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ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Â 1957 ã. àìåðèêàíñêèé ëèíãâèñò Íîàì Õîìñêèé
(Noam Chomsky) îïóáëèêîâàë êíèãó ¾Syntactic
Structures¿, â êîòîðîé âïåðâûå ïðåäëîæèë
ôîðìàëüíûé ïîäõîä ê èçó÷åíèþ ñòðóêòóðû
ÿçûêîâ íà îñíîâå ñòðîãîãî îïðåäåëåíèÿ
ãðàììàòèê, ïîðîæäàþùèõ ÿçûêîâûå êîíñòðóêöèè
� ñëîâîñî÷åòàíèÿ, ïðåäëîæåíèÿ, ôðàçû.

Ýòà ðàáîòà ðàäèêàëüíî èçìåíèëà âçãëÿäû
ëèíãâèñòîâ íà ñïîñîáû îïèñàíèÿ è èçó÷åíèÿ
åñòåñòâåííûõ ÿçûêîâ è îêàçàëàñü ÷ðåçâû÷àéíî
âàæíîé äëÿ ñîçäàíèÿ è èñïîëüçîâàíèÿ
èñêóññòâåííûõ ÿçûêîâ�ïðîãðàììèðîâàíèÿ,
îïèñàíèÿ äàííûõ, ðàçìåòêè òåêñòîâ è ïð.
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AVRAM NOAM CHOMSKY
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Èäåÿ Õîìñêîãî.
Êàê îïèñàòü ìíîæåñòâî ãðàììàòè÷åñêè
ïðàâèëüíûõ êîíñòðóêöèé ÿçûêà?

1. Íóæíî ââåñòè ãðàììàòè÷åñêèå ïîíÿòèÿ,
îáîçíà÷àþùèå òèïû ÿçûêîâûõ êîíñòðóêöèé.

2. Íóæíî îïðåäåëèòü ãðàììàòè÷åñêèå ïðàâèëà,
ðàñêðûâàþùèå ñîäåðæàíèå îäíèõ ãðàììàòè-
÷åñêèõ ïîíÿòèé â òåðìèíàõ äðóãèõ ãðàììà-
òè÷åñêèõ ïîíÿòèé è ñëîâ îïèñûâàåìîãî ÿçûêà.

Òàê âîçíèêëè ôîðìàëüíûå ãðàììàòèêè, ïîçâî-
ëèâøèå ñîçäàâàòü ìàòåìàòè÷åñêèå ìåòîäû è
àëãîðèòìû äëÿ ðåøåíèÿ çàäà÷ ñèíòàêñè÷åñêîãî
àíàëèçà è òðàíñëÿöèè ÿçûêîâ.
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Ïðèìåð.
Ãðàììàòè÷åñêèå ïîíÿòèÿ: sentence, noun-group, verb-group,
noun, verb, adjective, adverb.

Ïðàâèëà ãðàììàòèêè:

sentence ::= noun-group verb-group noun-group .
noun-group ::= noun | adjective noun-group
verb-group ::= verb | adverb verb-group
noun ::= cats | bats | rats
verb ::= eat | like
adjective ::= black | white | big | small
adverb ::= easy | hardly | often | rare

Ãðàììàòè÷åñêè ïðàâèëüíûå ïðåäëîæåíèÿ:

black big cats often eat small white rats

black black bats often rare like big small cats
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black big cats often eat small white rats
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Ïðèìåð.

Ïðàâèëà âûâîäà:

Ãðàììàòè÷åñêèé âûâîä:

sentence

⇒ noun-group verb-group noun-group
⇒ noun-group adverb verb-group noun-group
⇒ adjective noun-group adverb verb-group noun-group
⇒ adjective noun-group adverb verb-group adjective
noun-group
⇒ adjective noun-group adverb verb adjective noun-group
⇒ adjective noun adverb verb adjective noun-group
⇒ adjective noun adverb verb adjective noun
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Ïðèìåð.
Ïðàâèëà âûâîäà:

sentence ::= noun-group verb-group noun-group

Ãðàììàòè÷åñêèé âûâîä:

sentence ⇒ noun-group verb-group noun-group

⇒ noun-group adverb verb-group noun-group
⇒ adjective noun-group adverb verb-group noun-group
⇒ adjective noun-group adverb verb-group adjective
noun-group
⇒ adjective noun-group adverb verb adjective noun-group
⇒ adjective noun adverb verb adjective noun-group
⇒ adjective noun adverb verb adjective noun
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Ïðèìåð.
Ïðàâèëà âûâîäà:

verb-group ::= verb | adverb verb-group
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Ïðèìåð.
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Ïðèìåð.
Ïðàâèëà âûâîäà:

