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BBenenne

Kypc «OcHoBbl kubepHeTnKn» (paHee «DJeMEHTHl Kubep-
HETUKN» ), CO3/[aTeJeM M OCHOBHBIM JIEKTOPDOM KOTOPOTO ObLI
an.-kopp. PAH C. B. {d6momckuit, antaercs Ha dakyabrere
BMuK MI'V ¢ nepsbIx JieT ero cyiecTBoBanus. B HacTosIee
BpeMs OH YuTaercs B 6-8 ceMecTpax U SBJISETCH 00432 T ILHBIM
JUIst Beex 6akasiaBpoB (MHTEIPUPOBAHHBIX MATUCTPOB) HAIPAB-
nerust 01400 — «Ilpukiragnast MmareMaTuka U MHOOPMATUKA>.
[Ipu sTOM 006bEM U, B HEKOTOPOIl CTEIeHH, IpOorpaMMa Kypca
«OCHOBBI KHOEPDHETUKI» BAPBUPYIOTCS B 3aBUCUMOCTH OT IIPO-
.

Kypc «OcHOBBI KHOEPHETUKI» TTOCBSIIIEH W3JI0XKEHUIO TEO-
pUU JUCKPETHBIX YIIPABJIAIONINX CUCTEM, KOTOPas IIPEICTaBIIsA-
eT cobOHl YacTh JMCKPETHONH MATEMATUKH U MaTeMATHIECKON
kubepueruku. B Heil pa3pabaTbIBAIOTCS U U3y YIAIOTCS JTUCKPET-
HbIE MaTEeMaTUIeCKUEe MOJEJIM, OIUCHIBAIOIE (DYHKINOHUPO-
BaHME U CTPYKTYPY CJIOXKHBIX CHCTEM Ipeobpa3oBanus HHAPOP-
Maryu (MHTErpaJbHBIX CXeM, IPOrpaMM | T. I1.). B ocHOBe 9THx
MojIesIell JIeXKaT pa3IndHbIe CIIOCOOBI 3aJaHus (DYHKIIMOHUPOBa-
HUsl YIPABJISIONIMX CUCTEM C TOMOIIBIO JTUCKPETHBIX (DYHKIUI
" X CTPYKTYPHasl peajin3dalivsd B TEX WJIN MHBIX KJIaCCaX I'pa-
dos (kmaccax cxem). [lpu mcesreoBaHrN yIPABIISIIONIIX CHCTEM
CTaBSITCS W PEIIAIOTCs JIBE OCHOBHBIE 3aJ[a"d: 331298 aHAJIM3a
U 3a/la9a CUHTE3A.

3ajiavua aHaJIN3a COCTOUT B HAXOXKICHWM (DYHKIIMOHUPOBA-
HUS JTAHHOU CXEMBI, a 3aJa4ya CUHTEe3a — B [OCTPOCHUU CXEMBI,
nmerorneii (peanm3yioreii) 3aanuoe dyHKIoHnpoBanue. Kax-
Jlasi U3 9TUX 3aJ1a9 MOXKET PACCMaTpPUBATHCS JIUOO KaK WHJIH-
BHJIya/IbHAs 3aJ/[a9a, U TOTJA €€ PEIleHUeM sIBJISIeTCs KOHKPET-
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Bgenernne 5

Hoe (yHKIuoHUpoBaHue (cxema), Jimbo KaK MaccoBas 3ajada,
U TOTa ee PelIeHHeM OJKEH OBITh AJTOPUTM HAXOXKIEHUSI
dbyukumonnposanus (cxembl). 3aja4a CHHTE3a UMEET, KaK IIpa-
BUJIO, MHOYKECTBO PEIIEHU, U3 KOTOPLIX BLIOMPAIOT PEIEHUE,
ONTHUMAJIBLHOE 110 KAKOMY-JIHOO KpUTEpHIio. alle BCEro B Ka-
YeCTBE TAKOIO KPUTEPHUsl BBICTYIIAET CJIOXKHOCTb CXEMbI, TTOHU-
MaeMasl KaK CyMMa CJIOXKHOCTEH COCTABJIAIONINX €€ 3JIEMEHTOB
WA 33JIePrKKa CXEMbl, [TOHUMaeMasl KaK MaKCUMaJbHasl CyM-
Ma 3aJepKeK JIsl IOCJIeI0BATEILHO COEIMHEHHBIX 3JIEMEHTOB
CXEMBI.

C comepkaTeIbHOI TOYKN 3PEHNS Pa3INIHbIe KDUTEPUN OII-
TUMAaJIbHOCTH OTPaYKalOT pas3juyHble IapaMeTpPbl MOJIEIUPYe-
MBIX 9JIEKTPOHHBIX CXEM HJIM IIporpaMM. Tax, HalpuMep, CJI0K-
HOCTh MOXKET XapaKTepU30BaTh CTOMMOCTDH, PasMephbl WJIH II0-
Tpebisiemyto Mormaocth CBUC, a Takke Bpemsi BBITIOJTHEHUS
[IpOrpaMMBbl Ha OJHOM IIporeccope. IIpu aToM 3a1epKKa CXeMbl
xapakTepusyer BpeMmsi cpabarbiBanus CBUC uan Bpemst BbI-
[TOJIHEHNS ITPOrPAMMBbI Ha MapaJjljlejbHbIX [IPOIeccopax U T. II.

Eciu 3amada cuaTe3a pellleHa B OJHON MOEN, MOYXKHO ITbI-
TaThCsI [IEPEHECTH TO PEIleHne B JIPYrhe MOJEIH C IOMOIIbIO
CTPYKTYPHOTO MOJE/JNpOBaHus. Kpome TOro, moJiydueHHOe pe-
[IEHNE MOXKHO <«YJIYYIIMTL» C IIOMOINbLIO SKBUBAJEHTHBIX IIPE-
obpasoBanwuii. C Ipyroi CTOPOHBI, eC/In 3a/1a9a CHHTE3a PellleHa
JIUIsT OTHUX (DYHKITHI, MOYKHO IIBITATHCST «Pa3bUuThy (JEKOMIIO3H-
poBaTh) HOBYIO (DYHKIMIO HA y7Ke PACCMOTPEHHbIE U IOCTPOUTH
13 CUHTE3UPOBAHHBIX JIJIsI HUX CXEM CXEMY IJIsl HOBOI (DyHKIII
C TIOMOIIIBIO ONEPAIIAN CYIIEPITO3UITHH.

YKa3aHHbBIE BBIIIE 38a91 PACCMATPUBAIOTCS B JIGKIUAX I
BCEX OCHOBHBIX KJIACCOB CXeM (JIM3bIOHKTUBHbIE HOPMAaJIbHbIE
dopMbI, HGOPMYJIBI U CXeMbI U3 (PYHKIMOHAJBHBIX JIEMEHTOB,
KOHTAKTHBIE CXEMBI), & TaKXkKe JiJIs HEKOTOPBIX MO ipUKAIit
9THUX KJIACCOB.

IlepBas riaBa mocssiieHa pa3IddHbBIM BOIIPOCAM IIPEICTAB-
JIEHUST PYHKITAHI aarebpbl JOTUKH C ITOMOIIBIO TAOJINIL ¥ U3 BIOH-



6 Bgegenue

KTUBHBIX HOPMAJIbHBIX (hOpM (MUHUMU3AIIUST U3 BIOHK THBHBIX
HOPMAaJILHBIX HOpM).

Bropas riaBa coIepKuT oIucaHue CTPYKTYPLI U PyHKIIIO-
HUPOBAHUS CXEM U3 OCHOBHBIX KJIACCOB YIIPABJISIOIMINX CHCTEM,
a TaKXKe M3 HEKOTOPBIX KJIACCOB, IIPEICTABJISIONUX CODOM WX
0b606menus nim Mogudukanun. B Heil ycTaHABINBAIOTCS BEPX-
HHE OIEHKH YNCJIa CXeM PA3JIMIHBIX THUIIOB, PACCMATPUBAIOTCS
0CODEHHOCTH IIPUMEHEHHSI OIEPAIUU CYIIEPIO3UIMA B Pas3jidd-
HBIX KJIACCAX CXeM U HEKOTOPbIE BOIIPOCHI UX CTPYKTYPHOI'O MO-
JeJTUPOBAHUSI.

B Tperbeit rmaBe moapoOHO paccMaTpPHUBAETCS 3aJada CHH-
Te3a yUPaBJILAOIINX CUCTEM. B Hell MpuBOIUTCS EbIH CIEKTD
MEeTO/IOB CHHTe3a cxXeM (0T MPOCTEeHIINX JI0 ACHMIITOTHIECKH OII-
TUMAJIBHBIX ), YCTAHABJIUBAIOTCSI HUYKHUE MOIIHOCTHBIE OIEHKU
dyuknumii [lleHHOHA U OIEHKHU CJIOYKHOCTH Psifa KOHKPETHBIX
GYHKIHI, TOKA3bIBAETCSI MUHIMAILHOCTh HEKOTOPBIX CXEM.



I'maBa 1

IIpencraBinenne dyHKIIit
AN3bIOHKTUBHBIMU HOPMAaJIbHBIMU
dopmMamMu n cBI3aHHBIE C HUM 3a1a4N

§1 OcHoBHBIE TIOHSATHUS, OTHOCSIIIECT K
MHOXKeCTBaM, MaTpuIiaM, (pyHKIUIM,

dbopmyam

ByneMm cunmrarh M3BECTHBIMEH OCHOBHBIE IOHSITHA M 0OO3HAYE-
HUS U3 TEOPUU MHOXKECTB, MaTEMaTHIECKOIO aHAIN3a, JUCKPET-
HOIl MaTeMaTHKU, TeopuH BeposiTHOCTel (cM., Hampumep, [25,
26, 28, 4]). B nanbueiimem uepes N (uepes Ng) obosnauaercs
MHOXKECTBO BCEX HATYDATBHBIX (COOTBETCTBEHHO IEJBIX HEOT-
PUIIATEBHBIX) 4Yncesl. MHOXKECTBO BCEX HEJbIX YHUCEN J, JJisl
KOTOPBIX a < j < b, T1ne a, b — 1esible, HA3BIBAETCS 0MPEIKOM
u 0bO3HAYAETCST Yepes

[a,b] = (a —1,b0] =[a,b+ 1) = (a—1,b+1).
[Ipu 3TOM OTpPE3KU BHUIA
[ala CZQ) ) [(12, (13) g e
e a1 < ag < ag < ..., HA3BIBAIOTCS NOCAECIOBAMEALHBIMU.
Hamomaum HekoTOpBIE OlipejiesieHrst U 0DO3HAYUEHUs], CBsi-
3aHHbI€ C JeKaPTOBBIMU ITPOU3BEJACHUAMMN MHOXKECTB. ﬂﬂ?{ MHO-
xectBa A u n € N nomoxnm

(A" =A"=AX Ax---x A,

n pas
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— n~sl JleKapToBa crenedb A, To ecTb MHOKeCTBO HAGOPOB (CTPOK,
CJIOB, BBIOOPOK) JUIMHBL N ¢ ssieMeHTamu (Oyksamu) u3 A win,
UHAYe, MHOYKECTBO YIIOPSIOUEHHBIX 1-0K 3JIEMEHTOB MHOKECTBA
A.

s muoxkecrsa A u s,n € Nuepes (4)>" = A%" oboznaua-
€TCsl MHOYKECTBO MATPHIL C § CTPOKAMH, N CTOJOIAMUI U JIeMEH-
tamu u3 A. Ilpu srom npexnnonaraercs, aro A" = A", u aro
AS™ — n-s rekapToBa creneHb MHOXKecTBa A%!) 3j1eMeHTHI KO-
TOPOrO Ha3bIBAIOTCs cToOaMu. Juco cToIb1oB (CTPOK) MaT-
punibl M HasbiBaeTcst ee daunol (COOTBETCTBEHHO 6blCOMO).
Hns marpuner M € AS™ u I' C [1,s], I" C [1,n] uepes
M((I',1") (upn s = 1 u I' = {1} — uepes M (I")) obo3zna-
YaeTCsl ee MOJMAaTPHIA, PACIIONOKEHHAS B CTPOKAX ¢ HOMEpaMHU
u3 I' u cronbuax ¢ nomepamu u3 I”. Habop A = (41, ..., d,), co-
CTOSIIIMIT U3 HEITyCTBIX MHOYKECTB, Oy/IeM Ha3bIBATH NOKDbIMUCM
MHOX)KecTBa 0 = 01 U ... U d,. IIpu sTOM MHOXKecTBa 61, ..., 0,
CUYUTAIOTCHA KOMNOHEHMAMU TOKPBITAS A, 8 YUCIIO P — €ro OAl-
HOU WK parzom. IIOKpBITHE, COCTOsAIIEE U3 HETIEPECEKATOIIIXC ST
MHOYKECTB, HazblBaeTcs pasbuenuem. [IoKpbITHE, B KOTOPOM HI
O/IHA M3 KOMIIOHEHT HE COJICPXKUTCS B JPYTOil KOMIOHEHTE (B
O00bEIMHEHUN OCTAJIbHBIX KOMIIOHEHT), CYUTAETCS HENPUE0oU-
MbiM (COOTBETCTBEHHO MYNUKOGHIM) TTOKPBITHEM.

Ecmun A — KoHeYHOe MHOXKECTBO, TO €r0 MOIIHOCTD, TO €CTh
YHCIIO 3JIEMEHTOB, 0003HaYaeTcss 0ObIuHO uepes |Al. 3amernm,
9TO TIPU ITOM

[ A" = A" u |A%"] = [A]",
e s,n € N, a ecsin |A| = a > n, 10 4ncio BbIGOPOK (CJIOB)
JUIMHBL N 13 A, B KOTOPBIX BCE 3JIEMEHTBI PA3JUYHBI, — TaK
Ha3bIBAEMBIX BBIOOPOK 0€3 MOBTOpPEHUit, — PaBHO
ala—1)---(a—n+1).

Kazxoe cioBo (mabop) o = «g...an, = (aq,...,q,) u3
A™ 1pu BCEBO3MOXKHBIX ITEPECTAHOBKAX OYKB MOPOXKAET MHO-
JKECTBO CJIOB, HA3BIBAEMOE COYEMGHUEM JJIHHBI N n3 A nim,
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uHave, Heynopadouennot n-xoti u3 A, m obosHadaeMoe uepes
{ai1,...,a,}. B uwacrHOCTH, CcoveraHue, cBsizaHHOE ¢ (YIOps-
JIOYEHHOIT) mapoii (u,v), CYMTaeTCcsi HeyIopsIOYeHHON 1apoii
{u,v}, coueranue, cBszannoe ¢ (YyHOpPsIOYeHHBIM) pa3breHneM
(01,...,0p), — HeyHOPSIOYEHHBIM paszbuenueM {d1,...,0p}, 1
Tak JaJjiee. 3aMETHM, UYTO COUETAHNE TOPOKIAETCs TEPECTAHOB-
KaMu OYKB U3 JI10060ro ceoero cjosa. Ilpu aToMm coueranne uz A
0e3 TOBTOPEHUI, TO €CTh COUYETAHUE, TOPOKICHHOE CJIOBOM U3
A™, Bce OYKBBI KOTOPOTO PA3IUIHBI, C COEPKATENTHHON TOUKN
3PEHUs MPEJICTABIIET COO0M «OOBIYHOEY IMOIMHOXKECTBO, & CO-
JeTaHue C IOBTOPEHUSIMA — «KPATHOE» IOJMHOXKECTBO MHOXKe-
cTBa A, TO €CTh TIOJAMHOXKECTBO, B KOTOPOE €r0 JIEMEHTBI BXO-
JISIT C OILIPEJICIEHHON KPATHOCTBHIO (B COOTBETCTBYIOIIEM HHCTIC
«IK3EMILISIPOBY ).

Yucsto pa3sanaHbIX codeTaHnit 6e3 MOBTOPEHNH IJINHBI N U3
muOoxkecTBa A, |A| = a, obosnavuaercs depes (Z) Kak uzBectHO
(cMm., Hanpumep, [28]),

a> al ala—1)-(a—n+1)

" nl(a—n) n! ’ (L)

a 9IHICJI0 COYeTaHuil ¢ (BOZMOXKHBIMU) HOBTOPEHUSIMA JIJIUHBI 7
a+n—1
u3 A paBHO ( " )

WMuaykimeit o n JIerko moKa3aTh, 9TO

nl > (%)n (1.2)

a m3 cpopmyser Ctupsumra [26] creyer, ato!

nl ~ (g)n S, (1.3)

1 : a(n
Acnmnrornueckoe paBeHcTBo a (n) ~ b (n) o3nagaer, uro lim 5oy =L
n—o0
TO €CTb

a(n)=(1+0(1))b(n).
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13 (1.1) u (1.2) BbITEKAET, B 9aCTHOCTH, HEPABEHCTBO

O o

ams (1.1) u (1.3) — acummToTHYECKOE paBeHCTBO!

(i)~ v 15)

HanomunM Tenepb HEKOTOpBIE IOHATHS, CBA3AHHbIE C (DY HK-
nusiMu 1 oTHOImeHusimu. Ilycrs x = (21, ..., 2y,), /€ epeMeH-
Hasg x; NpoberaeT 3HaYEHUsT M3 MHOXKeCTBa A m cBsa3aHa ¢ i-it
KOMIIOHEHTOH, i € [1,n], nekaprosoii crenern A”. @yukunuio f,
OIIPEJIC/IEHHYI0 Ha MHOXKeCTBe A" M NPUHUMAIONIYIO 3HATEHHS
u3 mHOXkecTBa D (MHOKecTBa A), Gy/ieM Ha3bIBATD N-MeCmHOU,
WM, uHave, n-apholi Pynryuet us mroxcecmea A 60 mmoice-
e¢m60o D (cooTBeTCTBEHHO 1Had MHOMHCECMEOM A) OT IepEMEHHBIX
x 1 GyJIeM IpeJCTaBIaTh ee B BHe?

f=f(), f: A — D (coorsercrBenno f : A" — A).

