npudem k > m (Moyemy?). Torpa on byger
COMEPXKATbCA BO BCEX BO3MOXKHbLIX NEpPeceqeHmnsx n3 aTux
MHOXECTB 1 TONbKO B HUX.

Yucno nx nepecevennii no m+ 0 — s
YNCNO X nepecedernii no m+ 1 — C/:"H;

< m+(k—m)
4ncno ux nepecedenunii no m+ (k —m) - 1= C, .



MpuHUMN BKAOYEHNA-NCKAOYEHNT

[MpousBoaHble caydan opMysbl BKAKOYEHNA-NCKAOUYEHNA

JokasatenbcTBo (npogosxerne). Torga no dopmyne B Npasoii

—m
4acTu anemeHT a nogcumtaetcs y. (—1)"C™,  C"" pas
r=0
PaccmoTpum npoussegeHmne
! k!
Cm—i—rC/:nJrr = (m * f) .
mirl (m+r)i(k—m—r)!
k!
S LS —Ccm.
m!(k — m)! k

CnefoBaTesibHO, BOCNOJIb30BABLUNCE CBOWCTBAMMN BUHOMUANbHBIX
K03(PPULMEHTOB, MOSYHAEM:

k—m

k—m

m-+r m r I, k—=m=Q0;
> (WG Gr = 3 {5 msy
r= r=

CnegoBaTesibHO, B NMPaBOil 4aCTN 2NEMEHT @ YHUTLIBAETCS POBHO 1

| \/

pas B TOM CAy4dae, Korga oH obnagaetr B TOYHOCTU m CBOWCTBamu
B ocTanbHbIX cay4asix OH HE YYUTbIBaeTCs. E]



MpuHUMN BKAOYEHNA-NCKAOYEHNT

[MpousBoaHble caydan opMysbl BKAKOYEHNA-NCKAOUYEHNA

Dopmyna BKIOHEHNA-NCKAOYEHNIA A5 YNCAA DIEMEHTOB,
obnajaroumx He MeHee, YemM m CBOWCTBAMMU:

Teopema 6. [lyctb A — koHeyHoe mHoXKecTBo, M A = A1 U---UA,.
Torga 4Mcno 371EMEHTOB MHOXECTBA A, NpuHagaexalymnx He
MeHee, YeM m MHOXecTBaM U3 A1, ..., A, rge 0 < m < n, MOXHO
HaiiTu no ¢popmysne

(_1)r Z Cfg"’n;}—l‘A’.l m...mAim+r|'

r=0 1< <-<imtr<n

lD.OKaSaTEJ'IbCTBC) npennaraeTcsa npoBeCTn CaMOCTOATENIbHO.



MpuHUMN BKAOYEHNA-NCKAOYEHNT

PelleHre npoaosi»keHns 3agaym o CTyaeHTax

Mpumep 3. XypHan A untarot 60% cTyaeHTos, xypHan B — 50%
ctygenTos, xypHan C — 50% cryaerTtos; 30% — xypHansl A n B,
50% — xypHansl A u C, 20% — xypHansl B u C; 20% — xypHansbl
A BnC.

Pewenune (npogosnxerue). Mo dpopmynam Teopem 5 n 6 Haiigem
OTBETbI Ha MOCTABJIEHHbIE BOMPOCHI.
1. He meHee fByx XXypHanoB 4nuTatoT

(—=1)°Cr_1(30+50+20) + (—1)* C3,1_1(20) = 100 —2-20 = 60

MPOLEHTOB CTYAEHTOB.

2. PoBHo fBa »XypHana 4yuTatoT

(—1)°C2,4(30 + 50 + 20) + (—1)*CZ,1(20) = 100 — 3 - 20 = 40

MPOLEHTOB CTYAEHTOB.



MopacueT 4Yncna nepectaHosok-"6ecnopsiakos”

3afiava 0 Yucne nNepecTaHoOBOK- DECNopsAKOB'

Mpumep 4. MNMpumeHnm hopMyNy BKIOYEHNSI-UCKIIOYEHUS AN
nofcyeTa 4ncaa NepecTaHoBOK- ‘Decnopsakos’.

MNepecTaHoBKa i1, i2, ..., I, anemMeHToB 1,2, ..., N Ha3bIBaeTCs
“DecnopsiakoM”, ecnu ij # j Ana Kaxgoro j =1,...,n.

[pyrnmm cnosaMmn, HUKaKoI 3EMEHT HE CTOUT Ha ‘‘cBoem’ mecTe.

Hanpumep, nepecraroeka 2,3,4,5,1 aensercs “becnopsigkom’, a
nepectaHoBka 5,4,3,2,1 um He siBnsietcs (noqemy?).

3ajaya cocToUT B NofcYeTa YnCia NepecTaHOBOK- becnopaakos”
Ha N 2NeMeHTax.

Ona HasbiBaeTcs 3apadein Monmopa (Remond de Montmort).



MopacueT 4Yncna nepectaHosok-"6ecnopsiakos”

3afiava 0 Yucne nNepecTaHoOBOK- DECNopsAKOB'

Pewetnne. llyctb A; — 3TO MHOXECTBO NepPecTaHoBOK i1, 2, ..., Ip
anemeHToB 1,2,...,n, Ans koTopbIX ij = j, rae j=1,...,n.

3ametum, yto |A;; N---NA; | = (n—r)! (novemy?).
Torga no dopmyne BKAOYEHWUTA-UCKIOHYEHNT NOYHaAEM:

n

ALU-UA =) (1) Y (AN n Al =

r=1 1<j1<<jr<n

n

nl(n—r)!

r=1



MopacueT 4Yncna nepectaHosok-"6ecnopsiakos”

3afiava 0 Yucne nNepecTaHoOBOK- DECNopsAKOB'

Pewenune (npogomxketne). Ho |A; U - U A,| — 310 4ncno
nepecTaHoBOK, "Becnopaakamn’.

I-IO3TOMy ans WCKOMOW BEJNYMHBI YnUCha
nepecTaHoBok- becriopsigkos” m(n) nonyvaem copmysy:

m(n) —nl—nlz IZ

3ameTtum, yTO

[e.e] _1r B
Zo(r!) o

MoaTomy
m(n) 1
——2 — —npu n— oo
n! e
T.e. ponsa “BecnopsakoB’ cpeau BCEX MEPECTAHOBOK CTPEMUTCS K

BEJINHNHE % C POCTOM n.



3aja4un Ansi CaMOCTOSITENIbHOMO peLleHus

1. [2] Tn. VIl 2.1-2.9.

2. Myctb p1, ..., pp — BCE NpocTble Yncna ot 1 go |V N|. Haiigure
chopmyny ans nogcyeTa koAMHeCTBa NPOCThIX Yncen ot 1 go N.

3. YeTbipe yenoseka caatoT wasnbl B rapaepob. B npeanonoxennn,
4TO WNSANbI BO3BPALLAIOTCA Hayrad, HaliT BEPOSITHOCTb TOFO, Y4TO
poBHO k (0 < k < 4) yenosek nosyyaT CBOO WAsiNy obpaTHO.

4. lokaxkute hopmyny A/isi HACAA 3N1EMEHTOB, 0bNaAAIOWMX HE
MeHee, YemM m cBolicTBamu (Teopema 6).
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Koneu, nekuun



	Формула обращения Мёбиуса
	Принцип включений-исключений
	Подсчет числа перестановок-''беспорядков''