Ãðàììàòè÷åñêèé âûâîä:

sentence ⇒ noun-group verb-group noun-group
⇒ noun-group adverb verb-group noun-group
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Ïðèìåð (ïðîäîëæåíèå).

Ïðàâèëà âûâîäà:

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun
⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats
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Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

adjective ::= black | white | big | small

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun

⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun
⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats
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Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

noun ::= cats | bats | rats

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun

⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun
⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats
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Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

adverb ::= easy | hardly | often | rare

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun

⇒ small rats often eat adjective noun
⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats
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Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

verb ::= eat | like

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun

⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats
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Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

adjective ::= black | white | big | small

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun
⇒ small rats often eat big noun

⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

noun ::= cats | bats | rats

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun
⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð (ïðîäîëæåíèå).
Ïðàâèëà âûâîäà:

Ãðàììàòè÷åñêèé âûâîä:

⇒ small noun adverb verb adjective noun
⇒ small rats adverb verb adjective noun
⇒ small rats often verb adjective noun
⇒ small rats often eat adjective noun
⇒ small rats often eat big noun
⇒ small rats often eat big cats

Èòàê,
sentence ⇒∗ small rats often eat big cats



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïîðîæäàþùàÿ ãðàììàòèêà � ýòî ñèñòåìà
G = (Σ,N ,P , S) , ñîñòîÿùàÿ èç

I êîíå÷íîãî àëôàâèòà Σ òåðìèíàëüíûõ áóêâ
(òåðìèíàëîâ),

I êîíå÷íîãî àëôàâèòà N íåòåðìèíàëüíûõ áóêâ
(íåòåðìèíàëîâ), Σ ∩N = ∅ ,

I êîíå÷íîãî ìíîæåñòâà P ãðàììàòè÷åñêèõ
ïðàâèë (ïðîäóêöèé) âèäà α→ β , ãäå
α ∈ (Σ ∪N )∗N (Σ ∪N )∗, β ∈ (Σ ∪N )∗ ,

I íà÷àëüíîãî íåòåðìèíàëà S , S ∈ N .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Â ïðèâåäåííîì ïðèìåðå îïèñàíà ãðàììàòèêà, â
êîòîðîé
Σ = { a, b, c, . . . , x, y, z, . }

N = { sentence, noun-group, verb-group, noun, verb,
adjective, adverb }

P ñîñòîèò èç ïðàâèë

sentence → noun-group verb-group noun-group .
noun-group → noun
noun-group → adjective noun-group

· · ·
adverb → rare

Íà÷àëüíûé íåòåðìèíàë S � ýòî sentence



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Â ïðèâåäåííîì ïðèìåðå îïèñàíà ãðàììàòèêà, â
êîòîðîé
Σ = { a, b, c, . . . , x, y, z, . }

N = { sentence, noun-group, verb-group, noun, verb,
adjective, adverb }

P ñîñòîèò èç ïðàâèë

sentence → noun-group verb-group noun-group .
noun-group → noun
noun-group → adjective noun-group

· · ·
adverb → rare

Íà÷àëüíûé íåòåðìèíàë S � ýòî sentence



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Â ïðèâåäåííîì ïðèìåðå îïèñàíà ãðàììàòèêà, â
êîòîðîé
Σ = { a, b, c, . . . , x, y, z, . }

N = { sentence, noun-group, verb-group, noun, verb,
adjective, adverb }

P ñîñòîèò èç ïðàâèë

sentence → noun-group verb-group noun-group .
noun-group → noun
noun-group → adjective noun-group