[Tpu stom B caygae D = B = {0,1} dyukuus f cauraercs
omnowenuem 1ad mmoscecmeom A, a 3ammcsk f (a) (f (a)), e
a = (ai,...,a,) € A", o3HavaeT, 9TO KOMIIOHEHTHI Habopa a
HAXOJIATCS (COOTBETCTBEHHO HE HAXOJSATCs) B OTHOIIEHUH f, TO
ectb f (a) =1 (coorBercrenno f (a) = 0).

Jlj1s1 GUHAPHBIX OTHOIIEHUHi, TO €CTh OTHOLIECHUIT OT JBYX

[IEPEMEHHBIX, OOBITHBIM 00pPa30M OIIPEJIE/ISIOTCS CBOMCTBA pe-
JIeKCUBHOCTH, TPAH3UTUBHOCTH, CHMMETPUYHOCTU U AHTUCUM-
MerpuaHocT. OTHOIIEHNE, 00JIaatoIee CBocTBAMU pedJiek-
CUBHOCTHU, CHMMETPUIHOCTH U TPAH3UTUBHOCTH, OY/IeM, KAK 00bIY-
HO, Ha3bIBaThb OTHOIICHHUEM 3KBUBaJICHTHOCTH. Ha,IIOMHI/IM, qTO

"Jepes [a] (|a]) obosmauaercs GmKaiimee K o CBepXy (COOTBETCTBEH-
HO CHH3Y) IIeJI0€ YHCJIO

2@yuxnumio f OT IEPEMEHHBIX T1, T2 OYIEM, KK OOLIMHO, IPEICTABIATE
B Buze (21 fx2).
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OTHOIIEHNE SKBUBAJEHTHOCTH T, 3aJIAaHHOE Ha MHOXKeCTBe A,
OPOXKIAET pa3bueHne TOr0 MHOMKECTBA HA KJIACCHI T-3KBH-
BaJICHTHOCTH — MAaKCHMAJILHBIE II0 BKJIIOYEHUIO HOIMHOMKECTBA,
MHO>KECTBa A, COCTOdIIMEe U3 IIOIIapHO T-9KBHBaJICHTHBIX 3JJI€-
MeHTOB. IIpuMepOM OTHOIEHUS SKBUBAJICHTHOCTH ABJIACTCS OT-
HOIIEHUE Nepecmano6o Hocmy Ha MHoxkecTse A™, B KOTOPOM
cioBa o u o HaxonATCA TOrIA U TOJIBKO TOLJA, Korjua o MoxK-
HO TIOJIyYNTDb U3 ' B pe3ysbrare IIepecTaHOBKU OYKB. 3aMeTHM,
YTO KJIACCAMHI 3KBUBAJIEHTHOCTH 110 3TOMY OTHOIIEHUIO ABJIAIOT-
Csl COYETAHMS C TIOBTOPEHUSIMHU.

Otrnormenue, obaaolee cBoiicTBaMu pedIeKCHBHOCTH, TPAH-
SUTUBHOCTH ¥ QHTHCHUMMETPUYIHOCTH, OyZeM, KaK OOBIYHO, Ha-
3BIBATH OTHOIIEHUEM “ACMU4H020 nopadka. Ecim 7 — oTHO-
[IeHNe YACTUIHOTO MOopsiaKa Ha MHOXKecTBe A, TO mapy (A, T)
OyIeM Ha3bIBATH “ACTMUYHO YNOPAJOUEHHDBIM MHOAHCECMEOM. B
TOM cJlydae, KOrjia B 4aCTUIHO yIOPsiJI0UeHHOM MHOXKecTBe (A, T)
mobble aBa ajeMenTa @ u a” m3 A cpaBHUMBI, TO ecThb JnbO
a'ra”, mabo a’'ta’, mapy (A, T) Gymem cumrarh aunetino yno-
DAOUEHHBIM MHONCECTEoM. 1Ipeaoaraercs, 9To BCe 3JIeMEeH-
ThI KOHEYHOTO JINHEITHO YIIOPsIOYeHHOro MHOXKecTBa (A, T), e
|A| = t, nponymepoBamb! unciaamu orpeska [0,t) Tak, ITO I
mobbix a’ u a”’ uz A nomep a’ me Gosbie, yem Homep a”’ Torma
U TOJILKO TOTJa, Korna a'7a’.

ITon muckperHoit GyHKIHEHT TOHHMAIOT, OOBIIHO, OTOOpa-
JKeHUe OJIHOTO KOHEYHOTO MHOXKeCTBa B jpyroe. Tax, pyHk-
must Hay orpeskom [0, k), tiae k > 2, HasbiBaercst @ynryued
k-sanaunot nozuxu (ipu k = 2 — anzebpu so2uku), a MHOKE-
CTBO Bcex Takux (pyHKmumii oboznadaercs depe3 Pj. Huckper-
Hble (PYHKIUHU, KaK IIPABUJIO, MOTYT ObITH OIUCAHBI TAOIUIAMU.
Tak, bunapuast GyHKIws f (21, T2) U3 KOHEYHOIO JTMHEHHO yIIO-
psiogeHHOro MHOXKecTBa A = {a1,..., a4y } B KOHEYHOE MHOXKe-
crBo D mMoker ObITh 3amana Mmarpureit M, M € D™ rme
M (i,j) = f(ai,a;) upu Beex 4, j u3 orpeska [1,m], u obparmo.

[Myctes X ={x1,x2,...,Zpn, ... } — CICTHBI yIIOPSTOICHHBII
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andaBuT epeMeHHbIX HaJl MHOXKeCTBOM A u ycts P4 =P 4 (X)
— MHO>KeCTBO Bcex (yHkimit Hag A or mepemennabix u3 X. Ile-
pemennasi z;, ¢ € [l,n|, Ha3bIBaeTCs Hecywecmeennol nepe-
mennol pyrnkyuu f(x1,...,xy) u3 Py, ecom f (o) = f(B) mia
JIIOOBIX OTJIMYAIOLINXCS TOJILKO 0 x; Habopos a u 3 uz A". B
IIPOTUBHOM CJIydae IepeMeHHasl T; Ha3bIBAETCS CYULeCmEeHHO
nepemennoit ¢yukiun f. Cunraercs, aro dyukius [ cyiie-
CTBEHHO (HECYIIECTBEHHO) 3aBUCUT OT TIEPEMEHHOMN X, €CJIU L; —
CyIIecTBeHHas (COOTBETCTBEHHO HECYIECTBEHHAS) TIEPEMEHHAsT
dyuknuu f. HecyiecTBenHast mepeMeHHast He BJIAsIET HA 3HATE-
Hre QyHKIINK, TO0ITOMY, KaK OOBITHO, PABEHCTBO (PYHKIHI Oy-
JIEM PACCMATPUBATH ¢ TOYHOCTBIO JI0 JTOOABJIEHUS WA U3 bITUS
HeCyIIeCTBEHHBIX ITepeMeHHbIX. [Ipu 3ToM JBe PyHKIMM camuTa-
IOTCSL PABHLLMU, €CJIM OHU MMEIOT OIHU U T€ K€ CYIIECTBEHHDLIE
IIepeMeHHbIe U OJMHAKOBBIM 00pa30M OTOODarKaroT JIeKapTOBY
crenedb A, CBA3AHHYIO C UX CYLIECTBEHHBIMH [I€PEMEHHLIMU, B
A. Byznem ropoputhk, uro f — cyuwecmseennas (PYHKIMS, €CJIH
OHA, CYIIECTBEHHO 3aBHUCUT OT BCEX CBOHUX IIEPEMEHHBIX.

IIpeanosaraercs, 9To y HAC UMEETCS CIETHBIN ajadaBuT PyHK-
oHasbHEIX cuMBoJI0B (P C) st obosnauenus dbyukumit uz P 4
1 9TO B P4 BbIIEIEHO «0a3UCHOE» MHOXKeCTBO b. JlanuM nHiyK-
TuUBHOE ompeeseHue popmysasl Ha b u peamsyemoii ero pyHK-
1M, KOTOPOE, B OTJIHYHE OT [28|, HesIBHO IIpe/IosiaraeT HanIue
B B dyHKIMN, TOXKIECTBEHHO paBHOI ITEPEMEHHOI. 3aMeTHM,
9TO C COAEPKATETHbHON TOYKM 3peHusi (POPMyJIa IPeaCTaBIAeT
coboit cioBo, nmocrpoerroe n3 PC «bazucHbIXy GHYHKIMIA, CUM-
BOJIOB IIEPEMEHHBIX U «pa3enuTeseil», KOTopoe 3aaeT OCIe-
JIOBATEILHOCTD BBITIOJTHEHUST OIIEPAIIUAN CYIIEPIIO3UITIH.

JIrobas nepemennas x; u3 X cunraercs gopmy.aoti 2ayburvl
0 nad mroocecmeom B, KoTopasa peasnmsyer dbynknumio x;. Ec-
m o (x1,...,x,) € B u s kaxgoro i, i € [1, k], oupesenena
dopmyna F; rayOuHBI ¢; HaJ MHOXKECTBOM B, KoTopasi peaju-
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gyer dyukimio f; u3 Py, To 3amuck F Buga

3'230(3'1,...,3'“]9) (1.6)

ABJIsIETCS hopmyaoll eaybuns, ¢ = max{q,...,qx} + 1 nad B,
Koropas peasmsyer dyukuuto f sBuga f = ¢ (f1,..., fr). Bee
3aIIMCH, TOJy9IEeHHbIE B PE3YJIbTATE YKA3AHHOIO HMHIYKTHBHOIO
[IOCTPOEHUSI, U TOJHLKO OHU CUHUTAIOTCH (POPMYAAMU HAO MHO-
orcecmeom B. Tlpu sToM dopMysbl, mOJIydIeHHBIE B IIPOIECCE
HUHIYKTUBHOIO ITOCTPOeHUs POPMYJIbl F, HA3LIBAIOTCS €€ No0-
popmyramu, a te noadopmyast Fi, ..., Fp, U3 KOTOPHIX HA I0-
claedHeM IIare MHIYKTUBHOI'O IIOCTPOEHMS CTPOUTCS (POPMYJIa
F Buga (1.6), cunrarorcs ee zaasnvimu nogdopmyaamu. Ilog
caooterocmviro (parnzom) dopmysibl F MOHUMAETCST IUCIO BXOXK-
nennit B Hee PC (COOTBETCTBEHHO CUMBOJIOB IIEPEMEHHBIX ), KO-
Topoe obosnadaercs depe3 L (F) (coorsercrsenno R (F)).

@opmynnt F u F”, peammsyromue pasuble dynkmun [ u
f", HasBIBAIOTCS PaGHLLMU WU, MHAYE, IKGUGAACHMMHbLMU, 11pu
9TOM pabeHcTBO Buia t : JF' = F” cunraerca mosicdecmeom.
OOBbIYHBIM 00PAa30M BBOJATCS TOXKJIECTBA, XapaKTepU3yIOIue
CBOICTBA KOMMYTATHBHOCTH, ACCOUATHBHOCTHU U JIUCTPUOY THB-
HOCTU OuHApPHBIX (byHKIHH 13 P 4.

MHuozkecTBO BCex (byHKIHUi, peann3yeMbix (DOpMyJIaMu HAJT
B, mHazeiBaercs samoikaruem muOXKecTBa B. Ilpm sTom MHOXKeE-
crBO b cumTaercss moaHvim, €CIU ero 3aMbIKAHHE COBIIAIAET C
P4. B nmanbreitmem Joboe KoHedHOe MOJIHOE B P4 OasucHoe
MHOXKecTBO B Oyzmem HasbiBarh 6asucom. Ilpu sToM, B oTyimane
or [28], B B moryT npucyrcrsosars @AJI, npu yiaseHun Koro-
PBIX OCTaBIIEeCss MHOXKECTBO IIPOJOJIXKAET OBITH ITOJIHBIM.
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§2 IlIpeacraBiienue yHkIuii ajaredpbl JOTUKH C
MOMOIIBIO N3 bIOHKTUBHBIX HOPMAJILHBIX (bOpM
(JH®) u ero «reomerpuveckasi» WHTEpIIpeTa-
musi. Coepinennasi /JIH®, kpurepuii e ITMHCTBEH-
vHoctu JIH®

Muoxkecrso B, tine B = {0,1} un € N, 10 ecTb MHOXKECTBO Ha-
60poB inHBL 1 13 0 1 1, OOBIYHO HABBIBAIOT eOUHUYHBIM KYOOM
Wi 2unepkybom pasvepHocTu 7. OTHOIIEHNE IEPECTAHOBOY-
HocTH pasbusaer Ky6 B™ Ha KJIacChl 9KBUBAJEHTHOCTH (COUe-
ranusi) By, BY, ..., B}, tne B, i € [0,n], — Tak Ha3bIBaeMBblit
i-it caoit Kyba B", To eCTh MHOXKECTBO HAOOPOB C ¢ €TUHUAIIAMU,
u, ouesnzno, |BP| = (7).

Ha muoxkectBe B" BBe/IeM OTHOIIIEHHUE JIEKCUKOTPapUIECKO-
0 JINHEWHOTO MOPsI/IKa, KOTOPOE 33 aeTCs B3AMMHO OTHO3HAT-

HBbIM oTOOpazkeHueM (Hymeparueii) v: B™ — [0,2") takum, 910

n
viag,...,an) = Z ;2"
=1

Bamernm, 4To JBOMYHAas 3amuch unciaa v(a), « € B", no-
[IOJIHEHHAs CJIeBa, HyJsMH 10 Habopa IJIMHBI N, COBIAJIAET C
. AHaJIOTUIHBIM 00PA30M BBOJUTCSI JIEKCHKOIPAUIECKU 110~
psiok Ha Muoxkectse ([0, k))" npu k > 2. MuOXKecTBO HAGOPOB,
siBJIsTIOITieecst obpasoM orpeska [a, b], tue [a,b] C [0,2"), upn
orobpazkennn v~ !, HazpiBaercst ompeskom kyba B™.

st nabopos «, B uz B™ uepes p(«, 3) obosHauaeTcst Tak
Ha3bIBAEMOE PACCTOSTHIE X3IMMUHIA MEXKJIy HUMH, TO €CTh UNC-
JIO TeX Pa3psJioB, B KOTOPBIX OHU OTJIMYAIOTCSA JPYT OT Jpyra.
[Ipm sTOM HAOOPBI, HAXOISAIINECS Ha PACCTOSTHUU N, HA3BIBAIOT-
csL NPOMUBONOAONCHDLMU, 8 HADOPBI, OTIMIAIOIIUECS TOJLKO B
ofiHOM (i-M) paspsijie, CIUTAIOTCH COCCOHUMU (COOTBETCTBEHHO
cocedrumu no i-i nepemenrot). Ilpu reomerpuaeckom u3o6pa-
kennu Kyba B™ Ha MJI0CKOCTU BEPIMUHDI §-T'O CJIOS OOBITHO Pac-
[TOJIAralOTCS HA OGHOM U TOM K€ TOPU30HTAJILHOM yPOBHE HaJl
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(1111)

(111)

T(0221)

Puc. 2.1: B3 u B*, npumeps! rpanei

BepiHamu (i — 1)-ro ciost, @ = 1,...,n, a coceiHue BEPIITHBI
COEJIMHSAIOTCSL OTpe3KaMu psiMbIX (cM. puc. 2.1). MHoxkecTBO
HabopoB Kyba B™, HAXOAAMUXCS HA paccTosHu t (He GoJiblle,
geM t) or HabOpa (v, Ha3bIBAETCsl chepoli (COOTBETCTBEHHO Wi~
pom) paduyca t ¢ yenmpom cv. 3aMeTuM, UTO i-ii coit Kyba B"
sABJIIeTCs cpepoit pajinyca ¢ ¢ IeHTPOM B Habope 0= 0,...,0)
u cdepoit paguyca (n — i) ¢ eHTpoM B HabOpe 1= (1,...,1).

Ha muoxkectBe B™ oObIYHBIM 00pa30M BBEIEM OTHOIIEHHE
YACTUIHOTO MOPsIJIKa < TAKOe, ITO

a:(al,...,Oén)gﬂz(ﬁla-"vﬁn)

TOrJIa U TOJIBKO TOIJIa, Korja «; < [3; upu Beex ¢ € [1,n]. Ilpn
9TOM CUMTAETCsI, 9To @ < 3, ecmn o < f u a # (3, a HABOPHI
a, B u3z B", nsa koroppix o < fum S < o (o € Bu B £ a),
HA3BIBAIOTCS CPAGHUMBIMU (COOTBETCTBEHHO HECPAGHUMBLMU ).
s mabopa v = (1,...,Yn) JJIMHBL N HaJ MHOXKECTBOM
[0,2] gepes I', obGo3HAYMMM MHOXKECTBO BCEX TeX HabOOPOB v =
= (a1,...,ap) Kyba B™, mis KOTOPBIX (y = <; IPH BCEX i €
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l’lHO‘Tl‘l‘l‘l
O(joj 1,01
10011
a)
z o |&lv]e|~|o]]]]
0O 0O|o0oj0jO|1]|1]1]1
O 1y40j1}j1(0}|1]1]|0
1 00|11 (0|0|1/0
1 141|101 |1|0(0
b)
ay HasBaHue QyHKIWN f
(00) —70” (koHCTAHTA HYJIb)
(11) — 71" (KoHCTaHTa eMHUIIA)
(01) — roxkzecrBenHast DyHKIUST
(10) — orpunamnue
0001) — KOHBIOHKIW (yMHOXKEHHE)

— CyMMa, IO MOJTYJTIO 2
— 9KBUBAJICHTHOCTbH

— UMILTAKAIIAS

— mrpux Hledbdepa

)
)
)
)
0111) — AU3bIOHKIWS
)
)
)
)
) — crpeska [Tupca

c)
Puc. 2.2: P, (1) u «ocuosusie» PAJI uz Ps (2)
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[1,n] Takux, 4ro y; # 2. Muoxkecrso I', HaspiBaercs eparvio
kyba B"™, uuciso (n —r), paBHoe uuciay ”2” B Habope 7, caura-
eTCsl PA3MEPHOCTIBIO ITOU TPAHU, & YUCJIO T — €€ PAH20M. 3a-
MeTHM, 4TO yKasaHHas rpaHb ', mpejcrasiser coboil mojxy6
pasmepuoctu (n — 1) Kyba B™ u cocrout uz 2"~ Habopos, 0T-
JIMIAIOIIIXCS JIPYT OT JIPyTa TOJBKO B T€X pa3psijiaX, B KOTOPBIX
pacIoIo0KeHbl cuMBOJIBL 2" Habopa v. B wacrHOCTH, Ipaib pas-
MepHocTH 0 rIpejcTaBisieT coboit BepInHy Kyba, I'paHb pa3Mep-
Hoctu 1 — ero pebpo, rpaHb pa3MEpPHOCTH 2 — KBaJPaT, U TaK
nasee. Tax, Ha puc. 2.1 B ky6e B> Boienenst pepa Ny, ..., N,
a B Kybe B* Bblesiensl rpaHu T 0010)> I'(0200)> T'(0221) 1 I'(1222)
paszmepuocteit 0, 1, 2 u 3 coorBercTBeHHO. Jlerko BUIETH, UTO
rpanb I, panra (n —r) B ky6e B", rne v = (a,2,...,2) u
a € B™", cooTBeTCTBYeT OTpe3Ky Kyba JymHBL 2", a MHOXKe-
CTBO BCeX TpaHell yKa3aHHOrO BUIa oOpa3yer pas3buenune B" ua
[IOCJ/IE/IOBATEIbHBIE OTPE3KU.

