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ApudcdmeTuka lNpecbyprepa

Ar[INo; 0; +, -, s; =] — 3Ta nHTepnpeTaLns okasanacb HeENPOCTOIA:
> eé Teopust 06A3aTENBHO UIN HEMOMHA, UKW HEMepeYnciImma

P> He CyLIecTBYeT anropuTMa, NpoBEPSIIOLLErO CNPaBefMBOCTb
apndMeTNYECKUX TEOPEM B 3TOW CUrHATYpe

[MTonpobyem nocMoTpeTs,
HACKOJIbKO YNPOCTUTCS UHTEpNpeTauust, eCin cerka cy3nTb CUrHaTypy

HanomuHanwue: aprcdmvetnka [pecbyprepa (All) — aTo
nonHas Teopusa untepnpetauun Ar[INg;0; +,s; =]

B onpepenennn dopmanbHolt apudmeTnku,

B oTan4ne oT apudmeTukn Npecbyprepa, He Obino TpeboBaHNS MOMHOTbI
3TO HAMEK Ha TO, YTO CYLLUECTBYIOT «MNOJE3HbIEY MOJIHbIE TEOPUU
apudmeTnyeckoin nHTepnpeTauumn 6e3 yMHOXKEHNUS

Teopema. Apudmetnka lNpecbyprepa paspewumnma
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PaspewwumocTts All (aokasatenbcTso)

Ar — Tak bygem obo3HayaTb B JOKa3aTeNbCTBE
nHTepnpeTtaunto Ar[INo; 0; +, s; =]

PaccmoTpum npownssonsHyto Al T

Tak Kak Teopus 7 nonHa n Ar =T, ans noboii hopmynbl p(x*) BEpHO
Fre & ArEVX o

3HaL|VIT, 4TOObI NOKa3aTb pa3pewinMoCTb T, AOCTAaTO4YHO NMpeaoCTaBUTb
aAJITOPUTM NMPOBEPKN NCTUHHOCTW MPOU3BOJIBHOIO NMPEATOXEHNA @ B Ar
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PaspewwumocTts All (aokasatenbcTso)
3ameTumM (BCMOMHWB U TEOPEMY O MOACTAHOBKE ONPEAeNneHmns ),
4TO B Ar BbIpasnMbl ClefytoLlne NOHSATUS:

» 3agaHHoe 4nucno o, o € INg:

y =s(s(...s(0)...))
——
o pa3s
» Onepauusi B - yMHOXeHUs Ha 3agaHHoe yucho B, B € INg:
V=X + X+ Xy

. pa3

» OTHolwleHne >
Iz (x1 =x0+2& (2 =0))
» OTHoweHne =, paBeHCTBa 4Yucen no 3ajaHHomy moaynto -y, v € IN:
Iz (x1+v-z2=%xVx+7v7-2=x)
> OTHoweHna >, <, <, #, #:
X1 > X VX =X Xo>Xy Xp2>x1  (x1 =%x3) —(x1 =4 x0)

Mo Teopeme O NOACTAHOBKE OMpeaesieHns, JOCTaTOYHO NPeaoCTaBuTL
anropuT™M NPOBEPKN UCTUHHOCTY NMPOWN3BONLHOIO MPEANIOKEHNS

B UHTepnpeTaunn Ar, noaydeHHon n3 Ar fobaBneHnemM 3TUX NOHATUIA
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PaspewwumocTts All (aokasatenbcTso)
ArE=@?

Camblii npoCTol cayvai: ¢ — aToOMapHOe NpeasioKeHne

Torpa npoeepka cooTHoLeHUst Ar = ¢ — 3To NpoBepka TOro, BXOAAT /i
4ycna, SBASOLWINECS 3HAYEHUAMIN BbipaxkeHnii Hag INg, +, su G-,
B 3aJaHHOE OTHOLLEHME: >, >, <, <, =, #, =4 WIN F4

AﬂFOpMTMbI BbIYUCEHNST 3HAYEHUI TaKUX Bblpa)KeHMﬁ
n NIpOBEPKN Takux COOTHOLLIEHWT BaMm AOJIXHbI ObITh Y>K€ 3HaKOMbI
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PaspewwumocTts All (aokasatenbcTso)
Arl= @ ?
bynem HasbiBaTb hopMyny HeCKBaHTOPHOI,
€C/IN OHA HEe COAEPXKUT HU OAHOrO KBAHTOPA
[pocToii cnyyaii: @ — 6GeCKBaHTOPHOE MpPeANoXeHne
Toraa npoBepKy CooTHoLleHUs Ar = ¢ MOXHO yCTpouTb Tak (peKypcuBHO):

> o= &P o o
ArEp & ArEvinArEd

> o=V o o
ArEp <& ArEYvwin Ar =Ys
> o= o o
ArEp <& ArfEd nan Ar = Ys
> o=

Arl=o &  Arfd
> (0 — aTOM: 3TO CaMblli MPOCTON Chy4ali
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PaspewwumocTts All (aokasatenbcTso)
ArE=@?