· · ·
adverb → rare

Íà÷àëüíûé íåòåðìèíàë S � ýòî sentence



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð (áîëåå àáñòðàêòíûé).
Ãðàììàòèêà G = ({a, b, c}, {S ,B ,C ,H},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSBC

S → aBC

CB → HB

HB → HC

HC → BC

aB → ab

bB → bb

bC → bc

cC → cc



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêîå ïðàâèëî r : α→ β îïðåäåëÿåò
îòíîøåíèå íåïîñðåäñòâåííîé âûâîäèìîñòè ñëîâ
r−→ : äëÿ ëþáîé ïàðû ñëîâ γ′, γ′′ ∈ (Σ ∪N )∗

γ′
r−→ γ′′ ⇐⇒ γ′ = θαη ∧ γ′′ = θβη.

Äëÿ ãðàììàòèêè G = (Σ,N ,P , S) îòíîøåíèå

íåïîñðåäñòâåííîé âûâîäèìîñòè
G−→ � ýòî

îáúåäèíåíèå îòíîøåíèé íåïîñðåäñòâåííîé
âûâîäèìîñòè äëÿ ïðàâèë ãðàììàòèêè:
G−→=

⋃
r∈P

r−→ .

Ðåôëåêñèâíî-òðàíçèòèâíîå çàìûêàíèå îòíîøåíèÿ
G−→ îáîçíà÷èì çàïèñüþ

G−→∗ .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêîå ïðàâèëî r : α→ β îïðåäåëÿåò
îòíîøåíèå íåïîñðåäñòâåííîé âûâîäèìîñòè ñëîâ
r−→ : äëÿ ëþáîé ïàðû ñëîâ γ′, γ′′ ∈ (Σ ∪N )∗

γ′
r−→ γ′′ ⇐⇒ γ′ = θαη ∧ γ′′ = θβη.

Äëÿ ãðàììàòèêè G = (Σ,N ,P , S) îòíîøåíèå

íåïîñðåäñòâåííîé âûâîäèìîñòè
G−→ � ýòî

îáúåäèíåíèå îòíîøåíèé íåïîñðåäñòâåííîé
âûâîäèìîñòè äëÿ ïðàâèë ãðàììàòèêè:
G−→=

⋃
r∈P

r−→ .

Ðåôëåêñèâíî-òðàíçèòèâíîå çàìûêàíèå îòíîøåíèÿ
G−→ îáîçíà÷èì çàïèñüþ

G−→∗ .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêîå ïðàâèëî r : α→ β îïðåäåëÿåò
îòíîøåíèå íåïîñðåäñòâåííîé âûâîäèìîñòè ñëîâ
r−→ : äëÿ ëþáîé ïàðû ñëîâ γ′, γ′′ ∈ (Σ ∪N )∗

γ′
r−→ γ′′ ⇐⇒ γ′ = θαη ∧ γ′′ = θβη.

Äëÿ ãðàììàòèêè G = (Σ,N ,P , S) îòíîøåíèå

íåïîñðåäñòâåííîé âûâîäèìîñòè
G−→ � ýòî

îáúåäèíåíèå îòíîøåíèé íåïîñðåäñòâåííîé
âûâîäèìîñòè äëÿ ïðàâèë ãðàììàòèêè:
G−→=

⋃
r∈P

r−→ .

Ðåôëåêñèâíî-òðàíçèòèâíîå çàìûêàíèå îòíîøåíèÿ
G−→ îáîçíà÷èì çàïèñüþ

G−→∗ .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêèì âûâîäîì â ãðàììàòèêå G
íàçûâàåòñÿ âñÿêàÿ êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü
ñëîâ â àëôàâèòå Σ ∪N , ñâÿçàííûõ îòíîøåíèåì
íåïîñðåäñòâåííîé âûâîäèìîñòè:

γ1
G−→ γ2

G−→ γ3
G−→ · · · G−→ γk−1

G−→ γk ,

Ñëîâî γ′′ âûâîäèìî â ãðàììàòèêå G èç ñëîâà γ′ ,

åñëè γ′
G−→∗ γ′′ .