Bynem, kak 00BITHO, PEAIIOIATATE, YTO Y HAC MMEETCs CIeT-
HBII yHopsiiodeHnblii audasut OyseBbix nepementbix (BIT) X =
{z1,29,..., 2y, ...}, n OysieM paccmaTpuBaTh MYHKIUH aaret-
pot noruku (PAJI), nim, unade, GyieBsl QYHKIUHE OT IEPEMEH-
HBIX 13 X, & MHOXKECTBO BCeX TaknX (pyHKIUI OymeM 0OO3Ha-
garh depes P (X), win P,. Byuem npezmonarars Tak:ke, 9To
KaXKJIbIil paccMaTpUBaeMbIil n-MepHBI KyO mmeer Bug B =
= B"(X), rae muOKecTBO 1epemennbix X = {xj,,...,2;,} CX
uji < -+ < jp, IpHYEM [IepeMeHHasI L, 171 Beex @ € [1,n] cBs-
3aHa ¢ i-M paspsgom kyba B™(X). MuoxkecTBo Beex dyHKImMi
asrebpsl sorukn f(zj,,...,x;, ), orobpaxkatomux ky6 B"(X) B
B, 6ynem obosnavars yepes Ps (X)), a ero m-1o j1ekapToBy cre-
[IeHb, TO €CTh MHOYXKECTBO cucreM Buga F' = (f1,..., fm), cocro-
Anmx n3 m Takux ysxmit, — depe3 Py (X). Kak npasuiio,
Mol OyzieM BbLiesaTh u3 X MuoxkectBo BIT X (n) = {x1,..., 2.},
rie n € N, Gygem comocrasisth emy nabop BII z(n) =
= (x1,...,xy) ubynem paccmarpuBarh MHOKeCTBO DAJT Po(n) =
P5(X(n)), a Takxe ero crenern Py*(n)= Py*(X(n)).
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Hns samarns @AJL f uz Pp (n) MOXKHO HCIIOJIB30BATH €€
. n
Tab/IHITy 3HaYeHNi, To ecTh Marpuity M n3 MmuoxKecTBa, B2 "1,
i-s1 CTpOKa, i € [1,2"], Koropoit umeer Bu/I

M (i, [1,n +1]) = (a, f (),

rae v (a) =4 — 1. IIpu srom croaben, M ([1,2"],n + 1), ommo-
saauno sagaomuit ®AJI f, cauraerca ee cTOIOIOM 3HAUCHMI
1 OOBIMHO 3AIMCHIBAETCS B BUJE TPAHCIIOHUPOBAHHON CTPOKH,
obosnadaemoii depe3 af. OTciona Ciieflyer, B 9aCTHOCTH, 4TO
|Py (n)] = 22". Ha puc. 2.2a (2.2b) mpuseieHb TabIHIbI BCEX
(coorBercTBenno «ocuoBHBIX» ) PAJI or BII 1 (coorBercraen-
HO 1, %2), & Ha PUC. 2.2C IepevnCIeHbl CTOIOIbI 3HAYEHNIT (¢ 1
HasBaHus i BeeX yKasaHHBIX OAJI. Cronber snauennii AJI
f u3 Py (n) upu jirobom k € [1,n) MOXKHO 3aIicaTh B BUJIE TIPSsi-
MOYTOJILHOM Tabmunbl (Marpuiel) mmaner 28 u picorsr 27F
CTPOKa KOTOPOIA, 1 € [1, 2""“], UMeEeT BU/I

af<<(z'— 1)2k,i2k}>.

Kpome Toro, ®PAJI f oaHO3HATHO ONPENE/ISIeTCS] CBOUM Tapak-

, -

MEPUCTNUYECKUM MHOHCECMEOM, KOTOPOE COCTOUT U3 BCEX Ha-
Gopos a € B™ rakux, uro f (o) = 1, u obo3nagaercs gepes Ny,
a TaKzKe ero JIonoyHenneM N f = Ny = B" \ Ny. Bamernm, dTo
QAJI f apnsieTcst xapaKTepUCTUIECKON (DYHKIMEH MHOXKECTBA
Ny.

Ha puc. 2.3a nokaszana rabymiia 3aadennit PAJI rpex nepe-
MeHHBIX H (21, T2, T3), KOTOpast HasbIBaeTCs QYHKIWE 20.40C0-
6anus, HA puc. 2.3b IPUBEIEHBI TPSIMOYTOJIbHBIE TAOJIUIBI ee
3HaUEHW, a Ha puc. 2.3C BHIMUCAHBI HAOOPHI MHOXKeCTB Np 1
Ny.

Herpymaro ybequTbest B TOM, ITO OMHApHBIE oreparuu &, V,
@ YIOBJIETBOPSIOT OOBLIYHLIM <«AJIPeOPAnIECKIM» TOXKIECTBAM
ACCOMMATUBHOCTH U KOMMYTATUBHOCTH, a olepanus &, Kpome
TOro, — TOXKIECTBAM JUCTPUOYTUBHOCTH OTHOCUTEIHHO V U B,



19

§2. Ilpencrapiaerne PAJI ¢ nomorrpro JTHD

H

T2 XT3

T

0 011
01 01

T2
T3
1

1
0

0
0

Yg
Tr1 T2
0

0

0 001

0111

Ny = {(011),(101), (110), (111)}

Ny = {(000), (001), (010, (100)}

Puc. 2.3: dyHkIus rosocoBanus
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C HOMOIIBIO KOTOPHIX MOXKHO PAcKpbIBaTh CKOOKu'. 3ameTmm,
Tak»Ke, ITO UMEIT MECTO CJIEAYIOIINe TOXKIECTBA IIPUBEICHUS
I10JIOOHBIX

z-0=zx-T=cdr=0, zVli=zsVZi=xdT=1, (2.1)
r-x=xVr=zV0=xd0=z-1=uz, (2.2

x1V X129 = 21, 2,3)

IIOCJICIHEE N3 KOTOPBIX HA3LIBACTC «TOXKICCTBOM IIOITIONICHUST ».
Hanomumm, aro ®AJI Buma

f(xlw-'axn):alxl@"'@anxn@ao

u3 P5 (n), rue oy, . . . , i, — OyJI€BbI KOHCTAHTBI, HA3BIBAETCS AU~
netinott AJI u 3amerum, aro cymecrsenubiMu BII sroit GAJI
sIBJIsTIOTCsI Te 1 TosibKO Te BII ; u3 muoxkecrsa X (n), st Ko-
TOPBLIX «KO3(PuIMenT» a; pape 1. 3amernm Takke, aro GAJI
by =21® - @apuly, =2, Oz, H 1l ABIAOTCT eINH-
CTBEHHBIME CymiecTBeHHbIMN JuHedHbMu PAJL B P (n).

Paccmorpum HekoTopbie GOPMYJIbI «aaredpandeckoroy TH-
I1a. HaJ[ MHOYXKECTBOM

by = {33'1 -T2, 1V T2, fl} .

Oyuknuu x; U T; Oyraem Has3weBaTh bykeamu BII z; u, kax 0ObIU-
1o, 6y/eM cauTaTh, uto rV = T;, x} = x;. Kowbionkius (usb-
oakius) r, 1 < r < n, 6yks pasiuunbix BIT u3 mMHOXKe-
crBa X (n) HA3BIBACTCS aAeMeEHMAPHol Konsrorkyuel (COOTBeT-
CTBEHHO 24eMeNmaproti Qudstonkyuell) panza r om OYseeuix ne-

pemennoir X (n). Uz (2.1), (2.2) caexyer, 9ro sj1eMeHTApHAs

Tpu samucu bopmyr nam P (2) Gysem NpuMeHATH OGBIYHBIC COIVIA-
LIEHUS O «CHUJIe» Ollepanuii, B coorBercTBun ¢ KoTropbiMu OAJI — cunbHee
DAJT &, a DAJI & cusbree Bcex ocranbabix PAJI or ayx BII. Kpome To-
ro, BHEITHUE CKOOKU U CKOOKH, 3a,IaI0LI1E TTOPsII0K MHOTOKPATHOT'O BBIIOJI-
HEHMsS OJHON M TOM ke OMHAPHON accomuaTHUBHOI omepamuu &, V, ~, @,
OyzeM, Kak IIPaBUJIO, OILYCKATD.
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koubionknus (OK) K = 27! -+ - 2] u ajemMenTapHas IU3bIOHK-
g (D) J = afl v val el < iy < -o- < dp <
apgrorca xapakrepucrudeckumu PAJI rpann N = I'g u ee
pononnenuss Ny = B™ \ T'g, rae nabop (8 us ([0,2])" obia-
Jaer TeM cBoiicTBoM, 4TO 3 (ip) = oy upm Bcex p € [1,7] n
B (i) = 2 B ocraJbHbIX ciaydasx. Tak, sjJeMeHTapHbIe KOHbIOHK-
AU T1ToX3T4, T1T3T4, £1T4 W 1 panra 4, 3, 2 u 1 cooTBet-
crBerHo or BII 1, xo, T3, T4 SIBISIOTCS XapaKTEPUCTUIECKAME
DAJI rpaneit ky6a B*, nokazanueix Ha puc. 2.1b. Byxem cun-
TaTh, 9TO KOoHCTaHTa 1 (KoHcTaHTa () SBJISIETCS dJI€MEHTAPHOMN
KOHBIOHKITEN (COOTBeTCTBeHHo 3JIEMEHTAPHOMI ,ZLI/I3"I>IOHKIH/I€I71>
panra 0. 3amerum, 9TO JIOOAST OTJUYHAS OT T1 B Lo U T1 ~ X2
cymecreerrass QAJI or BIl x1, xo asaserca mmubo K, mubo

/1 panra 2.

JIM3BIOHKIMST PA3INIHBIX 3JIEMEHTAPHBIX KOHBIOHKITUN Ha-
3BIBAETCS QU3BIOHKMUBHOT Hopmaavrol gopmoti (THD), a korb-
TOHKITAST PA3JINYHBIX JIEMEHTAPHBIX JUIBHIOHKIMNH — KONBGI0HK-
muenoti nopmaavrot gopmott (KHD). IIpu srom THD (KHD)
canraercs cosepwennol, ecan Bee ee DK (coorsercrsento /1)
CYIIIECTBEHHO 3aBUCAT OT ofHux u Tex ke BII, a ux panr pa-
Ber uucity srux BII. Yucno DK (910) 8 ITHD (coorsercrBento
KH®) 2 nasbiBaercs ee daunoli n obosnadaercst aepe3 A ().
JIiobyio @AJIL f(z1,...,2,), OTINIHYIO OT KOHCTAHTHI, MOXKHO
npencTaBuTh B Buie ee coepieHubx JIH® u KH® cuemyio-
M 00pa3oM:

f(l'l’"')xn): \/ l’?llﬂzn:

(Oq,...,Oén)ENf

= A (#lvoval). e

(B1,--»Bn)EN

Tak, copepmennas JJTH® ®AJI g (21, z2, x3), 1u1s1 Kotopoit N, =
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{(000), (111)}, (cm. puc. 2.1a) numeer BuL

g(z1,m2,73) =
= 17973 V T122T3 V T1X2T3 V T1X2x3 V T1T2x3 V T1T2X3.

Bamerum, aro jobyo PAJL f uz P (n), OTIMIHYIO OT KOH-
craaTbl 0, MOXKHO TIpeacTaBuTh ee copepienHoit JTH® Bunpa
(2.4), a DAJT f =0 — dopmynoii x; - T1. CireoBaTesbHO, JIIO-
bast DAJI uz P> moxker OBITH peasim3oBana (opmyJioit Haj By,
7 ITO3TOMY MHOXKeCTBO By siByisieTcst basucom Ps.

Cosepiiennyio JTHD (2.4) obobriaer cieyroniee mpeacras-
JIeHne, KOTOPOe HA3BIBAIOT OOBITHO pasjioxkenueM [llernHomHa:

) =N e (@), 25)

0"'=(0g+1,--,0n)

raeq € [0,n], 2" = (z1,...,2q¢), 2" = (Xg41,...,2n) 1 for (2) =
f(2',0"). Bamernm, uto npu g = 0 Bee «ocrarounbies DAJI
for (2') aBASIIOTCH KOHCTAHTAMM.

IIpencrasienne OAJI B Buge JTHO wim KHO umeer mpo-
CTYIO T€OMETPHUYECKYIO HHTeprpeTanuio. [lycrs

f(z1,...,zp) =K1 V...VKs =2, (2.6)
f(xla"'al‘n):Jl"' Jt:%a
e Ky, ..., Ks (J1, ..., Ji) — pasimunbie 9K (coorsercrBen-

Ho /1) or BIT xy,...,z,. U3 (2.1), (2.2) caeayer, uro upes-
crasienus (2.6) u (2.7) 9KBUBAJICHTHBI CJIE/LY IOIINM IIOKPBITHSIM

muozkecTB Ny u N ¢ rpansmu Kyba B™

Nf:NKlLJ...UNKS; (28)
Nf:WJIU...UNJt.

Taxk, mpencrasienne

g(l‘l,xg,ﬂjg):Kl\/...\/Ke;, (2.10)



§3. Cokpaiennast JIH® u criocobbl ee OCTPOEHHS 23

e Ny = {(000),(111)} n

K| = x173, Ky = 2073, K3 = 7129,

Ky =m23, K5 = Toxs, Ke = 2172,

cooTsercTByeT HOKpLITHIO Ny = N1 U ... UNg, r1e N; = Nk;,
npu Beex ¢ = 1,...,6 (cm. puc. 2.1a). Bamerum, 4TO COBEp-
menmble JJHO n KHO ®AJI f us (2.4) 3a1a10T HOKPBITHE MHO-
xects Ny u N coorBercTBenHo rpansymu pasmepaoctn 0. IIpu-
HUMas BO BHUMAaHNE YKAa3aHHYIO BBIIE T'eOMETPUIECKYIO HHTED-
[IPETAIUIO, MBI He Oy/IeM B JIAJbHEHIIEM JIeJIaTh CYIECTBEHHBIX
pazsmunit Mexxy 9K K; u coorsercrByiomeil eii rpanbio N,
a rakxke Mexy JTH® suma (2.6) u coorBercrBytonmM eii mo-
KpbiTueM (2.7).

Jlemma 2.1. Cosepwennan JH® PAJI f, f € Pa(n), acas-
emcs eduncmesennol JJHD om BII X (n), xomopas pearusyem
omy PAJI, mozda v moavko mozda, xozda 60 mmoscecmse Ny
HEM COCeIHUT HAOOPOE.

Joxasameavemeso. Cosepriennas JIH® OAJI f asnstercs exnn-
creennoit JTH® or BII X (n), koropas peamusyer sty DAJI,
TOrJIa U TOJILKO TOTJa, KOTjla B MHOXKecTBe Ny HeT rpaneii pas-
MepHOCTH 60J1bIIIE ), ITO SKBUBAJEHTHO TOMY, 9TO B MHOYXKECTBE
Ny ner coceHux HabOPOB. ]

Caencrsue. Cosepwennve JHD QAL L, l,, asasomcs eoun-
emeenwmnvimu JJTHD omux OAJI om BII X (n).

§3 Cokpamrennas JTH® u ciocoObI ee mocTpoeHust

Paccmorpum Temepb HekoTOpble crernuaabible Buabl JIHD u
UX «P€OMETPUYIECKYI0» HHTEPIIPEeTalnio. byieM roBopuTh, ITO
DAJL f' umnauyupyem PAJL f”, wm, unage, ®AJL f” no-
enowaem PAJL f' ecom Ny C Npr, TO €CTh HUMIIMKAIHAS
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(f" — f") roxmecrsenno pasna 1. DyieMeHTapHAsST KOHBHIOHK-
nust, koropas uMmiumnupyer OAJI f| HasbIBaeTCS UMNAUKGH-
mot 3toit DAJI. 3ameTnM, 9TO OTHOIIEHUE UMILIAIUPYEMOCTH
SBJIAETCS] OTHOIIEHHEeM YaCTUYHOrO HOPsaKa U 9To f' mMILIu-
mupyer f” Torma m tombko Torma, korma f” = f'V f" wm
= 1" f". Orciona cnenyer, B wacraoctu, yro K K’ umrm-
mupyer 9K K’ Torma m ToJBKO TOrma, KOrja MHOKECTBO OYKB
K" conepxkunrca Bo muoxkecrse 6yks K', To ectrb K' = K" - K
s mekoropoit 9K K, ne nveromeit o6mux 6yks ¢ 9K K. 9o
o3HadaeT, 4To B JgaHHOM ciydae DK K’ Moxker ObITH «ycTpa-
nena» u3z JH® K"V K' ¢ noMolpbio TOXKeCTBa [IOIJIONIeHHs
(2.3).

