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Bctynnexne

OcCHOBHbIE MOHATUS 1 CBOWCTBA, BBEAEHHbIE (HA AaHHbIA MOMEHT)
AJ1S1 aKCMOMATUYECKNX TEOPUIA B 3TUX NIEKLMSIX:

> HenpoTNBOPEYNBOCTbL, MOJIHOTA U Pa3peLUNMOCTb TEOPUIi
N B3aMMOCBSA3b 3TUX CBOWCTB

» BbIPa3nMOCTb NMOHATUIA B NHTENnpeTaunn

B npumepax Bo3HMKaNo HEMano onpeaesieHni

NOHATUN B apUPMETNYHECKAX NHTEPNPETALUSAX, HO HE FOBOPUJIOCH HUYErO
Npo rpaHuLy MeXay TeM, YTO MOXHO Bblpa3uTb U YTO HENb3s,

N MPO KOHKPETHbIE «XOPOLUMEY» apUDMETUYHECKNE TEOPUN U UX CBOWCTBA
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®dopmanbHaa apudpmeTunka

HanomuHaHune: dopmvasnshas apugmerika — 3T0
Teopust untepnpetaunu Ar[INo; 0; +, -, s; =]

Camasi npocTasi chopmasnbHasi apudpmeTuka,
KaKyt TONIbKO MOXXHO npuaymaTb: ()

B npumepax BosHukana dopmanbHasi apucbmMeTKa 1 NosyHLUe:
Vx(x+0=x) VxVy(x+s(y)=s(x+y))

Vx(x=x)  VxVy((x=y)=(y=x)

Vx ¥y Vz ((x = y) &(y = 2) =(x = 2))

Vx vy ((x = y) =(s(x) = s(v)))
Vx Vy Va v ((x = u) &(y = v) >(x +y = u+v))

B akcuomax 3Toli apupMeETUKN HE COREPXKNTCS YMHOXEHUE
(B cooTBeTCTBYIOLIEM NPUMEPE NCMOIB30BANACL CUrHATYPa be3 yMHOXEHUS)

Kpome Toro, 3Ta Teopus HenosHa
(gaxe ecnn yganuTb yMHOXEHUE U3 CUrHATYPbI)
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®dopmanbHaa apudpmeTunka

Bonee HeTpuBmnanbHbii npumep: apudmeTtuka lNeaHo

( Vx (x 4+ 0 = x) Vx Vy (x +s(y) =s(x+7y))
Vx (x-0=0) VxVy (x-s(y) =x-y+x)

Vx(x=x) VxVy((x=y)—(y=x))
VxVy Vz ((x = y) &(y = z) > (x = 2))

VxVy (x =y) =(s(x) = s(y)))  VxVy ((s(x) =s(y)) 2(x =y))

Vx =(0 = s(x))
o{x/0} & Vx (¢ = p{x/s(x)}) = Vx ¢
B nocnegHeii cTpoke 3anucaHa cxema akCMOM UHAYKUUW C MapamMeTpoM ¢ —
NPOM3BOJIbHON (hOPMYIIOi C eANHCTBEHHON CBODOAHOW NEpPeMEHHOR X

A Hackonibko xopotua apudpmetuka lNeaHo,

U MOXHO JIi MPUAYMaTb apudpMeTuky ewé aydwe’?
4/16



BbluncnmmocTtb un nepe4dmncanmMmocCTb

HeHagonro oTeiedémcst oT akCMOMaTUHeCKMX Teopuii 1 0bcyanuM HECKONBKO
onpeneneHnii, CBA3bLIBAOLWUX apUPMETUKY, TEOPUIO airOPUTMOB U JIOTUKY

MuoxectBo X, X C INg, HasbiBaeTcs (pekypCrBHO) Nepeqncinmeim,
€C/IN CYLLECTBYET aNropuTM 6e3 BXOAHbIX AaHHbIX, HE 3aBepLuatoWwuii
CBOE BbIMOJIHEHNE U NEPeYNCsAOLNI SNeMeHTbl MHOXecTBa X:
» B kauecTse oTaenbHOro AeicTBUS anropuTMOM MOXKET ObIThb
BbIAAHO (Nepeyncnero) BbIYNCIEHHOE paHee YNCNo
> ANrOpUTMOM BbIAAIOTCS TOJILKO 3EMEHTLI MHOXKeCTBa X

> Kaxgblii anemeHT X x0Ts Bbl pa3 BblAAETCA afirOpUTMOM

Y106bI MOXHO BbINIO OUEHNTb, HACKOJIbKO CTPOrnM ABAAETCA

OorpaHm4eHmne nepeHncanMmoCcTi MHOXKeECTBa 4Hucen,
CBSAXEM €ro ¢ ApyrumMmn aHajaorm4HbiMn aaropuTMnNHeCKNUMM NOHATNAMMN
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BbluncnmmocTtb un nepe4dmncanmMmocCTb