ßçûê, ïîðîæäàåìûé ãðàììàòèêîé G � ýòî

ìíîæåñòâî L(G ) = {w : w ∈ Σ∗, S
G−→∗ w}

òåðìèíàëüíûõ ñëîâ, âûâîäèìûõ èç ñòàðòîâîãî
íåòåðìèíàëà S .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêèì âûâîäîì â ãðàììàòèêå G
íàçûâàåòñÿ âñÿêàÿ êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü
ñëîâ â àëôàâèòå Σ ∪N , ñâÿçàííûõ îòíîøåíèåì
íåïîñðåäñòâåííîé âûâîäèìîñòè:

γ1
G−→ γ2

G−→ γ3
G−→ · · · G−→ γk−1

G−→ γk ,

Ñëîâî γ′′ âûâîäèìî â ãðàììàòèêå G èç ñëîâà γ′ ,

åñëè γ′
G−→∗ γ′′ .

ßçûê, ïîðîæäàåìûé ãðàììàòèêîé G � ýòî

ìíîæåñòâî L(G ) = {w : w ∈ Σ∗, S
G−→∗ w}

òåðìèíàëüíûõ ñëîâ, âûâîäèìûõ èç ñòàðòîâîãî
íåòåðìèíàëà S .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S
G−→ SS



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S
G−→ SS

G−→ aSbS



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S
G−→ SS

G−→ aSbS
G−→ aaSbbS



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S
G−→ SS

G−→ aSbS
G−→ aaSbbS

G−→ aabbS



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S
G−→ SS

G−→ aSbS
G−→ aaSbbS

G−→ aabbS
G−→ aabbba



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ðàññìîòðèì ãðàììàòèêó G = ({a, b}, {S},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSb

S → ba

S → SS

S → ε

Òîãäà ãðàììàòè÷åñêèì âûâîäîì ÿâëÿåòñÿ
ïîñëåäîâàòåëüíîñòü

S
G−→ SS

G−→ aSbS
G−→ aaSbbS

G−→ aabbS
G−→ aabbba

Òàêèì îáðàçîì, aabbba ∈ L(G ) .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ãðàììàòèêà G = ({a, b, c}, {S ,B ,C ,H},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSBC

S → aBC

CB → HB

HB → HC

HC → BC

aB → ab

bB → bb

bC → bc

cC → cc

Êàêîâ ÿçûê L(G ) ýòîé ãðàììàòèêè?

L(G ) = {anbncn : n ≥ 1} .



ÔÎÐÌÀËÜÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.
Ãðàììàòèêà G = ({a, b, c}, {S ,B ,C ,H},P , S) , ãäå
ìíîæåñòâî P ñîñòîèò èç ïðàâèë

S → aSBC

S → aBC

CB → HB

HB → HC

HC → BC

aB → ab

bB → bb

bC → bc

cC → cc

Êàêîâ ÿçûê L(G ) ýòîé ãðàììàòèêè?

L(G ) = {anbncn : n ≥ 1} .



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Õîìñêèé ïðåäëîæèë ñëåäóþùóþ êëàññèôèêàöèþ
ôîðìàëüíûõ ãðàììàòèê â çàâèñèìîñòè îò òîãî,
êàêèå ïðàâèëà ðàçðåøàåòñÿ èñïîëüçîâàòü äëÿ
ãðàììàòè÷åñêîãî âûâîäà. Ýòà êëàññèôèêàöèÿ
ôîðìàëüíûõ ãðàììàòèê è ÿçûêîâ ïîëó÷èëà
íàçâàíèå

Èåðàðõèÿ Õîìñêîãî



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ãðàììàòèêà G = (Σ,N ,P , S) íàçûâàåòñÿ
I íåîãðàíè÷åííîé (òèïà 0), åñëè â íåé
ðàçðåøåíû ëþáûå ãðàììàòè÷åñêèå ïðàâèëà;

I êîíòåêñòíî-çàâèñèìîé (òèïà 1), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà θAη → θαη , ãäå A ∈ N , α ∈ (Σ ∪N )+ ,
θ, η ∈ (Σ ∪N )∗ ;

I êîíòåêñòíî-ñâîáîäíîé (òèïà 2), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà A→ α , ãäå A ∈ N , α ∈ (Σ ∪N )∗ ;

I ðåãóëÿðíûå (òèïà 3), åñëè â íåé ðàçðåøåíû
òîëüêî ãðàììàòè÷åñêèå ïðàâèëà âèäà A→ wB
èëè A→ w , ãäå A,B ∈ N , w ∈ Σ∗ .