Ju3bloHKTHBHY0 HOpMaJIbHyo dhopmy A Buja (2.6) Gyxem
vasbBarh JJH® 6e3 nozaowenut K, eciu HU onHa u3 rpaHeit
Nk, ..., Ng, He cOmepKUTCS HU B OHOI U3 JIPYTHUX IpaHeil
nokpbiTHs (2.8). Ha «s3bIKe NMILTHIIIPYEMOCTH» 9TO O3HAYAET,
aro Hu ofHa u3 DK K, ¢ € [1, s|, He aBIgeTCH UMIUIMKAHTOL
OK Kj, rne j € [1, s] u ¢ # j. 3ameTuM, 4TO C IIOMOIIBIO TOXK-
nectsa norsomenus (2.3) uz soboit JTHP A moxkuo nomynTs
JH® 2. 6e3 moriomennit K.

Nmvmmkanra K @AJL f HasbiBaeTcss npocmots uMniuKaH-
mot stoit OAJI, ecsiu OHa He IMOIVIOIIAETCS HUKAKON JIpyroi
oTm4aHoi oT Hee nmmtuKanToit PAJI f. U3 onpenenennit u or-
MEUEHHBIX BBIIIEe (PaKTOB CJIEIYeT, UTO B IPOCTYIO UMILINKAHTY
DAJI f me BxomsaT 6yKBBI HecyTnecTBeHHbIX BIT 9T0it AJI 1 uTo
u3 jiroboit uMmimkaaTel QAJL f MOXKHO OJTyIUTH ee POCTYO
UMILUIMKAHTY yJajieHneM HeKoTopbix OyKB. Ilociennee o3nada-
er, uTo jobast umiinkanTa OAJI f uMmimnupyer HEKOTOPYIO
mpocTyio uMITUKaHTy f. C «reoMeTpudecKoity TOUKU 3peHMUsT
npoctbie uMIMKAaHTHI OAJL f cOOTBETCTBYIOT MaKCHMAJIBHBIM
0 BKJIIOYEHUIO TPaHsaM MHOXkKecTBa V.

Jusbiorknust Beex mpocTbix uMInkanT PAJI f naswiBaet-
ca ee coxpautennoti JJHD. 3amerum, uro cokparnennas JIHD
QAJl f asnstercas JIH® 6e3 morsomennit u 9ro eif cooTBeT-
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CTBYeT IIOKPBLITHE MHOXKecTBa [Nf BCEMH MaKCHMAJLHBIMU II0
BKJIIOUEHHIO IpaHamm MHoxkecTBa Ny aroit OAJL. Ykasannoe
COOTBETCTBHE IO3BOJISIET CTPOUTH Ccokparienuyoo JIH® wa oc-
HOBE <«IE€OMETPHIECKUX» cooOpakeHuil. Tak, B COOTBETCTBUH
¢ puc. 2.1 npasas yactb (2.10) siBasiercsi cokparennoii JTHO
DAJI g, a u3 puc. 3.1a BeiTekaet, uro cokpainennas JJHO OAJI
g (z1, 22,23, 4), 15t KOTOPOIE (tyy = (111110111101 1010), mme-
eT BUJL

Jd=K|V...VK7, (3.1)
rJie Ki = I374, Ké = T273, Ké = T2oX4, Kfl = T1723, Ké =
= 2974, K§ = T1T4, K, = T1To, npuuem DK K/, i =1,...,7,
coorsercrByer rpanun N, = Ny Ha puc. 3.1a. Ha puc. 3.1b

HpHUBEJIEHa JJIf HarIAHOCTH «pa3BepTKa» MHOXkKecTBa Ny 1
COCTaBJISIONINX €r0 MaKCUMAJIbHBIX Ipaneil ykazannoit ®AJI ¢'.
Jlerko Bugers, uro cokpamentas JJH® K unu /1 coBnagaer
C Hell caMOIi.

Yrobbl cuenars nocrpoenue cokparnennoit JHD naa OAJI
f, [ € Py(n), 6osee HAIISIAHBIM, YACTO UCIOJIL3YIOT €€ Mpe/i-
craByienue B Bujie kapmoi Kapro, To ects B Bujie Tabutpt 1o o( f),
B KoTopoit Habops! (10) u (11) mepecTaBIeHbl, a IPOTHBOIIOIOK-
HBIE CTOPOHBI OTOXKJIECTBJIEHBI IO THUITY «TOPa». 3aMEeTHM, 9TO
moboe pebpo Kyba B cooTBeTCcTBYET JBYM COCENIHNM KJI€TKAM
yKa3aHHOIl Tab/InIbL, a JI060it KBagpar B B* — mm6o kBaapary,
COCTABJIEHHOMY M3 YEeThIPEX COCEIHUX KJIETOK TaOJIUIbI, JTHOO
ee crpoke mwiam crosbmy. Ha puc. 3.2 npusenena kapra Kap-
o ®AJI ¢'(x1, x2, T3, T4) U yKA3aHBI BCE MAKCHUMAJIbHBIE TDAHN

stoit DAJI.

Teopema 3.1. IIycmo A u A" — coxpawernnve JHD DAJI
' u " coomsememeenno, a JJH® A 6es nozsowenuti noaya-
emea us gopmyave A - A" 6 pesyavmame packpvimus ckobox
u npusederus nodobnwvix. Toeda A — coxpawenrnas JHDO OAJI

f=1
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Bs = (1011)
N3
az = (1001) az = (0001 ar = (0011)
NN |
Bo = (1000) ap =0 as = (0010)> B+ = (0111)
N1 No
a1 = (1100) a5 = (0100) g = (0110)
N5
Bs = (1110)
b)

Puc. 3.1: «reomerpusi» cokpamennoit JTH® ®AJI ¢’
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Tz 01|10
x&fso 0|11
0 0 1 1 1 171
0 1 [1]0]1][]
1 1 [[1]]o]ol]
1 o [AfT]1]o

b)

Puc. 3.2: kapra Kapuo ®AJI ¢
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Jloxasameavcmeo. ocraTodno mokasarh, 9To B 2 BXOIAUT JIIO-
bast mpocrast uMmiinkanTa QAJI f. [lycrs 9K K sBisiercst mpo-
croii mmrmukauToir @AJI f u, ciemoBarenbHO, SIBJISIETCS WM-
mukanToit kak @AJI f/, rak u ®AJI f”. U3 cBoiicTB cokpa-
mennbix JTH® orrekaer, uro B A u A" naitnyrea 9K K' u K”
COOTBETCTBEHHO, KOTOphie uMmiLtuiupyorces 9K K. Takum 06-
pason, B JTH® 2 soitner ummmmupyemas PAJT K- K" DK K,
KOTOpast MOJIYYUTCSA B PE3YILTATE PACKPBITHSA CKODOK U TIPUBE-
nennst moaobueix B dpopmysne A - A”. Bamernm, uro npu sTom
9K K nmmmunupyer PAJI K'- K" u, cienopare/bHO, MMILIAIM-
pyer 9K K. [Tockonpky DK K siBastercst umiuinkantoit @AJT f
u, ojiHOBpeMeHHO, nMiumnupyercs YK K, to K=K , TaK KaK
K — npocras nmmmukaata GAJT f.

Teopema jokazana. ]

CaencrBue. Ecau JHD A 6es nozrowenul nosyvaemcs u3
KH® B QAJI f 6 peayavmame packpoimus ckobox u npusede-
HUA NodobHbix, mo A — coxpawennas JHD PAJI f.

Ipumensisa crencreue us teopemsbl 3.1 Kk @AJI ¢, nokazan-
Hoit Ha puc. 3.1-3.2, moayunum (cpasuure ¢ (3.1))

D=(T1VZ2VTy) (21 VT2 Va3V Tg) (T1 VT2 VI3V ay) =
= (Ta VT4 VT123) - (T1 VI VT3V xy4) =
=23T4 V T124V T1T9 V ToZ3 V X2T4 V T123 V ToX4.
Crnenyrommit meron (meroy Bueiika [6]) mosBossier mosty-
qath cokparieanyo JH® OAJI f us npoussosbHoit JIHD sToit

®AJI ¢ noMOIIBI0 SKBUBAJIEHTHLIX IIPeobpa30BaHuil Ha OCHOBE
TOXKIECTBA, ODOOIIEHHOIO CKJICHBAHMSI:

T1Z2 V T1x3 = 122 V T1x3 V T2X3.

Jiobag JTH® 2, koropyo MoxuO noayunth u3 JHD A
myreM (pOpPMUPOBaHUS B Heil ¢ MOMOIIBIO TOXKJIECTB acCOIa-
TUBHOCTH ¥ KOMMyTaTUBHOCTH mtoadopmyn euga x; K’V T; K",
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IIpUMEHEHUsI K ITUM TOA(POPMYJIaM TOXKIECTBA 0DOOIIEHHOTO
CKJICUBAHUS

oK'V, K" =2, K'vVT; K" v K'K" (3.2)

U TIOCJIE Y IOIIEro IPUBEIEHUS [TOI00HBIX, HA3BIBAETCS Pacuiupe-
nuem JTHD 2. Pacmpenne 2" JTH® A cuanraercs cmpozum, ec-
mu A conepzkut K, He SBIAIONIYIOCS UMILIMKAHTON HU OJHOI
9K u3 . amerum, uro cokpaiennas JIHD ne numeer crporux
PACIIIUPEHU U YTO B PE3YJILTATE IMOCTPOEHUS TOC/IEI0BATEb-
HBIX CTPOTUX PACIIUPEHUI U HPUBEJEHUS TOJ00HBIX U3 JI000i
JTH® moxkuo nosnyuants JTH® 6e3 norsomnenunit 9K, koropast He
UMeeT CTPOTruX PacCIIupEHnit.

Teopema 3.2. JJHD 6es nozrowenuti K saeasemesn coxpa-
wennotit JJTH® mozda u moavko moezda, xozda ona He umeem
CMPOUT PACUUPEHUT.

oxasamenvemso. Hocrarouno ybemurbesi B Tom, aro JJTHD A
6e3 norsomennit YK, He uMeIonas Crporux paciIupeHuii, co-
JIEPXKUT BCE TPOCTbIE MMILIUKAHTHI peanudyemoii eto GAJI f.
IIycre X (n) = {x1,...,2,} — muoxkecrBo BIT JTHD A, a K —
rpocTasi UMILInKanTa, f, koropas ne Bxoautr B 2. Paccmorpum
MHOXKecTBO K, cocTosiinee 3 BCeX TeX 3JIeMEHTapPHBIX KOHbIOHK-
it ot BIT X (n), KoTopble sIBIASAOTCS UMILIUKAHTaMA f, HO HE
SIBJITIOTCST UMIIMKaHTaMu Hu ofHoi DK m3 2A. 3amerum, 1To
muokecTBOo K He mycro, Tak Kak cojepkur 9K K B cuy ee
cBoiicT, u uTo K HEe MOxkKeT comepkaTh JK panra n, mockosb-
Ky sobas K suma x1" .20, e « = (aq,...,a,) € Ny,
siBjisteTcst uMILimkanToit Toir K u3 A, koropast obpariaercst B
1 ma HabOpE «.

IIycrs, nasnee, k — 9K makcumasibroro panra B K, npudem,
Kak Obu10 oTMeueHo, R (k) < m, u nycrb 6ykBbl Hekoropoii BII
zi, 1 < i < n, ve Bxonar B k. Toryga, B cuy Beibopa 9K k u
cpoiicre [TH® A, 9K Buna x; -k (Buga T; - k) no/kHa ObITH MM-
wmkanToit Hekoropoit YK suna ;- K’ (coorsercrenno T;- K")
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u3 A, rie OK K" u K" cocroar us 6yks 9K k. Crenosaresn-
no, K k asnaerca nmmmkanToit 9K K pasnoit K'- K", a QK
K, B CBOIO 0uepe/ib, sIB/ISeTCs IMILIIKAHTOl HeKoTopoit DK 13
A. IeiicrBurenpuo, JIHO 2 He nmeer cTporux paciiupeHuii u
nosromy comepzkur DK, koropas mmmmmupyercs DK K, mmo-
nyqatoreiica uz nogdopmysl ; K’V T; K" B pesynbrare sk-
BUBaJICHTHOTO mpeobpasoBanust (3.2). Takum obpasom, DK k
SIBJISIETCST UMILIMKAHTON HekoTopoit K u3 A u He MoxkeT BXO-
guth B K. Ionydennoe nporuBopeune jjoka3piaet, 4ro K K
BXoauT B 2.

Teopema jokazana. O

Caencteue. Uz a060t JHDO A PAJI f moorcHro noaywumos co-
xpawennyro JTH® smoti @AJI 6 peaysvmame nocmpoeHus, no-
CAEAOBAMEALHILT CMPORUT pacwuperuli u npusederus nodob-
Hux do noayvenus JTHD 6es nozaowenutd 9K, ne umerowed
CMPOUT PacUUPEHUT.

Bosbmem gy1st ipumepa B kadectse JJHD A coseprenuyio
JTH® OAJI ronocosanust H (1,22, 23), KOTOpasi UMeET BU/T

A ($1, x9, $3) = 12223 V T1X2X3 V £1T2x3 V T1X2T3.

[Mpumensis k A meron Bieiika, momyanm:

A = (33‘1.7}2$3 V fl$23§‘3) V £1ZT2x3 V X122T3 =
= Tox3 V T1T2x3 V L1T2T3 = (ZL'Ql‘g V le‘ll‘g) V X129%3 =
= xox3 V 2123 V 1X2T3 = To2x3 V (173.%1 V fgl‘l$2) =

= x9x3 V X123V T129. (33)
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§4 Tynukosbie JTH®, sapo u JIHP nepeceuenue
TynukoBbix. /IH® Kgsaitna u J/IH® cymma Ty-
NUKOBBIX, KPUTEPUIl BXOXKJIEHUS ITPOCTHIX NM-
MmInKaHT B TynukKoBbie JJH®, ero smokaabHOCTH

Bynem rosoputs, uro JTH® A, peanusyromas PAJI f, saiser-
et mynuxosoti JTH®, ecin f # A mna moboit JTH® A, momy-
qeHHOI u3 2 B pe3yJsibrare yIaJeHUsI HEKOTOPBIX OYKB WM Tie-
apix DK. U3 onpenenenns BoiTekaeT, 9To B Tymukosyo JIH®D
A ®AJI f MOryT BXOJUTH TOJBHKO MPOCTHIE UMILIUKAHTBI TOMH
QAJIL, u aro A sBistercst JIHD 6e3 norutormenniit K. C «reomer-
pudeckoity Touku 3perus Tynukosas JJH®D A PAJI f zanaer
TyrukoBoe (cM. §1) mokpeitie MHOXKeCTBa N f MaKCHMAJIBHBIMI
rpausmu OAJI f u obparHo.

ITocTpoenne Bcex mim HEKOTOPBIX TyIUKOBLIX JH® mis 3a-
nanuoit GAJI f gapisiercst, 0OBIYHO, TPOMEXKYTOUHBIM STAIIOM
IpU TIOCTPOEHUN MUHUMAAHoT (kpamuatwet) JTHD® DAJT f,
1o ectb JIH®, Koropasi uMeeT MUHUMAJBLHBIN paHr (COOTBET-
crBenHo jutnHy) cpean Beex JJH®, peanusytonux f. Drto cBsi-
3aHO ¢ TeM, uTo MuHuUMaJbHag JIH® obszaresnbHO sBisgeTcs
TYIUKOBOM, a cpean Kpardaimmx JIHD Bcerma ects Tymmko-
Basl.

ITpu mocrpoennn TymukoBbix JTH® OAJI f 6piBaeT mosesHo
suarh JJH® nepeceuenue mynuxoswr (JHD NT) GAJL f, To
€CTh JTUIBIOHKIWIO BCEX TEX PA3JUIHBIX MPOCTHIX UMILIUKAHT
sroit PAJI, koTopbie BxogAT B 00yi0 TynukoByio JTHD DAJI

f.

HaGop «, a € B™, nasbisaercs adposoti mowkots PAJL f (xq, ...

ecmi & € Ny 1 @ BXOIUT TOJIBKO B OJIHY MaKCUMAaJbHYIO I'DaHb
QAJI f. llpu sTtom rparb N, SIBISIOMASICS MAKCUMAJIBHOM
rpaabio QAJI f u comepxKalasi TOUKY «, CIATAETCST A0POBOT
epanvro DAJL f, a COBOKYITHOCTD BCEX PA3JIMIHBIX SIIPOBBIX IDa-
et @AJI f naswiBaercst adpom PAJL f.
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Jlemma 4.1. JlusstonxmusHaa nopmasvtaa gopma NI OAJT
f cocmoum us mex npocmox umnaukanm QA f, xomopuie
coomeememeyrom Adposovim eparam amoti PAJL

Jloxazamenvemso. Ilycrs rynukosas JJTH® A DAL f (z1, ..., xy)
He BKJIIOYaeT B ce0sI MPOCTYIO UMILIUKAHTY K, KOTOpas coOT-
BercTByeT sipoBoit rpann N @AJL f, comepxarneit siapoByio
touky « 31oit DAJIL. TTockosbKy Bce ormvanble 0T K 1IPOCTHIE
nmiakadTel PAJL f obpamratores B 0 na mabope «, To JJTHD
2 rakxke Oymer paBHa 0 Ha 3TOM HabOpe U, CIEIOBATEIHHO,
f () = 0. Iomy4ennoe nporusopeune ¢ TeM, 4to o € Ny, J0-
Ka3blBaeT HeoOXOonMMMOCTh BKIoUeHnst DK K B JI00YI0 TyIHKO-
Byt JTHO OAJI f.

[Tycts Teneps mpoctast nmmankanta K @PAJL f coorseTcTBy-
er rpanu N, koropas He BxoauT B syipo GAJI f. Ilpu sTom
KaxKJiasd To4uka rpaHun N MOKPBIBAETCS XOTs Obl OJHON OT/INY-
Hoit or Nk makcuMmaJjbHoii rpanbio @AJI f. CiemoBaresibHo,
Bce orsmuHble 0T Ni MakcuMmajbHble Tpanu PAJI f obpasy-
IOT IOKpPBITHE MHOKecTBa Nf, U3 KOTOPOIO MOYKHO BBLIIEJIUTH
TYIUKOBOE ITIOJIIIOKPBITHE, COOTBETCTBYIONIEe TynukoBoii JTHD
DAJI f, ve conepxaeit 9K K.