Obuymii cay4daii: @ — NPOWN3BOJIbHOE NpeaNoXKeHne

MokaxxeM, Kak MOXXHO CBeCTY oBLUMiA Cyyail K npocTomy:
npeobpa3oBaTh ¢ B HECKBAHTOPHOE MPeaoXKeHNe P, TaKOe HTO
ArEp < ArEvy

Jlemma (06 anumuHauumm kBaHtopa J). [ns noboii hopmysbl
Buaa Jx ¢(x,x"), rae ¢ — 6eckBaHTopHas dopmyna, CyLLeCTBYeT
6eckBaHTOpHas chopmyna (xX"), peanusyiowas B Ar TO XXe OTHOLLEHMNE
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTenbCTBO)
Ix (%, X°) ~ P(x?)

|/|CI'IOJ'Ib3y9| OCHOBHbIE PABHOCUIBHOCTW, MOXHO!

» npeobpa3oBaThb (P B PAaBHOCUJIbHYHO
AV3BIOHKTUBHYO HOpManbHyto opmy (AHD):
o~Ix(L1&.. . &Ly)VLIT&. ..&LLV . ..)

P> BbIHECTU 3a KBaHTOp ciaraemble JHD, He copepkaluve x:
Ix (x2(x, ) Vx1(x®)) ~ Ix (x1(X*) Vxa(x, ) ~ x1(X*)VIx x2(x, X°)

» pacnpocTpaHUTb KBAHTOpP MO cllaraeMbiM, ocTaBlwumcs B JAHD:

Ix(K1V--VKy)~IxK V- VIx Ky

OcTanocb nokasatb, Kak nNpeobpasoBaTb Kaxkayto dopmyny Ix Ki(x, x*)
B 6eckBaHTOPHYO chopmyny P;(X"), peannsyroLLyto TO »Ke OTHOLIeHne B Ar
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTenbCTBO)
Ix Ki(x, x%) ~ 9¥;(x")
K; — 310 cnaraemoe JH®, TO €CTb KOHBIOHKLNS aTOMOB U UX OTpULIAHWIA

3amMéHuM Kaxkaoe oTpuLiaHue atoma B K;

Ha aTOM C NPOTUBOMOJIOKHbLIM OTHOLLEHNEM:
—|(1.'1 < tz) — Ha t1 > b,
—(ty = t2) — Ha t1 # 1o,

B pe3synbTaTe nony4nTCcs KOHBIOHKLUS aTOMOB K,-’,
peann3ytollast TO )Xe OTHoLleHune, 4To u K;

ApndMeTNYHeCKNiA CMbICA TaKOW KOHBIOHKLMU aTOMOB — 3TO
CcuCTeMA JINHeWHbIX (HEe)paBeHCTB ¥ Haj NepeMeHHbIMI X, X*

OcTanock nokasaTb, Kak MOXXHO CMPOEKTUPOBATL X MO NepeMeHHOoN x:
npeobpasoBaTh X B COBOKYMHOCTb A cucTeM Haj X* Tak,

4TOb6bI Habop (a1, ..., an) ObiN pelweHnem A Torga U TOAbKO TOTAQ,

KOrfja CyLIeCTBYeT HYNCIO a, Takoe 4To (&, a1, . . ., ap) — PELUEeHNEe CUCTEMbI X
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTeNnbCTBO)
T(x 7)) B AR

PaBeHCTBa 1 HepaBEHCTBA U3 X UMEIOT BUJ
t1 =t th < o t <t 1 =4 b
t1 # b t1 >t t1 26 t1 £y b,
roe t; u to — BblpaxkeHusi, coctosiwme u3s ducen INg v onepaunii s, +, n G- _

C NCnonb30BaHNEM HECNOMHbLIX N3BECTHBLIX

apMdJMeTI/Il4eCKI/I>< paBHOCI/U'IbHOCTeVI MO>XHO NMPUBECTUN 3TN SN1IEMEHTBI K BUAY:
ax+t1 =1 ax+t < b ax+t1 <t ax+ 1t =4 b
ax + t; # t ax+t > b ax+t; > b O(X—I—t17_é’yt2,

roe t; v to — BbIPaXKEHWs TOro »Ke BUAa, He Coaepkalline x
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTeNnbCTBO)
T(x 7)) B AR