Yactuuno onpegenénras dpyHkums f : INg — INg HasbiBaeTCs BbIYUCUMOIA,
€C/IN CYLLECTBYET aJiIrOPUTM, Peasin3ytoLmnii 3Ty pyHKUUIO

f(x) = x — Tak bygem obo3HayvaTb TOT haKT,
4TO 3HadeHme f(x) He onpeaeneHo

Muoxecteo X, X C INg, HasblBaeTCsl paspeLlnmMbim,
€CIN BbIYNCNMA XapaKTePUCTUYECKast (DYHKLUS X x STOM0 MHOXECTBA:
1, ecwmx € X;

xXx(x) = { 0  wuHaye

VTBepxp,eHme. Jlioboe pa3pewimnMmoe MHOXeCTBO nepeducianmmo

Jokazatenbcto. Ecnn MHo)kecTBO X paspelimmMo, TO CyLLecTByeT
anroput™ A, peanusytowmii x x, n nepedncanTb snemeHTsl X MOXHO Tak:
» [lo ouepean Bblumcnsiotca sHavenns A(0), A(1), A(2),...

» Ecam Bbiumncnero 3nayenmne A(x) = 1, To Bbigaércs yncno x V
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BbluncnnmocTtb n nepe4dmncanmMmocCTb
MuoxecTteo X, X C INg, Ha3blBaeTCcs nosypaspelinmbim,
€C/IN BbIYNC/IMMA MOJTyXapaKTepUCTnHeckas hyHKLNS X5 3TOro MHOXeCTBa:
. 1, ecwm x € X,
Xx(x) = { ¥ UMHade
VTBepxaeHne. MHOXeCTBO nepeyncanmo < OHO NosypaspeLtmmo
[okazaTenbcTBO.
(=) Ecnu anroputm A nepedncnsier mHoxectso X,
TO (hYHKLMIO Xy ANA BXOAA X BbIYUC/SET TaKOW anroputm:
» 3anyctum anroput™m A
» Ecau Ha ovepepHom ware BbinoaHeHusi A BbIAaHO HUCIO X,
TO HEMEAJIEHHO 3aBEPLUMM BbIMOJHEHNE C pe3y/bTaToM 1
(«<=) Ecnmn dyHkumio x% BblumucasieT anroputm 5,
TO MHOXeCTBO X MepeqncrisieT Takol anropuTm:
» BbinonHenune anroputma pasgenero Ha stansl (0,1,...)
» Ha /-m 3Tane BbINOMHAETCA OAUH War BblYUCIEHNS
kaxgoro u3s sHauenuii B(0), ..., B(i)

> [Insi KaXXJOro NoJIHOCTBIO BbIYNCIEHHOTO 3HaveHnst B(x) Bbigaéres x ¥
7/16



BbluncnmmocTtb un nepe4dmncanmMmocCTb

MepeuncanmocTts MHoxecTBa dncen ns Ny
MOXKHO pacCLEeHNBaTb KakK O4YeHb ciaboe TpeboBaHue,
obecneumsatolee X0Tb Kakoe-To yaobcTso paboTbl C 3TUM MHOXECTBOM:

> eC/N MHOXXECTBO MEPEYNCIMMO, TO COOTBETCTBYIOLLUIA
nepe4yncasiowmnii anropuTM MOXHO NCNOb30BaTh B APYrnX anroputmax

> eC/N 3/1eMEHTbl MHOXXECTBA HeNb351 Aa)Ke NepPeyncInTb,
TO y40OHO WCMONBL30BaTL €ro B APYrux aaropuTmax He BblligeT

B panbHeiiwem pacckase npo dopmanbHyto apudmeTuky notpebyercs Takoe
TpebosaHue ygo6cTBa He Tonbko anst INg, HO U ANA BpYrux MHOXeCTB

[ns aToro BBefEM 0CODEHHbIA BN KOAMPOBAHUSA 3/IEMEHTOB 3a4aHHOIO
MHoOXecTBa 4Ymcnamu us INg — régenesy Hymepauuio
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lepeneBa Hymepauynsa
MycTb 3agaHO MHOXeCTBO S 0OBEKTOB,
npeacTaBastolmx coboii cnosd B 3agaHHOM andpasuTe
Torpa (répenesoil) Hymepaumeii Ha3bIBaeTCs
BCtogy onpegenénHoe otobpaxerue g : S — INp, Takoe 4TO CyliecTBytOT
> 0bpaTHOE YacTU4HO onpeaenéHHoe oTobpaxerne gL : INg — S u
> anropuTMbl, peanusyoue g n gt
Mpumep: Hymepauuto g dopmyn curHaTypbl hopManbHoi apudMeTnku
MOXHO YCTPOMTb Tak
Kaxgoii 6yKBe ¢ ancpasuta popmyn conoctasum vucio g(¢):