JlemMma okazana. d

Ucxonst n3 «reoMeTpuIeckux» COOOparKeHmit MOYKHO HAXO-
JIMTH BCe miin HeKoTopbie TynukoBble JIH® st @AJT ot HeOGOIL-
moro uncsa BII. Tak, manpumep, cokpamiennas JTH® (3.3)
st DAJL «romocoBanusiy H (x1, T2, x3) sIBIISIETCS] €IMHCTBEH-
Hoit Tynukosoit JTH® sroit DAJI, PAJI g (z1,z2,z3) (cM. puc.
2.1a u (2.10)) umeer nsarh TynukoBbix JJTHO —

A1 =K1 VK3V Ks, =KoV KyV Kg, (4.1)
A3 = K1V KoVKyV K5, Ay =KoV K3V K5V Kg,

(4.2)
As = Kg VK4V Kg VvV K1,
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ay ®AJT ¢ (z1,29,23,24) (cM. puc. 3.1-3.2 u (3.1)) umerorcs
nBe Tynukosbie JTHO —

' =K{VK,VEK;VKL A,=K),vK;VvVKjVK; (43)

ITpu stom JTH® Ay, Ao B (4.1) u JTHD A}, A, B (4.3) saBsi-
FOTCST MUHUMAJILHBIMEA ¥, OJHOBpPEMeHHO, Kpardaimumvu JTHO
DAJI g u DAJI ¢’ coorBercTBEHHO.

ITpu mocrpoennn TymukoBbix JIHO OAJI f wapsany ¢ JTHD
repecevenne TYMUKOBBIX mosie3uo 3uHaTh JAH® cymma mynuko-
soir (JIHD XT) OAJL f, 10 ecTh JUIBIOHKIMIO BCEX TEX Pas-
JIMIHBIX TPOCTHIX MIIUKAHT 310t DAJI, KoTOpBIe BXOIAT B
xoTst 661 B ojiHy Tymukosyio JIHD @AJI f. 3amerum, uro JTHD
NT ®AJI f B obmem ciryuae He peanusyer camy PAJL f, a B
HEKOTOPBIX CJIydasiX d, B yacTHOCTH, B cirydae PAJI g (eM. BbI-
mie), MoxeT ObITh mycroii. B o xke Bpemss JJH® X7 OAJT f
Beeryia peanuzyet 31y PAJI, comepKuTcst B ee COKpAIEHHOH 1
MOXKET C Heil COBIIaJIaTh, KaK 3TO UMeeT MecTo B ciydae OAJI
g wm B ciaydae PAJI «romocoBaHus».

Bynem maszwars @AJL adposoti, ecam Bce ee MaKCHMAJb-
HBIE TPAHU SIBJISIIOTCS siipoBbIMuU. V3 jiemmbr 4.1 ciemyer, 1To
cokparrennas JTH® saposoit DAJI sBiasieTcs ee eTMHCTBEHHOMN
ryrmukoBoit JITH®. Ilpumepom simposoit PAJI sieasiercs OAJI
rostocoBanus (3.3) (cMm. Takzke §6).

Ju3bIoOHKTUBHAS HOPMaJibHasi (hopMa, IOJIyYalomasicsd u3
cokpamennoit JIH® ®AJI f ynanenuem tex DK K, misa Ko-
TOpbIX I'paib N mokpeiBaercs ssupoM GAJI f, HO He BXomuUT B
wero, HazweiBaercsi JJTHO Keatina sroit PAJL. M3 onpenenenuii
caenyer, aro JH® Kpaitna @AJI f Britouaer B cebs JHD YT
sroit PAJI u comepxurcst B ee cokpariernoit JTH®. 3amerum,
aro s PAJL g” (w1, 29, x3), mokasanHoit Ha puc. 4.1, ee co-
kpamennasa JH® nmeer sug g = 2973 V T1x9 V T123, TO €CTh
ornu4aaercs ot JTH® Kgraitna, koTopast siBIseTCs e TMHCTBEHHO
rymukosoit JJH® sroit ®AJI u umeer sug ¢” = 1973 V T1x3. B
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(111)

1) €3

(000)

Puc. 4.1: «reomerpus» cokpamennoit JTH® ®AJI ¢”

10 2ke Bpems g PAJT ¢’ nokazannoit na puc. 3.1, JIH® Ksaii-
Ha coBrajaer ¢ cokparnennoii JJH® sroit ®AJI u orauyaercs
or ee JTH® ¥T, koropast (cM. Bblllie) paBHA

K| VK,V K,V K)VKL.

Hns ®AJT f (z1,...,2,) n HAOOPA @, v € Ny, 0603HATHM
gepe3 I, (f) MHOXKeCTBO BCEX MPOXOJSIIAX Y€Pe3 (¢ MAKCH-
MastbHBbIX rpaHeit ®AJI f, Koropoe MbI OyjieM Ha3BIBATE NYUKOM
DAJI f uepes moury a. Touxy a, o € Ny, OyJieM Ha3BIBATE pe-
eyaaproti mouwoti PAJI f, ecim maitnerca Touka 3, S € Ny,
7Tl KOTOPOI mMeeT MecTo crporoe Briouenue g (f) C I, (f).
VKazaHHOE BKJIIOUEHUE O3HAYAET, UTO JHobast MaKCHUMAaJibHas
rpaab QAJI f, mpoxomsmas depes TOUKY [, IPOXOAUT U depe3
TOYKY (v, TPUIEM e€CTh TaKas MakcuMaJibHast rpanb OAJI f ko-
TOpast MPOXOINUT Yepe3 TOUKY (v, HO He IMPOXOIUT Yepe3 TOUKY
B. Jlerko BujeTh, U4TO MJIsT JTI060# perysipHoit Toukn o PAJI
f Bcerja maiijierca Takas Heperyiapnas Touka 3, 3 € Ny, g
koropoit Ig(f) C I (f).

W3 ompeenennii creyet, 9To Todasi HesIpoBast TOYKa, si/T-
POBO{i TpaHM PeryssipHa, U MO3TOMY TOYKHU oy, i € [1,7], PAJI
¢', nokazanHoit Ha puc. 3.1, ABIAIOTCS €€ PEryJIsapPHBIMA TOYKA-
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mu. Kpowme roro, B cuiy Brimodenus g (g") C Ha,(g'), Touxa
Qg TOXKE SIBJISIETCSI PEryJisipHOil Toukoit 1ot GAJI.

I'panp N @AJI f mazbiBaeTcs pe2ysapHoli 2pan®blo STOR
QAJI, eciim Bce Touku Ny peryisipHbl. 3aMeTHUM, UTO T'PaHb,
KOTOpasi He BXOJUT B sIZIPO, HO MOKPBIBAETCS MM, SIBJISIETCS Pe-
ryaspHoit. 3ameruM Takxke, uro s PAJI ¢’ nokazannoii Ha
puc. 3.1, rpanu Ng u N,, koropsie ne Bxogar B JH® YT, as-
JISTFOTCsT PETYJISIPDHBIMU, TaK KaK COCTOSIT U3 PEryJISIPHBIX TOYEK.

Teopema 4.1 (cp. |28, 6, 23, 10]). IIpocmasa umnaukawma K
QAJI  sxodum ¢ HHD® YT mozda u moavko moeada, xozda
eparv N He asasemcs peaysaproti epanvio amoti PAJL

Jloxazamenvcmeo. Ilycts o, ..., s — BCe PEryasipHbIe TOUKHI
DAJI f. Torma mmst kaxkaoro j, 7 = 1,...,8, B CHWIy peryJsip-
HOCTH TOYKH (vj, HaiifieTca HeperyiaspHas Touka [; @AJIL f,
0618 TAT0TIAsT TEM CBOMICTBOM, UTO JII0OAsT MAKCUMAaJIbHAS TPAHD
®AJI f, mpoxonsamas depes TOUKY [3j, HIPOXOAUT U depe3 TOU-
Ky «j. CienoBaresbio, jobas CHCTeMa MaKCHMAJbHBIX I'Da-
meit @AJI f, mokpeiBatomasi Touku [i,...,Js, «aBTOMaTHYe-
CKI» IMOKPOET BCE TOYKU (,...,Qs. LaKuM 00pa30M, I'PaHb
N, cocTosmast U3 peryaspHbIX TOYEK, He MOYKET BXOJUTL B
TYIHKOBOE HMOKPBITHE MHOXKeCTBa N MaKCHMaJIbHBIMU T'DaHs-
mu, u mosromy DK K e moxker Bxoauth B JJTHD 3T DPAJI f.

IIycts Teniepsr Ni — Heperyssipaast rpaab QAJI f, koro-
past COJEPIKHUT HePeryslspHyIo TouKy «, u myctb Ny \ Ng =
= {p1,..., B4} U3 HeperyIspHOCTH TOYKH (v CJIEIYET, ITO ISt
moboro j, j = 1,...,q, mydok Ilg, (f) me moxker 6uITH cTpO-
ro Bioxen B mydok I, (f). Kpome toro, pasencrso Ilg, (f) =
= I,(f) Toxe mesosmokno, Tak kak Nx € Io(f) \ Hg, (f),
u nostomy B g, (f) maitnercs rpanb N, KOTOpast MPOXOIUT
gepe3 TOUKYy [3;, HO He IIPOXOJIUT depe3 TouKy a. CiemoBarenb-
HO, M3 TOKPBITHA MHOXkKecTBa [Ny MaKCHMAJbHBIMU TI'DaHAMI
Nk, Nky, ..., Nk, Heib3s yjaauTh rpaib N, Tak Kak TOJIb-
KO OHa ITOKPBIBAET B HEM TOYKY . Takmm obOpa3oM, Joboe Ty-
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IMKOBOE HOKPBITHE MHOXKeCTBa [V ¢, sBJIAIONIEeCs HOAIOKPbITH-
€M YKa3aHHOI'O0 HOKPBITHA, OyJIeT COOTBETCTBOBATH TYIHUKOBOI
JIH®, comepxkameii 9K K.

Teopema jokazana. O

Kocuewmcs, masmee, Bompoca 0 JIOKAJHHOM XapaKTepe pac-
CMOTPEHHBIX BBIIE KPUTEPUEB BXOMKJIEHUST TPOCTHIX UMITIUKAHT
DAJT f B ee JH® NT u JTH® XT (cm. [28, 22, 23, 16]). s
kaxk 1ol MakcumasbHoit rpanu N OAJL f (x1,. .., z;,) mogoKUM
So (N, f) = {N}, azarem unayknumeit nor, r = 1,2, ..., onpeje-
suM MHOXKeCTBO Sy (N, f) KAk MHOXKECTBO BCEX T€X MAKCUMAJIb-
vbix rpabeit @AJI f, KoTOpble MMEIOT HEIYCTOE IepecevueHne
xotst 661 ¢ oiHO# rpanbio u3 Sy—1 (N, f). Ilpu sT0M MHO)KECTBO
Sy (N, f) 6ynem HasbBaTh okpecmuocmyvio nopadka r epanu N

JlokarkeM, 9TO BOMPOC O BXOXKJEHUU TPOCTONW WMITIHKAH-
o1 K ®AJT f 8 TH® NT (JAH® XT') sroit PAJI moxHO pe-
HIUTh, paccMaTpuBast okpectHocTb S1 (N, f) (coorBeTcTBeHHO
Sa (Ng, f)). HeiicrBurenbro, rpanb N siBJIsieTCst s1IpOBOIi Ipa-
vbio GAJI f Torma u TOBKO TOT/A, KOTIa OHA HE MOKPBIBAETCS
BCEMHU OCTAJLHBIME MaKCHMAIBLHBIMEI Tpatsymu 1ot PAJI. To-
CKOJIbKY rpanu, He Bxousiwe B S1 (Ng, f), He umeror obumx
To4eK ¢ Nk, rpatb Ny sSIBISIETCS sIIPOBOI TOT/IA W TOJBKO TO-
I7a, Korja OHa He IOKPBIBAETCA BCEMM OCTAJbHBIMU TPAHAMA
u3z S1 (Ng, f). Uz Teopemsr 4.1 caenyer, uro 9K K He BXO-
gut B JIH® XT ®AJI f Torma n ToJbKO TOra, KO JJIS JIIO-
6oit Toukn «a u3 Nk maiigercs touxa 3, B € Ny, ayua KoTopoit
g (f) C Iy (f). Bamernm, uro Bee rpann mydka I, (f) BxomaT
B S1 (Nk, f), a Bce rpanu myuka Ilg (f), ecu I, (f)NIlg (f) #
&, —B Sy (Ng, f). Crenosaresbro, npoBepKy rpaau Ng Ha pe-
IYJISIPHOCTD MOYKHO OCYIIECTBUTH Ha OCHOBE aHAJIN3a €€ OKPECT-
HOCTH TIOPsIIKa 2. JIerko mokaszarh, 9TO pacCMOTPEHHUE OKPECT-
HOCTH TIOPAJIKA 2 JOCTATOYHO JJIsi POBepKU rpann Ng Ha ee
Bxoxkaenne B JIH® Kpaitna @AJI f. Eciu xke Bee sipoBbie Tpa-
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uu QAJI f BbLIesIEHBl U «IIOMEYEHbBI» (JJIsl ITOr0, KAK yXKe I0-
BOPHJIOCH, JTOCTATOYHO PACCMOTPETh WX OKPECTHOCTU TIOPSIIKA
1), ro mesxoxaenne DK K B JITH® Kpaitna PAJI f paBHoCHIB-
HO MOKPBITHIO rpaiu N OTJIUYIHBIMUA OT HEE <IOMEYCHHBIMU»
rpansimu u3 okpectrocru S7 (N, f).

§5 Ocobennoctn /TH® smHeiiHBIX 1 MOHOTOHHBIX
dyukiuii. @yHKIMS NOKPLITUsT, Tabna KBaii-
Ha " IOCTpoeHune BcexX TynumkoBbix IHD

Bynem ropoputs, uro PAJL f(x1,. .., zy,) aunetino 3asucum om
BII x;, wmn, unade, aro BII x; asiaserca aunetinott 511 OAJI
f,ecmm f () # f(B) mus mobsix cocequux no BII x; Habopos
a u 8 kyba B™. Ilpu srom qusg @PAJI f umeer MecTo paBeHCTBO

f(a:l,...,xn) :.fi@f(.fl,...,$i_1,0,$i+1,...,xn),

KOoTOpoe paBHOCHIbHO JmHeHOocTH BII x; @®AJI f, a 3mauur
OAJI saBistercst JIUHEHHONE TOIJA M TOJBLKO TOTJA, KOIJA OHA
JINHEHO 3aBUCHUT OT BCEX CBOUX cyIlecTBeHHBIX BII.

Samernm, aro ecau PAJI f nuneitrno 3asucur ot BII z;, To
B JTi06y10 nMIiinkanTy sroit @AJI BxoauT ogHa 3 6YKB T;, T;.

Paccmorpum masee kiracc monoToHHBIX PAJI u HEKOTOPBIE
CBsBAHHBIE C HUM JIpyrue Kjiacchl dyukiuii. Hamomanm, gro
DAJI f (x1, ..., zn) HA3BIBACTCS MOHOMONHHOT, ecan f(a) < f(B)
st JTI00BIX HabopoB a u 3 Kyba B™ takux, uro a < 8. Byaem
rooputb, aro PAJI f(x1,...,x,) MoHOMONKHO 3a6ucum om
BII x;, wiu, unaque, BIl x; saBasercs monomonnotd BII OAJI
f, eciu mepaserncTBo f () < f () BblimosHSIETCST JJIsi JIIOOBIX
coceauux o BII x; mabopor a u § kyba B™ takux, uro a < f.
Jlerko Bumerh, uro monoronHas PAJI MOHOTOHHO 3aBUCHUT OT
Bcex cBoux BII u obpatho.

Hoxkaxkem, uro eciiu PAJT f(x1,...,2,) MOHOTOHHO 3aBU-
cut ot BII x;, TO Hu ofHA U3 ee MPOCTHIX UMILIUKAHT HE MO-
JKET coJiepKaTh OYKBY T;. JlelicTBUTENIbHO, IyCTh UMILINKAHTA,
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K' ®AJ1 f comep:kur 6yKBY T; W, CJIe0BATEJBLHO, JJId IDAHU
Ngr =Ty, tae v € ([0,2])" u 4/ (i) = 0, mmeer MecTO BKIIIOUe-
e Ny € Ny. Torpa, B cuiry Monoronnoit 3apucumoctu OAJI
f or BII z;, uMeroT MeCTo BKIIFOUEHHUST

Nygen :Fyu ng n Ng :FW:NK’UNK” ng7

rie vabop 7" (rabop ) mosyuaercs uz mHabopa v’ 3amenoii 0 B i-
oM paspsijie Ha 1 (coorBercrBenno 2). [ToceHee u3 9TUX BKIIIO-
JeHui o3Havaer, uTo DK He sABJIsIeTCS MPOCTON MMILTUKAHTON
DAJI f, To ecTh pocTas UMIIHKAHTa MOHOTOHHOHN To BIT 4
DA JI He MmoxkeT cojiepKaTh OYKBBI T;. OTCIO/Ia CIIeYeT, UTO JIFo-
Gast TpocTast UMILTHKaHTa OTANIHON oT 0 MonoToHHOE PAJI 51B-
Jistercst MOHOTOHHOM DK, To ecTh He comep:kut orpuriannii BII.

YactabiM ciygaeM MoHOTOHHOM 3aucumoctu @AJI f ot
BII z; ssasiercst konstonkmueran (OuU3sHOHKMUEHAA) 3ABUCH-
MocThb f or x;, Korma f = x; - g (coorBercTBenno f = x; V g),
rae PAJI g nonyuaercst usz f mojcraHoBKOi# KOHCTaHTBL 1 (CO-
orsercrerHo 0) Bmecro BII z;. Ilpu sToM B cityyae KOHbIOHK-
TUBHOW 3aBUCUMOCTH OYKBa X; BXOJUT B JIIOOYIO UMILUIMKAHTY
DAJl f, a B caydae NU3LIOHKTUBHON 3aBUCHMOCTH OyKBa X;
He BXOJUT HU B OJiHY npocryio uMmmmkanty OAJI f oranamyio
or x;. Bynem rosopurs, uro ®AJL f (z1,...,x,) unMOHOMONHO
(unronsronrmueno, undussronkmueno) sasucut ot BII x;, ecan
DAJL f (21, ..., Xi—1,Ti, Tit1, - - - , Tp) 3ABUCUT OT '; MOHOTOHHO
(COOTBETCTBEHHO KOHBIOHKTHUBHO, AU3BLIOHKTUBHO). OUeBuIHO,
uyro Bce ocobennoctu JAH®, xapakrepubie misg PAJI ¢ Toit mim
WHOM MOHOTOHHOM 3aBucuMocThio oT BII pacnpocTpansitorest Ha
DAJI ¢ aHAJIOrTIHON UHMOHOTOHHOW 3aBUCUMOCTBIO TIOC/IE MH-
BepTUpOBaHusa coorBercTByIomux BII.