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ãðàììàòèêà G = (Σ,N ,P , S) íàçûâàåòñÿ
I íåîãðàíè÷åííîé (òèïà 0), åñëè â íåé
ðàçðåøåíû ëþáûå ãðàììàòè÷åñêèå ïðàâèëà;

I êîíòåêñòíî-çàâèñèìîé (òèïà 1), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà θAη → θαη , ãäå A ∈ N , α ∈ (Σ ∪N )+ ,
θ, η ∈ (Σ ∪N )∗ ;

I êîíòåêñòíî-ñâîáîäíîé (òèïà 2), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà A→ α , ãäå A ∈ N , α ∈ (Σ ∪N )∗ ;

I ðåãóëÿðíûå (òèïà 3), åñëè â íåé ðàçðåøåíû
òîëüêî ãðàììàòè÷åñêèå ïðàâèëà âèäà A→ wB
èëè A→ w , ãäå A,B ∈ N , w ∈ Σ∗ .



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ãðàììàòèêà G = (Σ,N ,P , S) íàçûâàåòñÿ
I íåîãðàíè÷åííîé (òèïà 0), åñëè â íåé
ðàçðåøåíû ëþáûå ãðàììàòè÷åñêèå ïðàâèëà;

I êîíòåêñòíî-çàâèñèìîé (òèïà 1), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà θAη → θαη , ãäå A ∈ N , α ∈ (Σ ∪N )+ ,
θ, η ∈ (Σ ∪N )∗ ;

I êîíòåêñòíî-ñâîáîäíîé (òèïà 2), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà A→ α , ãäå A ∈ N , α ∈ (Σ ∪N )∗ ;

I ðåãóëÿðíûå (òèïà 3), åñëè â íåé ðàçðåøåíû
òîëüêî ãðàììàòè÷åñêèå ïðàâèëà âèäà A→ wB
èëè A→ w , ãäå A,B ∈ N , w ∈ Σ∗ .



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ãðàììàòèêà G = (Σ,N ,P , S) íàçûâàåòñÿ
I íåîãðàíè÷åííîé (òèïà 0), åñëè â íåé
ðàçðåøåíû ëþáûå ãðàììàòè÷åñêèå ïðàâèëà;

I êîíòåêñòíî-çàâèñèìîé (òèïà 1), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà θAη → θαη , ãäå A ∈ N , α ∈ (Σ ∪N )+ ,
θ, η ∈ (Σ ∪N )∗ ;

I êîíòåêñòíî-ñâîáîäíîé (òèïà 2), åñëè â íåé
ðàçðåøåíû òîëüêî ãðàììàòè÷åñêèå ïðàâèëà
âèäà A→ α , ãäå A ∈ N , α ∈ (Σ ∪N )∗ ;

I ðåãóëÿðíûå (òèïà 3), åñëè â íåé ðàçðåøåíû
òîëüêî ãðàììàòè÷åñêèå ïðàâèëà âèäà A→ wB
èëè A→ w , ãäå A,B ∈ N , w ∈ Σ∗ .



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Íåîãðàíè÷åííàÿ ãðàììàòèêà,
ìîäåëèðóþùàÿ âû÷èñëåíèå ìàøèíû Òüþðèíãà:

Σ = {0, 1, $,#} , N = {S ,Q1,Q2} .
S → $Q10#,

0Q10→ Q201, 1Q10→ Q211,

Q110→ 0Q10, Q111→ 0Q11,

Q200→ 0Q10, Q201→ 1Q11, Q21→ 0,

$Q1 → $0Q1 $Q2 → $0Q2

Q1#→ Q10# Q2#→ Q20#

S −→ $Q10# −→ $0Q10# −→ $Q201# −→ $1Q11#



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Íåîãðàíè÷åííàÿ ãðàììàòèêà,
ìîäåëèðóþùàÿ âû÷èñëåíèå ìàøèíû Òüþðèíãà:

Σ = {0, 1, $,#} , N = {S ,Q1,Q2} .
S → $Q10#,

0Q10→ Q201, 1Q10→ Q211,

Q110→ 0Q10, Q111→ 0Q11,

Q200→ 0Q10, Q201→ 1Q11, Q21→ 0,

$Q1 → $0Q1 $Q2 → $0Q2

Q1#→ Q10# Q2#→ Q20#

S

−→ $Q10# −→ $0Q10# −→ $Q201# −→ $1Q11#



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Íåîãðàíè÷åííàÿ ãðàììàòèêà,
ìîäåëèðóþùàÿ âû÷èñëåíèå ìàøèíû Òüþðèíãà:

Σ = {0, 1, $,#} , N = {S ,Q1,Q2} .
S → $Q10#,

0Q10→ Q201, 1Q10→ Q211,

Q110→ 0Q10, Q111→ 0Q11,

Q200→ 0Q10, Q201→ 1Q11, Q21→ 0,

$Q1 → $0Q1 $Q2 → $0Q2

Q1#→ Q10# Q2#→ Q20#

S −→ $Q10#

−→ $0Q10# −→ $Q201# −→ $1Q11#



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Íåîãðàíè÷åííàÿ ãðàììàòèêà,
ìîäåëèðóþùàÿ âû÷èñëåíèå ìàøèíû Òüþðèíãà:

Σ = {0, 1, $,#} , N = {S ,Q1,Q2} .
S → $Q10#,

0Q10→ Q201, 1Q10→ Q211,

Q110→ 0Q10, Q111→ 0Q11,

Q200→ 0Q10, Q201→ 1Q11, Q21→ 0,

$Q1 → $0Q1 $Q2 → $0Q2

Q1#→ Q10# Q2#→ Q20#

S −→ $Q10# −→ $0Q10#

−→ $Q201# −→ $1Q11#



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Íåîãðàíè÷åííàÿ ãðàììàòèêà,
ìîäåëèðóþùàÿ âû÷èñëåíèå ìàøèíû Òüþðèíãà:

Σ = {0, 1, $,#} , N = {S ,Q1,Q2} .
S → $Q10#,

0Q10→ Q201, 1Q10→ Q211,

Q110→ 0Q10, Q111→ 0Q11,

Q200→ 0Q10, Q201→ 1Q11, Q21→ 0,

$Q1 → $0Q1 $Q2 → $0Q2

Q1#→ Q10# Q2#→ Q20#

S −→ $Q10# −→ $0Q10# −→ $Q201#

−→ $1Q11#



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Íåîãðàíè÷åííàÿ ãðàììàòèêà,
ìîäåëèðóþùàÿ âû÷èñëåíèå ìàøèíû Òüþðèíãà:

Σ = {0, 1, $,#} , N = {S ,Q1,Q2} .
S → $Q10#,

0Q10→ Q201, 1Q10→ Q211,

Q110→ 0Q10, Q111→ 0Q11,

Q200→ 0Q10, Q201→ 1Q11, Q21→ 0,

$Q1 → $0Q1 $Q2 → $0Q2

Q1#→ Q10# Q2#→ Q20#

S −→ $Q10# −→ $0Q10# −→ $Q201# −→ $1Q11#



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Êîíòåêñòíî-çàâèñèìàÿ ãðàììàòèêà.

Σ = {a, b, c}, N = {S ,B ,C ,H} ,
S → aSBC

S → aBC

CB → HB

HB → HC

HC → BC

aB → ab

bB → bb

bC → bc

cC → cc



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Êîíòåêñòíî-ñâîáîäíàÿ ãðàììàòèêà.

Σ = {x , y , 0, 1,+,×, (, )}, N = {S ,V ,C ,A} ,
S → V

S → C

S → (SAS)

V → x

V → y

C → 0

C → 1

A→ +

A→ ×



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Ïðèìåð. Ðåãóëÿðíàÿ ãðàììàòèêà, ìîäåëèðóþùàÿ
êîíå÷íûé àâòîìàò.