g(0) = g(+)=2  g()=3 g(s)=4  g(=)=5
g(() = g(l)=7 g())=8 g(V)=9 g(@)=10
g(&) = g(v) =12 g(—)=13 g(—) =14
g(x1) = 15 g(x2) =16 g(x3) =17
Kaxxpoli chopmyne ¢ CONOCTABUM 4MCIO
gly) = pf(solll) . p§(¢[2]) . pﬁ';lso[\soll) rae
p; — i-e npoctoe uncno, p[i] — i-sn Byksa B 3anucu opmynbl ¢ 1n

|| — pa3mep 3anucu dopmynbl ¢
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Teopema Egensa o HenonHote (cpopmynuposka)
Ecnn gns mHoxecTBa S 3apgaHa régenesa Hymepauus g, To S Ha30BEM

(pekypcnBHO) nepedncanmsiM, ecam nepedncnumo MHoxectso {g(s) | s € S}

Teopema (lépens o HenonHoTte)

He cywectByet nepevuncaumoin nonHoi chopmManbHon apucpmetTuku
Cnepncreue. Apudmertuka lNeaHo HenonHa

(Tak kak apucbmetuka [leaHo nepeyncanma)

Cnepcteue. DnemenTtapHas Teopus untepnperauumn Ar[Ng;0; +,-,s; =]
Henepeyncanma

(Tak kak srobasi anemeHTapHasi Teopusi MOJIHA)

Cnepcteue. Jlobas nonHas dopmanbHas apudmeTnka Hepaspewimma

(Tak kak Teopembi MO/IHOI (hopMasibHON apuePMeTUKu —
3TO aKkcuoMbl 3s1emeHTapHol Teopum nutepnpetayun Ar[INo; 0; +, -, 's; =],
1 3TO MHOXECTBO HE SIB/ISIETCS [AXKE PEKYPCUBHO NEPEYNCTNMbIM)
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Teopema Egensa o HenonHoTe (3ckM3 AOKA3aTENLCTBA)
[ns TexHn4eckoii NpocToThbl foKaXkeM Bonee NPoCToe yTBEPXKAEHNE:
He cyuwiecTtByet koHe4HOW nonHoii hopmanbHOii apucmeTrkn
OT npoTuBHOro NpPeAnoaOXUM, YTO Takas Teopus T cyliecTyeT

Hokaxem, 4To B T HeobxogMmMo NpucyTCTBYET MapafoKke JKeLa:
CyLLecTBYeT npepJioxkeHue,
yTBep>XXAatoLiee, 4TO 3TO NPeAIOKEeHNE JIOXKHO

Ar — Tak B gokasaTenbcTee byaem obosHayaTb
uHtepnpetaumno Ar[INg; 0; +, -, s; =]

OTtHowenne R C INJ Ha3biBaeTCs apuchmMeTr3yeMbIM, €CN OHO Bbipa3uMo B Ar

Nemma (06 apudpmeTtunsaymm)
pachuk ntoboii BelyncanMoii pyHkuun apudmeTnsyem

JTa neMMa — KJlo4YeBas U caMasl HeTpUBMabHaA 4acTb A0Ka3aTeNbCTBa,
HO [OKa3blBaTbCs OHa He bymeT
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Teopema légensi o HenonHoTe (3CKU3 J0Ka3aTeNbLCTBA)

PaccmoTpum kakyto-Hubyab réaenesy Hymepauuto g hopmys
(Hanpumep, onucanHyo patHee B npumepe)

VT1eepxaeHue. CyuiecTeyer anroputm,
nposepsalLWniA, saensercs nn 4ucno i, i € INg, Homepom chopmyrbi

Vr1Bepxaevue. CyuiecTByer anroputm,
Bbluucasowmii popmyny no eé Homepy

Vr1eepxaevue. CyuiecTeyer anroputm,
BbluncasaOwWnii Homep opmynbl, NOAaHHOM Ha BXOA

Ncnonb3ys npuém co cTeneHsiMm NpoCThIX YUCen
13 NpuMepa Asi NOCTPOEHUS HyMepauumu,
MO>XHO aHaJIOTMYHO ONPERENUTh réfeneBy HyMepauuo ans

> KOHEYHbIX MOC/IEfOBATENLHOCTER hopmyn
> KOHEYHbIX CEMAHTNYeCKUX Tabnuy

> KOHEeYHbIX TabAN4HbIX BbIBOOOB
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Teopema légensi o HenonHoTe (3CKU3 J0Ka3aTeNbLCTBA)