CormocraBum kaxkomy Habopy [ u3z B™, moHoTOHHYI0 DK
Kg' or BII X (n), cocrosimnyio u3 Tex u TOJBKO TeX OYKB Xj,
J € [1,n], nust koropbix [ (j) = 1, u 3amernM, 9TO KaxKj1asi MO-
norounast 9K or BII X (n) moxker ObITH Ipe/ICTABICHA B yKa-
3aHHOM Bu/ie. JIerko BUeTh Tak»Ke, 9TO I'PaHb, COOTBETCTBYIO-
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mas 9K KE, rae = (B1,...,5n) € B", umeer Bux I'y, rue
v=(2-p1,...,2— B,). Habop a, a € B™, Ha3bIBALTCH HUHC-
neti edunuyeti monoronnoit ®AJI f, f € Py (n), ecrm o € Ny
u f(8) =0 mst sr0boro oTIMIHOrO OT (@ Habopa [ TaKoro, YTO
B < a. MHOXKeCTBO BCeX HUKHUX enuHuI, MoHoToHHOH PAJI f
OymeMm 0603HAYMATL Yepes N}T.

B cuny BBemennbix onpegenennit, K E () = 1 Torga u ToIB-
KO TOrJa, Koriaa « = 3, OTKya CJIeAyer, 4To Habop [ siBJIsieTcs
eTMHCTBEHHON HIKHEN equauieir K KE u aro DK K7, um-
wmnupyer K K7, torma m tombko Torma, xorma 1 > (.
Orciona BeITekaer Takske, uro K K spasercs mpocToit mm-
mwimkanToi Momoronnoii ®AJI f Torma u TOJBLKO TOrma, Korma
RS N]}F, 1 970 HAOOp [ SIBJISIETCSI IIPU 3TOM SIAPOBOI TOUKOM
®AJI f. Takum 06pa3oM, JOKA3AHO CIELYIOIIee YTBEPKICHNUE.

JIemma 5.1. Coxpawernan JJTHD® A monomonnot PAJIL f, f € Py (n),
asasemca edurncmeennoti mynukosot JHD amot OAJ u ume-
em 6uo:

A(z1,...,Tn) = \/ Kg(xl,...,xn).
pent

IIpu smom sce Habopvl u3 N;f ABAANOMCA AOPOSHIMU MOYKAMU
QAJI f.

CanencrBue. Monomonnas PAJI aeasemes adposoti PAJL

HamomauM, 9TO ¢ «T€0OMeTpUIecKOil» TOUKHU 3PEHMs, COKPa-
mennas JJH® OAJL f uz P» (n) upeacrasiser coboii HOKPHITHE
MHOKecTBa [Ny BCeMU MaKCHMAJIbHBLIMU I'DAaHAMHE, & TYIHNKOBas
JIH®D cooTBeTCTBYeT TYIHUKOBOMY IIOAIOKPBITUIO, BBIIE/ISIEMO-
MY U3 3TOrO IOKPBITUsI. PacCMOTpPUM cHadaja MeTOJ BblIeJie-
HUA U3 3aJJaHHOT'O IIOKPBITHA KOHEYHOI'O MHOZKeCTBa BCeX €ero
TYIUKOBBIX IMOAIMOKPBITHI, OCHOBAHHBIN Ha ITOCTPOEHUN COKPa-
mennoit JITH® ns cuenumanbaoi monoronnoit ®AJI, cBsazanHoii
C UCXOIHBIM TTOKPBITHEM.
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Mycre N = {aq,...,as} — KoHEUHOE MHOXKECTBO, a I =
= (N1,...,Np) — cucrema ero moIMHOKECTB, 0OPA3YIONIINX II0-
kpbitue muoxkecrsa N. Conocrasum mape (N, 0N) marpurny M, M €
BP»* | g xoropoit M (i,j) = 1 Torjga m TOJBKO TOrJa, KOTJA
N; > «a;. 3amernmM, uro marpuna M He MMeeT HyJIEBBIX CTOJIO-
0B, TaK Kak cucrema )1 obpasyer MOKpbITHE MHOXKecTBa N.
Byzaem cumrars, uro i-s crpoka (j-it cronbern) marpurst M co-
orBercTByeT ToaMHOKecTBY N; cucreMbr O (j1eMeHTy (v MHO-
xkecrBa N) u He OyJeM Je1aTh MEXKJy HHUMH CYIIECTBEHHBIX
pasmmanit. Tak, OymeM roBOPUTH, UTO i-si CTPOKa MaTpuiibl M
noxpwieaem ee j-it cronber, ecan M (i,7) = 1, o ectp N; 3 a,
u uro cucreMa cTpok ¢ Homepamu u3 I, I C [1,p]|, obpasyer
nokpoimue mampuyvbs M, ecin KaykKIblil ee CTOJIOEI] MOKPbIBa-
ercst XoTs ObI OJIHOI CTPOKOI ¢ HOMEPOM U3 I, TO eCTh CUCTEMa
noxmuozxects {N;},c; 3amaer nokpoitue muoxkecrsa N. Ana-
JIOTHIHBIM 00pPa30M IOHUMAETCS MOKPBITUE OJJHOIO MHOXKECTBA,
CcTpOK Marpuiibl M ApyruM MHOXKECTBOM ee CTPOK U T. II.

ITokperTre maTpurisl M, B KOTOPOM HHU OJHA CTPOKA HE TIO-
KPBIBAETCSH JPYTOfl CTPOKOM, CUNTAETCH HENPUSOOUMbBIM, & TIO0-
KPBITHE, HE UMEIOIIee COOCTBEHHBIX IMOJIIOKPBITUAN, HA3BIBAECT-
csT MYNUKOBvLLM | T. TI. 3aMETUM, UTO 3aJ1a9a BBIJIETEHUS BCEX
TYIHUKOBBIX TOJIIOKPBITHI U3 TOKPBITHs T MHOXKecTBa N 9KBU-
BaJIEHTHA 3aJ1a9e IOCTPOEHUSI BCEX TYNMHUKOBBIX MOKPBITHII MaT-
punbt M, coorsercrytommeii mape (N,9). Jdns pemenust sroit
zagaqun 1o anajioruu ¢ JJTH® mMoxkHO BBeCTH MOHATHE SPOBO-
IO U PEryJIsIPDHOTO CTOJIOIOB, & TaKXKe sJIPOBOI U PeryJsIsspHOit
CTPOKH, JIJIsI KOTOPBIX OV/IyT CIPaBEJJIUBBI YTBEPKICHUSI, aHA~
Jsornguble jtemMe 4.1 u Teopeme 4.1.

Hycrts M, M € BP*® — marpuna 6e3 HyJEBBIX CTOJIOIOB.
ConocraBuM i-ii crpoke, i € [1, p|, marpunsr M BII y;, a kax-
oMy Habopy [, [ € BP, 3HaueHWii 3TUX MEPEMEHHBIX Y =
(Y1,---,Yp), — MHOMKECTBO CTPOK MaTpunsl M ¢ HOMepaMu U3
muoxkectsa [ = I(8) C [1,p], tme ¢ € I () Torma u TOJIBKO
torja, korna [ (i) = 1. Pacemorpum @AJI F (y), ayst KoTopoit
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F (B8) = 1 Torga u TOJILKO TOTJA, KOIJIA CUCTEMa CTPOK MAaT-
puitel M ¢ nomepamu u3 I (/3) obpasyer ee nokpeitue, u Oyjem
HasbiBaTh 3Ty PAJI Pynryuetd noxpuwmus Marpunnt M. 3ame-
M, 9o DAJI nokperrus F (y) ssisiercs monoronnoit PAJI a
ee «HIXKHHE eJUHUILI» COOTBETCTBYIOT TYINKOBBIM IOKPBITHSIM
marpunnl M. eiicteurensio, uz Hepasencrsa 3 < 5" BoiTeka-
er, uro I (B') C I(p") nmoromy F (") < F(B”), ro ects PAJI
F' siBastercst MoHOTOHHOM. VI3 omnipeieiennii cieiyeT Tak»Ke, ITo
Habop 8, 8 € BP, apiasonuiics «Hukueil equauneii> GAJI F,
coorBercTByeT MHOXKeCTBY [ (3), KOTOpOE 3a1aeT TYIIUKOBOE T10-
KpbiTre MaTpuisl M, u obparao. Takum 0b6pa3oM, B CHTY JieM-
MBI 5.1, Kaxkas nIpocTas UMIUIHKaHTa Buja K = Y Vi, - - Vi,
e 1 <ip < -+ < i, < p, PAJI nokpsitust F (y) coorsercTBy-
€T TYIUKOBOMY IMOKPBLITUIO MATPULLL M, COCTOSIIEMY U3 CTPOK
¢ Homepamu u3 muoxecrsa I = {iy,...,i,}, u obparHo.

JIemma 5.2. Qynkyua nokpomua F (y1, ..., yp) mampuyoe M, M €
BP* | 6es nyaesvix cmoabyos sadaemes KHD euda:

F(yl,...,yp)—j/:\l< \V y> (5.1)

1<i<p
M (i,j)=1

Jloxazamenvemso. st kaxkoro j, j € [1, s], momoxkum

L=\ v
1<i<p
M{i,j)=1

rae ¥y = (Yi,...,Yp). Jlerko Buzmers, uro J; () = 1 muas mpo-
n3BoJibHOTrO Habopa (B, f € BP, Torma m TOJBKO TOTJA, KOIJa
MHOKECTBO CTPOK ¢ HoMepamu u3 [ () nmokpeiBaer j-if crosbery
marpunet M, j € [1,s]. Orciona crenyer, uro KH® B mpa-
Boit uactu (5.1) obpamaercs B 1 Ha Habope [ TOrja U TOJIBKO
TorJIa, KOTJla MHOYKECTBO CTPOK ¢ HoMepamu u3 I(f) obpasyer
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ITIOKPbBITHE MaTPUILbL M, TO €CTb TOr'Ja U TOJIbBKO TOr'Zla, KOrJa
F(8) =1

JlemMa J0Ka3aHa. O

CaencrBue. B pesyasvmame packpuvimus ckobok u npusede-
Hua nodobnvix us KH® (5.1) moorcno noaywums cokpauiennyio
JIHO QAJT F (y), npocmuie uMnAuKaHmb, Komopot, 63aummo
00HOZHAYHO COOMBEMCMEYM MYNUKOSHLM NOKPVIMUAM MAITL-
puyve M.

Baaua nocrpoenns Beex TynukoBbix JTHO OAJL f uz Py (n)
Ha ocHoBe ee cokpamierHoit JTH® cBomuTcst K paccMOTpPEHHOM
BBIIIIE 33J1a4€e O TIOKPBITUH, €CJI B KadecTBe MHOKeCTBa N B3sTh
MHOXkKeCTBO N, a B KQuecTBe ero IMOKphITus M — CHCTeMy BCex
makcuMaabHbix rpaneii ®AJI f. Marpuma M, cooTBeTcTBYIO-
mas ykasanuoit nape (N, M), HasbiBaeTcst, 0ObIYHO, MabAUUET
Ksatina @AJL f. Bamernm, 4To siiposoii crosber (cTpoka) Tab-
qunbl KBaitHa cBsizan ¢ siIpoBOii TOYKOI (COOTBETCTBEHHO I'Da-
ub10) DAJI f, uro perynsipublil crosber (crpoka) 3roit Tab/u-
1Bl 33J14€T PEryJISIPHYIO TOUKY (cooTBercTBeHHO rpanb) GAJI f,
9TO CTPOKa, IIOKPbIBaeMad AJPOBBIMU CTPOKaMMU, COOTBETCTBY-
€T IpaHu, MOKPBIBAEMOIi SJIDOM | T. II.

PaccmoTpum, 1t puMepa, 3a/1a1y HOCTPOEHHsT BCEX TYIIH-
koBbIX JTH® nyist DAJT g (w1, w2, x3) u3 ee cokpamennoit JTHD,
nosaras (cm. puc. 2.1a, (2.10), (4.1) u (4.2)), aro

Ny = {1 = (100), ap = (110), a3 = (010),
as = (011), as = (001), ag = (101)},
N={N1, ..., NeJ,

rie N; = Ng, = {aj, 41} ans Beex 4, i € [1,6], npudem
a7 = aq = (100). ITape (Ny, M) yka3aHHBLIM BBIIIE CIOCOOOM
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conocraBuM Tabsuiy Kpaitaa

I
_ o O O O
OO =~ OO
O = = O O O
_— -0 O O O

(=Nelololl S
OO O == O

DAJI noxpeiTust Koropoii B coorsercrsuu ¢ (5.1) 3amaercs cie-
nytorieit KH® or nepemenusix y = (y1,...,Y6):

F(y)=(ys Vyr) (1 Vy2) (w2 Vys) (s Vys) (yaVys) (ys V ys) -

PackpeiBast B aToit KH® ckobku u npuBoss moio0HbIe, TOJIY-
ynm cokpatenayio JJTHO OAJI F (y) suza

F (y) = y1y3ys V Y2yays V Y1y291ys V Y2Y3Y5Y6 V Y1Y3Y4Y6,

cjaraeMble KOTOPOW B3aUMHO OJTHOZHAYHO COOTBETCTBYIOT TY-
nukoBbM JTH® OAJL g (em. (4.1), (4.2)).

B obmem ciaydae mpu moctpoenun Bcex TynukoBbix JIHO
DAJL f, f € P2 (n), c moMoIIbI0 JIeMMbID.2 Ha OCHOBE €€ COKpa-
mennoit JIH® wucnonb3yor, 00bIMHO, CIEIYIONLYI0 MOIU(MUKA-
A0 PACCMOTPEHHOTO BBIIIIE ITO/IX0/IA, KOTOPAs IO3BOJISET YMEHb-
math pasmepbl Matpunbl M. Ilycts Ng, ..., N, — Bce Mak-
cumasbible rpann @AJI f, npudem rpanmu Nk, ..., Nk,, e
1 < p <t < q, g9apasgiorcea aapoBbiMu, a rpaiu Nk, ...

-+, Nk, — perynapubivu rpanavu @AJI f, u nycrs MHOKe-

ctBO N COCTOUT M3 BCEX SIIPOBLIX U PeryssapHbIXx Touek DPAJI
f- Homoxum

N=Np\N, ={Np,....,N,},

rae N; = N, \ N npu Beex ¢, i € [1,p], u 3ameTnm, 9T0 33/
4ga mocTpoenust Bcex TymukKoBeix JIH® DAJI f sxkBuBansenTHa
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3aJiade BBIJIEJIEHUS] BCEX TYIMKOBBIX MOMIIOKPBITUN W3 TOKPBI-
Tust N muoxkecrsa N. JIefCTBATEIBHO, €CJIM CUCTEMA IIOJIMHO-
xecTB Nip, ..., Ny, e 1 < 41 < -+ < ip < p, ABISETCA TY-
[MIKOBBIM TOKPBITHEM MHOXKecTBa N, TO CHCTeMa MAaKCHMaJIb-
upix rpaneit Nk, ..., Nk, Nk, ..., Nk, 331aeT TynukoBoe
HOKpPBbITHE MHOXKecTBa Ny, TO €CTb COOTBETCTBYET TYIHKOBOI
JIH® ®AJI f, u obparHo.

Tak, npuMensas ykazanuyio moauduxanuio K OAJI ¢ us
P, (4), nokazanmoit na puc. 3.1 (cm. rakxe (3.1) u (4.3)), mosy-
YUM TPUBHAJBHYIO 3aJlady O MOKPBITHH MHOXKecTBa N =

= {(1000)} mBYMsI COBIAJAIONMMU ¢ HUM TIOMHOXKecTBaMu N1
n NQ.

§6 I'pagmeHTHBI aJITOPUTM U OIl€eHKA JAJUHBI I'pa-
JUEHTHOTO NMoKpbITusi. Vcriosib3oBaHue rpaim-
€HTHOro ajiropuTMa i nocrpoenus /IH®

Boijiesienne BceX TYNHMKOBBIX IMOJIIOKPBITAN U3 33J[@HHOIO I10-
KPBITUS U, B YACTHOCTHU, MOCTPOEHUE BCeX TyMUKOBLIX [H®
SABJISIETCST TPYIOEMKO#l 3ajateit. B cBa3u ¢ 3TUM, BMECTO TO-
ro, uTobbl ctpouth Bce Tynukobie JJH® u BeIOMpaTh cpen
HUX, HAIIPUMEP, KPATJIallyio, 9acTO UCIOJb3YIOT IBPUCTUYIE-
CKP€e AJTOPUTMBI, MTO3BOJISIONINE IOTYyIaTh HE OUYEHDb «JJINH-
weiey JTH®. K unciay Takux aJropuTMOB OTHOCUTCH U T'PAJIU-
€HTHBIN aJITOPUTM, OPUEHTUPOBAHHDBIN Ha BBIJIEJIEHIE U3 33/ aH-
HOT'O MOKPBITUS JOCTATOYHO «KOPOTKUX» IMOJIOKPBITUN, WJIH,
WHAade, Ha TOCTPOEHNE JTOCTATOTHO «KOPOTKUX» IMOKPBITUH IS
3ajannoi Marpuilbl. Ha KaKJI0M 1m1are rpaJIu€eHTHOTO aJIrOPUT-
Ma B MaTpHIlE BbIOMPAETCH M BKJIOYAETCS B IOKPLITHE TaKas
CTPOKa, KOTOPAasi IOKPBIBAET HAMOOJIBITIEE YUCTIO EITe HE TTOKPbI-
THIX CTOJIOIOB (€C/IM TaKUX CTPOK HECKOJIbKO, U3 HUX BbIOHMpa-
€TCsl CTPOKA € HANMEHBIITUM HOMEPOM ). AJITOPUTM 3aKaHINBAET
CBOIO paboTy 1I0C/Ie TOrO MIara, Ha KOTOPOM II0JIy IMJIOCH TOKPbI-
THe.
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Crenyromee yTBepXKIAEHHE IA€T BEPXHIOIO OIEHKY JJIMHbI
MOKPBITHSI, TTOJyIaeMOT0 C IOMOIIHIO TPAINEHTHOTO aJTOPUT-
Ma JJT MaTPUI] ¢ 38JaHHOM «T'YCTOTOW».