Σ = {a, b}, N = {S ,Q1,Q2,Q3} ,

S → aQ1

S → aS

S → bQ2

Q1 → aQ2

Q1 → aS

Q2 → bQ1

Q2 → ε



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Óòâåðæäåíèå 7.1.

1. Êàæäàÿ ðåãóëÿðíàÿ ãðàììàòèêà ÿâëÿåòñÿ
êîíòåêñòíî-ñâîáîäíîé,

2. Êàæäàÿ êîíòåêñòíî-ñâîáîäíàÿ ãðàììàòèêà áåç
ïðàâèë âèäà A→ ε ÿâëÿåòñÿ
êîíòåêñòíî-çàâèñèìîé,

3. Êàæäàÿ êîíòåêñòíî-çàâèñèìàÿ ãðàììàòèêà
ÿâëÿåòñÿ íåîãðàíè÷åííîé.

À òåïåðü ðàçáåðåìñÿ ñ ãðàììàòèêàìè
êàæäîãî òèïà ïî îòäåëüíîñòè.



ÈÅÐÀÐÕÈß ÕÎÌÑÊÎÃÎ

Óòâåðæäåíèå 7.1.

1. Êàæäàÿ ðåãóëÿðíàÿ ãðàììàòèêà ÿâëÿåòñÿ
êîíòåêñòíî-ñâîáîäíîé,

2. Êàæäàÿ êîíòåêñòíî-ñâîáîäíàÿ ãðàììàòèêà áåç
ïðàâèë âèäà A→ ε ÿâëÿåòñÿ
êîíòåêñòíî-çàâèñèìîé,

3. Êàæäàÿ êîíòåêñòíî-çàâèñèìàÿ ãðàììàòèêà
ÿâëÿåòñÿ íåîãðàíè÷åííîé.

À òåïåðü ðàçáåðåìñÿ ñ ãðàììàòèêàìè
êàæäîãî òèïà ïî îòäåëüíîñòè.



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðàâîëèíåéíûå ãðàììàòèêè ñîñòîÿò èç ïðàâèë
âèäà A→ wB èëè A→ w , ãäå A,B∈N , w ∈Σ∗ .

Ïîñêîëüêó â ïðàâîé ÷àñòè êàæäîãî ïðàâèëà
ïðèñóòñòâóåò íå áîëåå îäíîãî íåòåðìèíàëà,
êîòîðûé ìîæåò ñîäåðæàòüñÿ òîëüêî â ïðàâîì
êîíöå ñëîâà, òàêèå ãðàììàòèêè òàêæå íàçûâàþòñÿ
ïðàâîëèíåéíûìè .

Çàäàäèìñÿ âîïðîñîì:
êàêèå ÿçûêè ïîðîæäàþòñÿ ðåãóëÿðíûìè
(ïðàâîëèíåéíûìè) ãðàììàòèêàìè?



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïóñòü çàäàíà ãðàììàòèêà G = (Σ,N ,P , S) è
íåòåðìèíàë N , N ∈ N .

ßçûêîì íåòåðìèíàëà N , N ∈ N , â ãðàììàòèêå
G íàçûâàåòñÿ ìíîæåñòâî òåðìèíàëüíûõ ñëîâ

LG (N) = {w : w ∈ Σ∗,N
G−→∗ w} , âûâîäèìûõ èç

ýòîãî òåðìèíàëà. Â ÷àñòíîñòè, L(G ) = LG (S) .

Óòâåðæäåíèå 7.2. Êàæäûé ÿçûê, ïîðîæäàåìûé
ðåãóëÿðíîé ãðàììàòèêîé, ÿâëÿåòñÿ ðåãóëÿðíûì.

Äîêàçàòåëüñòâî. Ïðîâåäåì äëÿ ñëó÷àÿ, êîãäà â
ãðàììàòèêå íåò ïðàâèë N → ε , â ïðàâîé ÷àñòè
êîòîðûõ ñòîèò ïóñòîå ñëîâî.



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïóñòü çàäàíà ãðàììàòèêà G = (Σ,N ,P , S) è
íåòåðìèíàë N , N ∈ N .