B pokasatenbctse Teopembl 0 nonHoTe TabsiMyHOro BeIBOAA Obl onucaH
aNropuTM BbIYMC/IEHUS yCnewHoro BuiBoga /ab(y) ans tabanubl (T | ¢),
roe ¢ — nponssosibHas T -obwesHaunmas opmyna

Vr1eepxaenue. Cyuiectsyer anropuTtm, 3asepLuatrouimniica Toraa u
TOMILKO TOrAa, Korga Ha BxoA nogaH Homep obuiesHauumoin hopmysbl
©, W BblAAOWMNIA B OTBET HOMep BbiBoaa Tab(y)

NHbiMn cnoeamm, cnepytowiast oyHKUNS BbIYUCAUMA:
(i) = { g(Tab(g=1(i))), ecnm i — Homep T -obuwesHaummoii hopmynbl
(i) =

*, NHave

3HaunT, rpaduk sToli dyHKUUKN apudmMeTunsyem,
TO ecTb cywecTByeT dopmyna Proof (x,y), Takasi 4To
Ar |= Proof (x,y)[d1, do]
=4
dy — Homep TabnnyHoro BbiBoga Tab(y),
roe ¢ — opmysia, HOMEPOM KOTOPOi SIBASIETCS HUCIO dp
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Teopema épgensi o HenonHoTe (3CKU3 A0KA3aTENLCTBA)
Ar = Proof (x,y)[d1, d2]
=
d> — Homep TabamyHoro BeiBoga Tab(yp),
rae ¢ — dopmysna, HOMEPOM KOTOPOIA SIBASIETCS YMCNO dy

Pacecmotpum dopmyny Valid(x) = y Proof (x,y)

[ns Heé BepHo:
Ar = Valid[d] < d — Homep copmynbl, nctuHHoOi B Ar

Torpa pansi dopmynsl Invalid(x) = —Valid(x) byget BepHo:
Ar = Invalid[d] <  d He Homep chopmybl, NCTUHHOI B Ar

YT106bI NOMy4MTE NCKOMBIT MapafoKC JiXKeLa, XOTeNock bbl Tenepb ckasaTb
«pacecmotpum d = g(Invalid)» n nony4ute npotusopeymne

Ho dopmyna Invalid HesamkHyTa,
a B NnapajoKce JDKeLa UCMOoJIb3YeTCsl 3aMKHyTast hopmyna
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Teopema [épgens o HenonHoTe (3CKM3 [OKa3aTeNbCTBA)
Ar |= Invalid[d] < d He Homep cbopMysibl, UCTUHHON B Ar

Nemma (o gnaronanu). Onsa nwoboi dopmynbl p(x) B curHatype
dopmanbHoii apudmeTmkn CyuiecTByeT npeasiokeHume ), Takoe 4To

Ar |= (¢ < ¢(x))[g ()]

JT0 BTOpPasA HETPUBUMAJIbHAA JIEMMaA, OCTaBJIEHHAA 340€CHb bes AO0OKa3aTEJIbCTBA

Mpuménnm nemmy o guaroHann k cdpopmyne Invalid:

CywiecTyeT npeanoxetue 1, Takoe 4to Ar = (¢ <> Invalid(x))[g(v)]

WNHbIMn cnosamu:
CyuiecTByeT npeasioxeHume 1, ICTUHHOE B Ar Torga n TONLKO TOrga, Korga

oHo (cornacHo yctpoiictsy Invalid) He siBnsieTcst NCTUHHBIM B Ar

DTO COOTHOLIEHUE NpefcTaBasieT coboil npoTusopeyue,
Bblpa>XeHHOE B BUAE UCKOMOrO napajgokca Jixeua V¥
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3aknryeHune

HeraTueHblli pesynbtaT Teopembl [€ens MOXKET MOKa3aTbCsl CTPAHHbLIM
B CBETE TOrO, YTO BblbpaH LOBONILHO Y3KWNiA parmMeHT apudpmeTuKku:
«BCero nuwby Yucno 0, onepaumm +, - U S U OTHOLLIEHNE =

Jlemma ob apudhmeTnsanny NOACKasbIBaET,
YTO 3Ta KaXKyLLasiCsl y30CTb ObmMaH4uuMBa:
B Ar[INg; 0; +, -, s; =] BbIpa3uma ntobasi BelYNCAUMAs PYHKLUS

NHbiMn cnosamu, dhopmynbl curHaTypbl dhopManbHOn apugmMeTuki
XOTS1 U UCMONL3YIOT «CKYAHbIY» Habop noHATWiA,
HO HACTOJILKO XK€ BbIPa3nTesibHbl, KaK U MallUHbl T bIOpUHra
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