Teopema 6.1 ([6]). [Tycmo das deticmeumenvrozoy, 0<y<1,
6 Kaosicdom cmoabue mampuyve M, M € BP® umeemca me
Menve, wem y-p, edunuy. Toeda noxpumue mampuyo. M, no-

AYUAEMOE € NOMOWDBIO 2PAOUEHMHO20 GAZOPUME, UMEET, OAU-
ny me boavuie, wemt H In* (fys)—‘ + %

Jloxaszameavcmeo. IlycThb 1jist MOCTpOEHUsT MOKPBITUS MaTpPH-
sl M ¢ TOMOIIBIO TPAJUEeHTHOTO AJTOPUTMa IMOTPedOBAIOCH
CJIeJIaTh ¢ IIaroB, IIpUYeM Ha mare ¢ Homepou t, ¢ € [1, g, 6bi-
Ja BBIOpaHa CTpoKa ¢ HOMepoM i;. s kaxmoro ¢, t € [1,q),
pacemorpum marpuily M, KoTopasi oJryvdaercs: u3 Marpuiibl M
B pe3y/IbTare yJIajeHus CTPOK ¢ HoMmepamu {iy, ..., 4}, & TaK¥kKe
MTOKPBIBAEMBIX UM CTOJIOIOB, U KOTOPas MPUHATICXKUT MHOMKE-
ctBy BPVSt rnepr =p—tu sg = 5-0t, 0 < 0 < 1. s onpeie-
JIeHHOCTH OyeM cuuTarh, 9ro Mo = M, po =p, so =8, 6o = 1
Upg =p—q, Sq = g = 0. 3amerum, aro upu mobom ¢, t € [0, q],
CTIPaBEJTTHBO HEPABEHCTBO

q<t+6;-s, (6.1)

TaK KaK IIOCJI€ BBIIIOJIHEHHA IT€PBBIX t maros aJIrOpUuTMa OCTa-
IOTCsI HE MOKPBITHLIME ¢ - § CTOAOIOB MaTpulibl M, a Ha KazKI0M
CJIEJIYIOINEM IIIare MOKPBhIBAETCsT He MEHee OJHOIO CTOJIOIA.
BamernmM, asee, 9T0 B Kaxk10M crogbre marputist My, t € [0, q),

UMeeTCsl He MEHee, UeM 7y - P, eJIMHUI] U M0ITOMY 00IIee TIrcjio
enuHUIl B MaTpuie M; He MeHbIe, YeM Ypsds, a 3HAUUT Cpel-
Hee YHCJIO €JINHUIL B ee CTPOKaX He MeHbIle, ueM ysdy. OTciona
BBITEKAET, YTO CTPOKa MaTpuibl M ¢ HOMEpPOM ity1, KOTOpas
BblOMpaercst Ha (t + 1)-M mmare ajropur™Ma U sIBJISIETCS CTPO-
Koit MmaTpuiibl My ¢ HAMOOIBIIINM YIHCIOM €IUHAI, COTEPXKUT He

Mlonaraem, uro Int 2 =lnz, ecm 2 > 1, ulnt 2 =0, ecom 0 < 2 < 1.
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MEHBIIIE, YeM VS0, €UHUIL, TO €CTh IOKPBIBAET HE MEHBIIE, YeM
v8d¢, elle He MOKPBITHIX cToji0moB Marpunsl M. Takum obpa-
30M, Jisi Jiroboro ¢, t € [0, q), BBIIOJHSIOTCS COOTHOIIECHMSI

$0441 = St41 < 8¢ — Y80 = 56, (1 — ),
13 KOTOPBIX, € yueToM dg = 1, cjaemyer, ITo
G <(1—7)f<e™ (6.2)

npu joboM ¢, t € [0, q).
Buibupast 3navenne mapamMerpa t Tak, ITO

1
t=|=In"(ys -‘ ,
9
noscrasisist ero B (6.2) u yunTeiBas (6.2), mosryanM
1 1 1
v Y Y

Teopema jokazana. ]

B kadecTBe mpuMepa IpUMeHEHUS TPAJHEHTHOTO AJITOPUTMA,
PACCMOTPUM 3aJ1a4y O «IIPOTHIKAHUN» TpaHel Kyba ero Todyka-
Mu. 3aJada O «IPOTHIKAHUU» CHCTEMBI I, cocTosIell U3 mo-
muoxects N, Na, ..., N, muoxkecrsa N = {ai,...,qs}, 3a-
KJIIOYAeTCST B HAXOXKJICHUN TAKOTO TTOJIMHOYKECTBA MHOYKECTBA
N, B KoTOpOM IpHU JIIOOOM #, i € [1,p|, UMeercss xoTsi ObI OIUH
stemenT u3 N;. DTa 3aa9a CBONUTCA K 3aJa49€¢ O BBLICJICHUN
HOJIOKPBITUST U3 TOKPBITHsI OTpe3Ka [1, p| ero mojmuoxKecTBa-
vu Iy, ..., Iy, tne I; = {j: o; € N;} upu Bcex i, i € [1,5].
3aMeTnM, 9TO MaTPHUIA TTOCTPOEHHON TaKIM 00pa30M CHCTEMbI
HOJIMHOXKECTB OTpe3Ka [1, p| mosydyaercst u3 MaTpuUIlbl CUCTEMbL
(N, 91) B pe3ysbrare TPAHCIOHUPOBAHUSI.
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Jlemma 6.1 ([19]). IIpu ar06wx namypasvroir n u m, m < n,
6 kybe B™ sceada Hatlidemcs noOMHOHCECMEO MOUHOCTIU He 6O-
aee, wem n - 2 npomuikaowee 6ce 2pany parza m.

oxazameavcmeo. Ilpumensisi yKa3aHHBIN BBIIIE OJIXOJ], Pac-
cMOTpPUM MHOXKeCTBO N, COCTOsiIliee W3 BCeX TpaHeil paHra m
ky6a B", [N| = (') - 2™, a rakxxke cucremy N = {Ng},cpn €ro
rnoaMHoOXKecTB, e N, — MHOXKecTBO TexX rpaHeil u3 N, Koro-
pble MpOXoJAT 4Yepe3 TOUKy <. OUeBUIHO, YTO KaxKJjas PaHb
u3 N comepxkutcsa B Tex 2™ momamHO)kecTBaX Ny, JJIsT KOTO-
PBIX TOYKa (v IPUHAJJIEKUT 370l rpanu. Cire/loBaTeIbHo, MaT-
puna M, ceszannas ¢ napoii (N, 1), cocrour uz p = 2" crpok
ns= (:71) - 2™ cTOJIONOB, B KAXKJIOM M3 KOTOPBIX UMEETCS P - 7,
e v = 27, eaunui. MckoMoe MHOXKECTBO HAOOPOB IOJTyda-
ercs B pe3y/ibrare npumeHenus: K marpuiie M teopembr 6.1 u

IIOCTPOCHUA ITIOKPBITUA JJIMHBI ¢, T'/IE

o< ()] < ()]

<2 (n—1)+2"=n-2".

JlemMa JjoKa3aHa. O

§7 3amauya muanMmuzanuu JJH®. IloBenenue pyHK-
nuii I1lenHoHA U OIEHKM TUNNYHBIX 3HAYCHUN
nasa paura n aauasl JJHO®

Kak yxe ormeuasnocn, JTH® npemacrasisger coboii yaoOHYIO U
HADISJIHYIO (C «PeoOMeTpHYecKoii» TOYKM 3peHwus) (hopmy 3a-
nmanust PAJI. C apyroit croponsl, JIH® MoxKHO paccMaTpuBaTh
KaK IIPOCTEHIIYIO0 MOJIEJIb, IIPEIHAZHAYCHHY IO JIJI CTPYKTYPHOM
peaymzanun PAJI (cm. ri. 3).8amernm, 4T0 pasjiuydHbe Hapa-
merpbl JTH® (panr, jymHa u T. 11) XapaKTepPU3yIOT Pa3/INIHbIe
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«MEepBI» CJIOXKHOCTH YKA3aHHOT'O IIPEJICTABJIEHUs WU CTPYKTYP-
HOI peajmsannuu. B ¢BS3W ¢ 9TMM 9acTO BO3HUKAET HEOOXOIM-
MOCTB ITOCTPOEHUsI OINITUMAJILHON B TOM WU UHOM cMbicse JJTHD
ans 3aganaoit ®AJI, To ecTh HEOOXOIMMOCTDL PEIIEHHUsI COOT-
BETCTBYyIOMIEN 3a71a1u munumudayuy JHP, KoTopas sBJsieTcs
YACTHBIM CJIyYaeM 3a/a4i CUHTe3a YIPaBJISIONIUX CHCTEM (CM.
1. 3).

B obmem Bume samada mumuanmumsannu JJH® moxker OBITH
copmyaupoBaHa ciaemyionmM obpasom. Ilycrs g Kaxkoit
JH® A ompenenena ee «cmoxkuoctb» 1 (A), ¥ (A) > 0, mas
koropoit ¢ (A') = ¢ (A"), ecru THD A" nonyuaerca uz JTHD
A" yrnanenuem 6yks i DK. B arom ciyudae 6yneM roBOpuTh,
aro Ha MHOXKecTBe JTH® 33180 HEOTPUIIATETBHBIN PYHKUUOHAA
caooicHocmu W, 006JIaTaIoNU CBORCTBOM MoHomonrocmu. 11pu-
MepaMu TakuX (bYyHKIMOHAJIOB MOLYT CIy:KHUTh juinHa A (%),
paur R () wim «bopmynbHasi» cioxkuocrs L () THD A, a
Takke uncyo Bxoxkjaeuuii BIl ¢ orpunanusivu u apyrue mnapa-
merpel JTH®. 3amaga murumuzanuu JJHO orHOCHTENIBHO (DyHK-
[MOHAJIA CJIO?KHOCTH 1) COCTOUT B TOM, UTOOLI II0 3aIaHHOI
OAJI f mocrpours peanusyiomyio ee JH® A Takyro, 4o

¥ (A) = miny (Ql') ,

rje MuanmyM 6epercs o Beem JJH® A, peammsyrommm AT f.
IIpu stom JIH® A cumraerca MUHUMAADHOU OMHOCUMEALHO
Ppynryuonara P, wim, uHade, Y-munumasorott JTHD, a 3Ha-
genue 1 (2) naswiBaercs caoorcnocmoio PAJI f omnocumenvho
PpyHrUuuoHaAG ), WU, nHATE, V-caoochocmoio OAJI f B Kitacce
JH®. B cooTBeTCTBUN C BBEJEHHBIMHU paHEE OIPE/IETEHUSIMUA,
A-muanMasbayio JJH®, to ects TH® MunuMa bHyIO 10 JJIHHE,
OyzeM Ha3bIBaThb Kpardaiimeil, a R-munumassuyio JJTH®, To
ectb JIHO MuHMMAIBHYIO IO PAHTY, — IPOCTO MUHUMAJILHOM.
O YHKITATIO
()= max ¥ (f),

fePa(n)
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KOTOpas XapaKTepu3yeT MaKCUMaJIbHOE 3HAYEHHE 1)-CJI0KHOCTA
DAJI uz P (n), HasbiBaioT, 00bIIHO, dynkyuet lennona mis
kitacca JIH® orHOCuTE/IBHO DYyHKIIMOHATIA 1.

Yeranosum noseenne dyukuuii Hlennona A\(n) u R(n) s
jumnasl n panra JJH® OAJI uz Pa(n) coOTBETCTBEHHO.

JlemMma 7.1. Jlas ao0bozo n,n € N, umerom mecmo coommouse-
HUA

An)=2""1 R(n)=mn-2"""1 (7.1)

Jlokazameavcmeo. Huxuue onenku (7.1) ciieyror us Toro,4ro
Mlp) =271 u R(l,) = n- 2"} Tax kax exuncreennoi JJH®
smueiinoit PAJI [, = x1 @ -+ B x, ABJIsIETCS €e COBepIIeH-
Hast JTH®. [lyist nosryvyenusi TpebyeMbix B (7.1) BepXHUX OIEHOK
Bo3bMeM nipousBosibHyo DAJL f uz P(n) u, B coorBeTcTBUA C
(2.5), pasnoxum ee 1o BII xo, ..., z, ciaemyomum o6pasom:

fz,. .. xn) = \/ 29?2 afr - f (21,0") (7.2)

01" =(02,1.0sm)

JIerko BHJETH, 4TO HOC/IE 3aMEHBI B pa3/ioxkennu (7.2) KaxIoi
DAL f (z1,0") pasnoii eit DAJT uz muoxkecrsa {0, 1, x1, T1} u
npuBeJieHus 1o100HbIX Mbl noyaum JH® A jnymnbr He 60J1b-
e, gem 21 uTO MOKasBIBaeT BepxHue orenku B (7.1).
JlemMa JoKaszaHa. O

IIpu usyuennu Toro uiau waoro ceaszauuoro ¢ JH® bynk-
[MOHAJIA 1) HAPSy C €ro MaKCUMAaJbHBIM 3HAYEHHEM, TO €CTh
dbyukuueii Hlennona v (n), npeacrapiisier KHTEPEC COOTBETCTBY-
onuit orpe3ok "tunmaHbx"  3HaYeHuit, TO ecTh orpe3ok [ (n), ¥ (n)],
B KOTODbIii nonaator 3uadenust 1 (f) st nourn Becex PAJI f
u3 Py (n). Ecim mpu stom rpanunst ¢ (n) u 9" (n), rne n =
1,2,..., acuMOToTH4ecKu pasBHbI ¢ (1), TO TOBOPSAT, YTO JIJIst
mapamMerpa Y umeeT Mecto agihexm Illennona. BeisicHuM HEKO-
Topbie ocobennoctu crpoennst JTHD y mourn Becex @AJI n ycra-
HOBUM, B YacTHOCTH, oTcyTcTBue 3ddekra [llennona s ma-
pameTpoB A u R - jmymae u panra JJH® coorBeTcTBeHHO.
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BBeieM [IUCKPeTHYIO BEKTOPHYIO CJIydaiinyio Benuaumy &)
(fﬁ, . ,§T), CcOCTOATITYTO U3 2" HE3ABUCUMBIX CJIyUIAHBIX BEJIU-
quH &,, o € B", npuanmatonux 3HaveHus 0 u 1 ¢ BeposTHO-
CTBHIO % [Ipu sToMm, odeBuHO, It J1IOOOTO v, v € B™, BbImOJI-
HSIOTCsI PABEHCTBA

1 1
E¢, = -, Déy = -, 7.3
ba=> fo= 7 (73)

e K6 u DO - maremaTnueckoe OXKHUJIAHUE W JIUCIIEPCUS CJIY-
vaiiHoil Besmuaunbl 6 (cM., Hanpumep, [25]).

Byzaem cunrars, aro mobas PAJT f uz Py (n) siBasiercs pe-
asm3anueil BeJauduHbl £, 1pu KoTopoil &, = f (a) s oboro
«, a € B", 1 94TO BEepOATHOCTD TAKOil peayu3anuy pasHa 272 .
Orcrona ciaeyer, 9to st Jjiroboro muoxkectsa Q, Q C Py (n),
ornomenue |Q| /22", To ectb gomna Tex PAJI f us Py (n), Koto-
pble npuHasIekar O, paBHA BEPOSITHOCTH TOTO, UTO Peajn3a-
U CIydaiinoil Bemuanubl £ mpuHaaexkuT Q.

W3 HezaBucuMocTy cirydaifHbIx BequvuH &y, o € B™, BbITE-
KAaeT, UTO JUIT UX CYMMBI E (n) — §~, KOTOpasi pPaBHa MOITHOCTH
muozkectsa Ny aiig @AJI f, apnaiomeiica peanuzaiueil ciryaii-
ot Besmmamnnt €M) = € B cuny (7.3) CHpaBeIIUBEI PABEHCTBA
(cm., manpumep, [4])

E£) = gn—1, DEM = on—2 (7.4)
ITonarasa

t=|n-2%], =2 =t 2 41)

W IpHUMeHsts K CilydaitHol Besmune & ¢ yaerou (7.4) HEepaBeH-
crBo Yebblena [4], mosydnm, 4T0 BEpOSITHOCTEL coObITust & & I,
to ecTb jonisg Tex PAJL f us Ps (n), s koropsix [Ny| ¢ I, e
OoJibIlie, YeM

12 T 4n?
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U, CJIeJIOBATE/IbHO, cTpeMuTCs K 0 Ipu n crpemsneMcs K 0ec-
KOHEYHOCTHU. DTO O3HAYAET, B YACTHOCTHU, UTO /I MOUYTH BCEX
DAJIL f uz Py (n), BBIIOJIHEHO PABEHCTBO

INy| = 2nt (1 +0 (n : 2—”/2)) (7.5)

10 ecTb aynna cosepiennoil JJTH® y nouru Becex PAJI uz Py (n)
ACHMIITOTHYECKH paBHa 27 1.