I'Iepe|7|,uﬂ OT CNCTEMbI K COBOKYNHOCTWU CUACTEM,
MOXXHO YCTPAHUTb aTOMbI 4YeTbIPEX BUAOB:

A=,B+1
A%, B & .A”E”B” A>B < ﬁjg
A=yB+(vy-1) -
A>B [ A=B
<
A#B A<B AsB & | A< B

OcTanock NokasaTb, KaK MOXXHO CMPOEKTUPOBATbL MO X
CUCTEeMY X ypaBHEHUW 1 HEPaABEHCTB BUAA

ax+t1 =t ax+t; < bt ax+t; > b ax + t; =4 to,
roe t; n to — BbipaXkeHusi, coctoswme n3 Yucen INg n onepauwnii s, +, n G-
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTeNnbCTBO)
T(x 7)) B AR

Ecan X conep>xut xoTs 6bl 0OAHO PaBEHCTBO =, TO UCKJIOUYUTb X MOXHO TaK:

ax+1t =1t ax+t =1t ax+t =1t
Bx+t3 >t < afx + ats > aty < ats + Bty > aty + Bt

ax+ 1t =1t ax+tH =1 ax+tH =1
Bx+ti3<ty < afx+ ats < aty < ats + Bt < aty + Bt

ax+ 1t =t ax+t =1t ax+tH =1
OBx + t3 = & afx + ats =ay 0ty & ats + Bt =qy 0ty + Bty

hh =a b
ax+t1 =16
{ Z/(fin) (@) to é t
T(x)

[MycTb Tenepb cucTemMa X He COAEPXXUT PaBEHCTB =
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTeNnbCTBO)
T(x 7)) B AR

Bo Bcex CTPOrnx HeEpPaBeEHCTBAX CUCTEMbI
MO>XXHO MOJNIYHUTb OANHAKOBbLIE J1I€EBbLIE HACTW:

ax + tl 2 f2 OL,6X+5I'1 2,61'2 Ol,BX+5t1 +Oét3 2,61'2 +Olt3
,BX+ t32 ta & aﬁx+oct32at4 54 a,6x+6t1+oct32at4+ﬁt1

Ecamn cuctema COAEPKNT MHOIO CTPOrnx HeEpaBeHCTB B O4HY CTOPOHY
C OAnHaKOoBbIMW NeEBbIMN H4aCTAMW, TO MOXXHO UCKJIHOHYNTbL X
N3 BCEX HEPABEHCTB, KPOME OAHOTIO!:

ax+t>t ax+t <ty
ax+t>t {tlztz ax4t<t {tlgtg
ax+t>t & ax+t> b ax+t<th & ax+t <t
{tgztl {tggtl
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTeNnbCTBO)
T(x 7)) B AR

PaBeHcTBa Mo MOAYAO Pa3HbIX YNCEN MOXHO MPUBECTU
K paBeHCTBaM MO MOAY/ItO OJHOMO YUCna:

ax+ bt =4 b adx 4 0t =5 0t
BPx+t3=sts < { BYx+Yt3=y5Vls

OcTanock NokasaTb, Kak UCKNIOYNTL X U3 CUCTEMbI, cofeprKalleli
> He Donee OAHOrO HepaBeHCTBA ax + t > t7,
» He Doslee OAHOIrO HepaBEHCTBA ax + t < to C TOW XKe NIEBOW HYaCTbio U

P> NpOWU3BONILHOE YNCNO PABEHCTB ;X + t3 =y 1,
No OAMHAKOBOMY MOZYMHO 7Y
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTenbCTBO)

[OlX+ t> tl]
[ox+t <ty 3x
Ox + t3 =y 1y WA(X )

JInsi kaxporo petenus (8,0") cuctemsl, Takoro uto t[6" < t1[6",

HalipéTcs Takoe petenue (87, 0"), oTAnYatOLLEECS TONBKO 3HAYEHUEM X!

(ax+t)[6", 0" e {ts+ 1, t1+2, ..., t1 +ay}

3Ha4YnUT, HEPABEHCTBO ax + t > t; MOXXHO 3aMEHUTb Ha COBOKYMHOCTb
t>t
ax+t=1t;+1
ax+t=1t1+2

oax+t=1t +oay
VCTpaHeHune x N3 CUCTEM C = 0BCy»KAaNnoCb paHee

TaK MOXHO YCTPaHUTb > U3 pacCMaTPVBAEMON CUCTEMBI
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Jlemma 06 3anumMuHauum kBaHTopa 3 (A0Ka3aTeNnbCTBO)
[OlX +t< tl] .
Ox + to =, 13 ~5 A(’}En)

[t < tl]
b =4 t3

[a+t<t1]

ax+t<t
[ l] ﬁ+t25,yt3

Ox + to =y 13 &

qa(y = 1)+t < ]
By —1)+t =413
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PaspewwumocTts All (aokasatenbcTso)

Jlemma (06 anumuHauumm kBaHTtopa V). [ns no6oii dhopmysibl
Buaa Vx (x,x"), raoe ¢ — 6eckBaHTOpHasi chopmyna, CyLLEeCTBYET
6eckBaHTOopHas dopmyna Y (x"), peanusyiowasi B Ar TO XK€ OTHOLLEHUE

JlokazaTenbCcTBo.
CornacHo 0CHOBHBLIM paBHOCKILHOCTAM, Vx @(x, X*) ~ —3x —p(x, X7)

Mo npeabifyllel nevme, cyllecTByeT GeckBaHTopHast opmyna ¥’ (x2),
peanuaytollas B Ar TO »ke OTHoLeHne, 4To 1 J3x —p(x, X°)

Torpa ¥ = =) — Tpebyemasi bopmyna ¥ (n1emmbl)

Bosspataemcsi k obliemMy Cay4aro: @ — NPOU3BOJbHAS ~» P —
OeckBaHTOpHasA

[nsi npeobpaz3oBaHMs NPON3BOJSILHOIO NPenNoXeHNst B 6eCKBaHTOPHOE,
[IOCTAaTOYHO KOHEYHOE YKC/O pa3 NPUMEHNTb

JNleMMbl 00 anMMUHALUKN KBaHTOpoB 3 1 VY,

YCTPaHsisi KBAHTOPbI MO OAHOMY OT BHYTPEHHUX K BHELUHUM V¥
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Boipa3sutensHoctb All (Teopema)
OTtHoweHme R Bbipasumo B Ar[INg; 0; +, s; =] Toraa n TonbLKO TOrAaa,
KOr4a OHO SIBJISIETCSI MHOXXECTBOM PELUEHMIA
KaKOW-/IM60 COBOKYMHOCTM CMCTEM NINHENHbIX (HE)paBEHCTB
=, # >, <, 2, <, =a, #a Hap No
JlokazaTenbCcTBo.
(=) PaccmoTpum dopmyny @(x"), peanusyrolLyto oTHoLeHne R
CornacHo obuemy ciy4dato B AOKa3aTeNbCTBE TEOPEMbI O Pa3pPeLLMMOCTK
AT, cyulectByeT beckBaHTOpHast hopmyna P(x™), peannsyrolias OTHOLLIEHNE
R
[MpumeHss 3akoHblI bynesoll anrebphl,
MOXXHO Npeobpa3oBaTh P B paBHOCUALHYO JHD x
ApudMeTryeckasi TPaKTOBKa X — 3TO COBOKYMHOCTb CUCTEM AUHEHbIX
(He)paBEHCTB: OTHOLLIEHNE, peann3yeMoe X, COBMNaLaeT C MHOXXECTBOM
peLleHnii COBOKYMHOCTU CUCTEM, 3anucaHHol B popme [JHD
(«=) CoBOKYMHOCTb CMCTEM X yKa3aHHOrO BUA MOXET ObITb NpeAcTaB/eHa
B Buae cooteTcTBytoLlen JAHD ¢, n Toraa dopmynoii ¢ peanmsyercs

MHOXECTBO pelleHunii > v
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Akcunombl All

OAnH N3 N3BECTHLIX HADOPOB aKCKMOM

apudmeTunkm Mpecbyprepa yctpoeH Tak (T):

| 2

vVVvVvVvyVvVvVvyVvVYVYyYy

MoxHo nerko ybeantscst, 4to Ar[INo; 0;+,s;=] = T

Vx (x+ 0 =x)

Vx Vy (x +s(y) = s(x +))

Vx (x = x)

Vx vy ((x =y) 2 (y =x))

Vx Vy Vz ((x = y) &(y = z) = (x = 2))
(

( )
vx vy ((s(x) = s(v)) 2 (x = ))
Vx =(0 = s(x))
o{x/0} & Vx (¢ = p{x/s(x)}) = Vx @,

— 7 i h x
rae Npon3Bo/bHas Gopmysia C OAHOR CBOBOAHOW NepemeHHOl

‘A AOKa3aTb MOJIHOTY 3TOl TEOPUN MOXKETE I'IOI'IpO6OBaTb CaMOCTOATENTbHO
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