Jlemma 7.2. Jas nowmu ecex QAJI f, f € Py(n), svnoans-
0MCA HEPAGEHCTNEA

M) < Zgn—l (1+0(n-272)), (7.6)
Af) < %n 2 (140 (n-27?)), (7.7)

Jlokazameavcmeo. Ilycte @AJL f| f € Py(n), sisiercst peasiu-
3amueii ciyvaitaoit Besmmanabl . st kaxkjjoro Habopa 3, 8 €
B"! paccMOTpUM CIIydalHYIO BeJIMUHHY ns = &0,8) V &1,8)-
Bamernm, 9TO CiIydaifHble BeJHIUHEL 13, 3 € B" !, nesaBucu-
MBI, & MATEMATHIECKOE OXKUJIaHWE U JIUCIIEPCHsT JTI000H 13 HUX
PaBHBI % n % COOTBETCTBEHHO. BaNIeTI/IM TaKKe, 9YTO paBEHCTBO
1g = 1 BbIIOIHSETCA TOrJa U TOJIBKO Torja, korga B JJH®D A,
ocTpoenHoit 1o jemme 7.1 st DAJIL f, BxoguT ciaraemoe, co-
oTBeTcTByMOIIEee Habopy (. 3 HesaBHCHMOCTH C/IydYallHBIX Be-
auaun g, B € B", cueayer, uTo a1 UX cyMMBL ) = 7™
BBITTOJTHSIIOTCST COOTHOTIIEHU ST

B — zznflj D™ —

3
Zon—1 7.8
16 (7.8)

Ilomaras

t= [n - Qﬂ . I= (32"1 4, 22"*1 —|—t>
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U 1poBoJisl Ha ocHOBe (7.8) pacCy’K/IeHUs] aHAJIOTUIHBIE TEM, C
[OMOIIBIO KOTOPBIX U3 cooTHOIICHNH (7.4) BBIBOAMIIOCH PABEH-
crBo (7.5), nomyuny, uro A(Ay) € Iy ne menee, uem 2% (1 — )
DAJL f uz Py(n). D10 o3nadaer, uro st nouru Beex PAJI f,
[ € Py(n), yymna u panr eé JJH® ¢, nocrpoennoii B coorser-
crBum ¢ JgeMMoit 7.1, yaosiersopsier (7.6), (7.7).

JlemMa J0Ka3aHa. ]

§8 AujaropurMuyeckue TPYJHOCTU MUHUMUIAIUN
JH®P u onieHK1 MaKCUMaJIbHBIX 3HAUEHUI HEKO-
TOPBIX CBSI3aHHBIX C Hell mapamerpoB. Teopema
FO. 1. 2XKXypasaeBa o JIH® cymma MUHUMAJIb-
HBIX

Pemenne 3ayiay munnmuzanyun JHO s 3amannoit GAJI xa-
pakTepusyercs pasauduHbiMU HnapaMerpaMu sroii ®AJI u, B
IIEPBYIO OY€PE/ib, 3HAUCHUSIMU UCCIETyeMbIX (DYHKIITNOHAIOB €€
cioxkuaocTu (cM. §7). Kpome Toro, Kak 0TMe4asaoch BbIIIE, Psifl
napamerpos (amuHa cokpaiennoit JTH®, uncio TynuKoBbIX ujm
muanMaTbHbIX JJTH® 1 1p.) XapakTepusyoT TPyJ0eMKOCTD 3a-
saan Mmuanvusarun JJTH® st pacemarpusaemoit @AJI. B cBsi-
3 C TUM IIpeJICTaBJ/sIeT UHTEepeC IoBejieHue nupu n = 1,2, ...,
MaKCUMaJILHOTO 3HAYEHUS TOTO WX UHOTO MOJO0OHOTO ITapaMeT-

pa ¢ ms OAJL uz Pa(n):

P(n) = max p(f),

fe€P2(n)

KOTOPOe,KaK 1 B ciiydae (PYHKIIMOHAJIOB CJI0KHOCTH, HA3BIBAIOT,
obbrano, pyukiueit [Tlennona st mapamerpa v B Kyiacce JITHD.

Bynewm oboznauars 3navenue dyunkimu Hlennona s napa-
METPOB, PaBHBIX 4nciIy! TynukoBeix JJH®, dnciay MEHEMAITb-

Bee JH® paccMaTpHBAIOTCS ¢ TOYHOCTBIO 10 HepecTanoskr DK u 6yxs
B HUX.
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ubix JTH® u myinne cokpammennoit JTH® y @AJI uz Py(n), uepes
7(n), ft () 1 Acoxp.(N) COOTBETCTBEHHO.

W3 monoTOHHOCTH DyHKIHMOHAMA Y 1y cyoxkuoctu JTHD
(cm. §7) carepyer, uro ¢-muanmasbHyto JJTH® Beerjia MOXKHO Bbl-
6parh cpenu TynukoBbix JJH®, aqropurm mocTpoeHus KOTOPBIX
ommcaH B §6. OMHAKO, KaK MMOKA3BIBAET CJIEYIOIIEe yTBePK Ie-
une, @AJI MOTYT MMeTh OYEeHb MHOTO Pa3JIMYHBIX TYTUKOBBIX
JH®, u maxe uuciao pazaunaabix MuHuMaIbHBIX JIHD y Hux
MOXKeT OBbITh OYEHDb BEJIMKO.

JIemma 8.1. Yucao mynukosox (munumarvhoix) THD y DAJT
fus Py(n), n>4, euda

f (1‘17 . ,l’n) = g(xl,xQ,xg) . (.7}4 PP wn),
2de Ny = {(000), (111)}, pasro 52" (coomeemcmeenno 22n_4).

Zoxasameavcmeo. N3 ceoitcrs smmHeitnoit ®AJI u ceoiicrs OAJI
g BbITekaer, 9to (cM. §1 u §4) robast mpocTas uMmIIHKaHTa K
QAJI f umeer Bu
K = K; (v1,22,23) - " - abn,
e K, i=1,...,6, — npocras uminkaara ®AJT g (em. puc.
22am (2.10)) u B4 & --- & B, = 1. Takum obpaszoM, COKpaIeH-
vast JIH® OAJI f ¢ «<reomerpuveckoiis TOYKHU 3PEHUs] COCTOUT
u3 2"~ muknos gy 6 (em. §4). CremoBaTenbho, mobas Ty-
nukoBas (MuanMasibHast) JTH® DAJI f sriouaer B cebst 01HO
u3 AT (COOTBETCTBEHHO JIBYX) PEOEPHBIX MOKPBITHIL, CBA3AH-
HBIX C TYIHMKOBBIMHU (COOTBETCTBEHHO MuHMMAaJbHbIME) JTH®D
DAJI g, npusenenubivu B (4.1)—(4.2) (coorBercrsenno (4.1)),
ISt KaxkIoro u3 24 ykazaHHBIX MUK/I0B. [109TOMY |mCIO Ty-
nuKoBbIX (MuHIMaILHBIX) JTH® DAJI f pasHo 52" (coorBet-
creenno 22" ).
JlemMa J1oKa3aHa. O
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Caencrsue.

2n—4 2n—4

T(n) 25 " (n) =2

BaxkHbIM mapamMeTpoM, BIUSONIIM Ha pasMep Tabmibl Kpaii-
Ha ®, CJIEJOBATEIbHO, HA TPYA0EMKOCTD 33189 MUHIMU3AIIIH,
apjsercs apuHa coxparennoii JIH®. VcranoBum HEKOTOPBIE
HIKHEE OIleHKM JUIMHBL cokpariernoi JH® y ®AJI or n BII,
IMOKA3bIBAIOIINE, B YaCTHOCTH, UTO JauHa cokpamiennoit JTHD
MOYKeT OBITH CYIIECTBEHHO OO0JIbIle JIuHbI coBepinentoit JTHD
Toii zxe PAJIL.

Hust I C [0,n] gepes s! (z1,...,2,) obosmaunm OAJT uz
P, (n), koropast siBisiercst xapakrepucrudeckoit ®AJT obbeu-
HeHUsI Bcex cjioeB Kyba B™ ¢ momepamu u3 I. Ilpu sTom umc-
na us I canratores pabovumu wucaamu OAJL sf. Samermm, o
DAJI sfl SIBJISIETCST CUMMEMPUNECKOT, TO €CTh He N3MEHSIET CBOe
3HaYeHne IpHU JII00OH IepecTaHOBKe apryMEHTOB, U Ha00OPOT,
Jobas cuMMmeTpudeckas (MYHKIUs aaredpbl JOTUKU COBIAIA-
er ¢ onnoii u3 O®AJI Buia s{L. SaMeTnM Tak:Ke, YTO OTINTHAS
oT KOHCTaHThI cuMMeTpuieckast DAJI spjsteTcst cymecTBeHHON
OAJIL. Jlerko BuzeTh, YTO PAOOUUMU TUCIAMEI CUMMETPHIECKIX
DAJI ¢,, u ¢, ABIAIOTCS BCE HEUETHBIE U BCE YETHBIE UYHCJIA OT-
peska [0, n] cOOTBETCTBEHHO.

Cummerpudeckas PAJI HasbiBaeTcss nosackosot, eciu ee pa-
boune umcita 0bpasyor orpe3ok. llosickoBoit ®AJI siByistercsi, B

2,3
gacraoctu, PAJI romocosanuss H (x1,x9,x3) = 5[3 ], a Tak-

1,2
xe OAJI g = s:[,)’ }, nokazaHHag Ha puc. 2.2a. Jlerko Bumiersh,

gyro cokpamennas JJTH® nosickosoit AJI sg’p] (X1,...,@y), 01

0 < r < p < n, cocrour u3 Becex DK panra (n +r — p), Koro-
poie comepxkar r BII u (n — p) orpunanuit BII, To ectb nmeer
BUJT

S’Z‘vp} ($17 . 7'%.1’7,) — \/ aqu . x?”’H’T*P. (81)

11 ’ tn+r—p
1<i1 <"'<’in+r—p<n
0'1+"'+Un+r—p:7'
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U3 (8.1) caemyer, uro gmua cokparennoit JJTHO OAJT sgﬂ 2

pasna (7) - ("?), n mosromy npu r =n —p = [2] ona B coor-
n
sercTBun ¢ dhopmysoit Crupsinara (1.3) He MeHblIe, YeMm el%,
rje €1 — HEeKOTOpas KOHCTaHTa. Takum 06pasoM, I0Ka3aHo Clie-
JLyTOIIEee YTBEPIKICHHE:
Jlemma 8.2.
3n
)\co%p.(n) = 61;’

2de €1 — Hexomopas KOHCMaHIMa.

PaccmoTpennble mpuMephl MOKa3bIBAIOT, 9TO C aJTOPUTMU-
9ecKOW TOYKM 3peHus 3ajgada MuHuMuzarun JIHD aeiserca
OYEeHb TPYJI0EMKOIT 3a1ateil. B Teopun cJI02KHOCTU BLIMUCICHU,
Ie TPYI0EMKOCTDb aJIfOPUTMA OIPEIE/ISIeTCsT, OOBITHO, TUCIOM
OUTOBBIX OTlepaIuii, HEOOXOIMMBIX JIJIsi €10 BBIIOJTHEHUS B «XY/I-
IeMy» CJIydae, BbIJIEJIEH IeJIbIii KJacC Tak Ha3biBaeMbix NP-
IIOJIHBIX IIPO0JIEM, KOTOPBIE CIUTAIOTCSI AJITOPUTMUYECKH TPY/I-
HbiMu (cM., Hanpumep, [1, 23]). K NP-nossbivM npobiemam or-
HOCHUTCsI, B 9aCTHOCTH, pobiema BouimogauMoctn KH®, koro-
past cocTouT B TOM, 9YT00BI 110 3adarH0it KH® BRISICHUTE, paBHA
TOKIECTBEHHO HYyJII0 peanudyemasa eto OAJI wau wer. Takum 06-
pasom, jaxe rnocrpoenne cokpamentoii JTH® uz KH® (cm. §3)
ABJISETCH AJITOPUTMUYECKU TPYIHON 3aia4eil.

C npyroit croponst, FO.U. ZKypasies |9, 6] npeioxuit npu-
menuTepbHo K JIH® Mozenb TaKk HA3BIBAEMBIX JIOKAJTbHBIX UJIN
OKPECTHOCTHBIX aJITOPUTMOB, KOTJIa IIPeoOpa30BaHue paccMaT-
pUBaeMoil TpaHd OJHO3HATHO OIPEIE/ISIeTCST «COCTOTHHEM» €€
«OKPECTHOCTU» 3ajiaHHoro mopsiaka (cMm. §4). On ke (cM. Teo-
pemy 8.1) mokazas, 9ro mpu moctpoenun MuHmMasabHOi JTHO
st DAJT uz Py (n), n > 3, npuX0OAUTCs, B 00IIEM CJIydae, pac-
CMaTPUBaTh OKPECTHOCTH HOPsiiKa (N — 3) ee MaKCHMAJbHBIX
rpamneit. CiretoBarebuo, 3agada muanvusannu JIH® sBisiercs
TPY/HON U C TOYKHU 3PEHUsT YPOBHS JIOKAJBHOCTH UCIIOJTB3yEMBIX
AJITOPUTMOB.
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(6%)
Ny Na

a1 T (X3

OétJrI{.
a)

Puc. 8.1: muoxectBo Ny ais nennoit n nukmmrdeckoir GAJI f

Oupegennm JTH® cymma muanmanbubix PAJIL f (IHD XM
DAJI f) KaK JUIBIOHKIMIO BCEX TEX €6 MPOCTHIX MMILIMKAHT,
KOTOPBIE BXOJSAT XOTs 661 B o1Hy MuHnMaabayio JHO OAJT f.

Oyukups f (21, ..., T,) Has3bBaeTcst uennol (yukauueckol)
dynryuets daunn t, ecim ee cokparennas JJH® ¢ «reomerpude-
CKOfi» TOYKHN 3peHusi Ipejcraniisier coboii 1enb (COOTBeTCTBEeH-
HO IIUKJIT) U3 ¢ Tocse10BaTebHo coequaeHHbrx pedbep N1, Na, ... Ny
kyba B™ (cm. puc. 8.1a u 8.1b). Bamerum, 9T0 NUKINIECKAs]
OAJI pusb t cylecTByeT TONIA U TOJBKO TOraa, Koraat > 6 —
yerTHOE 4uncyo, a nerndas PAJI mmubl ¢ — upn jgobom ¢ > 1.
[Mpumep mennoit PAJI qmuasr 3 maer PAJI ¢”, mokazannas na
puc. 4.1, a PAJI g (cm. puc. 2.1a) siBisiercs rukmaeckoiit GAJT
IJIUHGL 6.

13 Tteopemsbr 4.1 caeyeT, B 9aCTHOCTH, ITO JIJIsI JIIODOM 1T
noit @AJI mmubl He Menbire 4 u 060 mukjmdeckoit MAJI
HH® T cosmamaer ¢ coxparmernnoit JJTH®. Ilpu srom mennas
QAJI f mewernoit pymnbl t = 2k — 1 > 3 UMeeT eIMHCTBEHHYTO
vuanMaabayo JIHO, koropas cosmagaer ¢ ee JIHO XM u co-
orBercTByeT MOKPbITHIO (cM. puc. 8.1a) N1UN3U. . .UN; minabt
k. lefictBurebHo, MHOXKeCTBO Ny B JJAHHOM CJlydae COCTOUT U3
2k HabopoB U He MOXKeT ObITh MOKPBITO (k — 1) pebpom. Kpo-
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on =1
Nn—l Nn
Qp—1 (07PN ]

Qg Q2n—2
Ni Nop_2
al\/QQn—l

0

Puc. 8.2: nermnass PAJI et (2n — 2) B kybe B

Me TOro, IOKpbITHe MHOXKecTBa Ny, cocrosimee u3 k pebep, ne
MOXKET BKJIIOYATh B cebst pebpa ¢ o0IMUMu BEPITUHAMU U JTOJIK-
HO cosiepKaTh sposbie pedbpa N1 u Ny @AJI f. Jlerko BumeTs,
4T0 TOJIBKO mokpbiTHe N1 U N3 U ... UN; obiataer BceMu 3TH-
Mu coiicrBamu. Takum obpasoM, mis mernnoit ®AJI HeveTHOI
nanueel t, t > 5, JTH® YT nve conagaer ¢ JIHD X M.

Teopema 8.1 (cp. [6, 23, 10]). ITpu mobom n € N, n > 3, 6
Py (n) cywecmeyrom QAJL f u ", umerouwue obugyro npocmyro
umnauxarmy K, xomopas exodum e JHD® XM odnoti, o ne
sxodum 6 JH® XM Jdpyeot us smux QAJ u das xomopot

Sn-3 (N, f') = Sn—3 (Ng, f").

Jloxazamenvemso. Jlocrarouno nocrpouts B Py (1) nennyio GyHk-
nuto f derHoit fayuHbl t = 2k > 2n — 2 > 4. [leiicTBUTENBHO,
ecm ykazannasg OAJL f maitnena, a ee MHOKecTBO Ny COOTBET-
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crByeT puc. 8.la, To, nosaras

Ny =Ng\{a1} u Ngr=Ny\{opg},

nosyanm nenasie AJT [ u f” wevernoit st 2k — 1 Takue,
qT0 Kaxkaoe peobpo N;, tne i = 2, ..., t—1, sxomur B ITHD XM
onHoM 3 Hmx, HO He BxomuT B JIH® XM npyroii. IIpu stowm,
oueBuiHO, Sk_o (Nk, f') = Sk_2 (N, f”) u, cnenosarensuo, uc-
komasi 9K K coorBercTByer pebpy Ny.

Jlnst 3aBepiieHunst moKa3aTeIbLCTBA BO3bMEM B KadecTBe f
nennyio PAJI mmunbl (2n — 2), y KoTopoit MHOXKecTBO N co-
crout u3 Bcex Habopos «o; = (1,...,1,0,...,0), rme @ € [1,n],

7 n—
u HabOPOB Gyt = O, © € [1,n), a pebpo ¢ HOMEpOM j, j €
[1,2n — 2], mmeer Bux Nj = {aj, a1} (cm. puc. 8.2) n npume-
HUM K Heil OIMCaHHBIE BBIIIE TIOCTPOEHMUSI.
Teopema jokazana. O

Sameuvarnue 1. I3 Teopembl ciiemyer, 9TO KPUTEPUN BXOXKJIE-
mug DK B JH® XM He nMeeT Takoro JIOKAJILHOI'O XapakTepa,
kak kpurepuii Bxoxkaenus DK B JJTHO 3T (cpasaure ¢ Teope-
Moit 4.1).

Sameuanue 2. VzBecrro |7], uro upu n > 14 B Py (n) nmeercst
nenuas ®AJI werHoit jumnst t, t > 2" 1 — 4, na ocHoBe KOTO-
POii CIIPABEJIMBOCTD TEOPEMBI MOKHO YCTAHOBUTD JIJIsl OKPECT-
HocTH nopsizka (& — 2) (eM. JoKasaTebeTBo).
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