ßçûêîì íåòåðìèíàëà N , N ∈ N , â ãðàììàòèêå
G íàçûâàåòñÿ ìíîæåñòâî òåðìèíàëüíûõ ñëîâ

LG (N) = {w : w ∈ Σ∗,N
G−→∗ w} , âûâîäèìûõ èç

ýòîãî òåðìèíàëà. Â ÷àñòíîñòè, L(G ) = LG (S) .

Óòâåðæäåíèå 7.2. Êàæäûé ÿçûê, ïîðîæäàåìûé
ðåãóëÿðíîé ãðàììàòèêîé, ÿâëÿåòñÿ ðåãóëÿðíûì.

Äîêàçàòåëüñòâî. Ïðîâåäåì äëÿ ñëó÷àÿ, êîãäà â
ãðàììàòèêå íåò ïðàâèë N → ε , â ïðàâîé ÷àñòè
êîòîðûõ ñòîèò ïóñòîå ñëîâî.



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Ðàññìîòðèì ïðîèçâîëüíûé íåòåðìèíàë N, N ∈ N , è âñå

ãðàììàòè÷åñêèå ïðàâèëà N → wiAi , 1 ≤ i ≤ k , è
N → uj , 1 ≤ j ≤ m .

Ëåãêî âèäåòü, ÷òî ñïðàâåäëèâî ðàâåíñòâî

LG (N) =
k⋃

i=1

wiLG (Ai ) ∪ {u1, . . . , um}.

Òàêèì îáðàçîì ñåìåéñòâî ÿçûêîâ LG (N), N ∈ N , ÿâëÿåòñÿ

ðåøåíèåì ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ÿçûêàìè, â

êîòîðîé âñå óðàâíåíèÿ èìåþò âèä:

XN =
k∑

j=1

wiXAi
+ u1 + · · ·+ um.

Íî, êàê ñëåäóåò èç óòâåðæäåíèÿ 3.3 (Ëåêöèÿ 3), ýòà ñèñòåìà

óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå, è ýòèì ðåøåíèåì

ÿâëÿåòñÿ íàáîð ðåãóëÿðíûõ ÿçûêîâ. QED



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Ðàññìîòðèì ïðîèçâîëüíûé íåòåðìèíàë N, N ∈ N , è âñå

ãðàììàòè÷åñêèå ïðàâèëà N → wiAi , 1 ≤ i ≤ k , è
N → uj , 1 ≤ j ≤ m .

Ëåãêî âèäåòü, ÷òî ñïðàâåäëèâî ðàâåíñòâî

LG (N) =
k⋃

i=1

wiLG (Ai ) ∪ {u1, . . . , um}.

Òàêèì îáðàçîì ñåìåéñòâî ÿçûêîâ LG (N), N ∈ N , ÿâëÿåòñÿ

ðåøåíèåì ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ÿçûêàìè, â

êîòîðîé âñå óðàâíåíèÿ èìåþò âèä:

XN =
k∑

j=1

wiXAi
+ u1 + · · ·+ um.

Íî, êàê ñëåäóåò èç óòâåðæäåíèÿ 3.3 (Ëåêöèÿ 3), ýòà ñèñòåìà

óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå, è ýòèì ðåøåíèåì

ÿâëÿåòñÿ íàáîð ðåãóëÿðíûõ ÿçûêîâ. QED



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Ðàññìîòðèì ïðîèçâîëüíûé íåòåðìèíàë N, N ∈ N , è âñå

ãðàììàòè÷åñêèå ïðàâèëà N → wiAi , 1 ≤ i ≤ k , è
N → uj , 1 ≤ j ≤ m .

Ëåãêî âèäåòü, ÷òî ñïðàâåäëèâî ðàâåíñòâî

LG (N) =
k⋃

i=1

wiLG (Ai ) ∪ {u1, . . . , um}.

Òàêèì îáðàçîì ñåìåéñòâî ÿçûêîâ LG (N), N ∈ N , ÿâëÿåòñÿ

ðåøåíèåì ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä ÿçûêàìè, â

êîòîðîé âñå óðàâíåíèÿ èìåþò âèä:

XN =
k∑

j=1

wiXAi
+ u1 + · · ·+ um.

Íî, êàê ñëåäóåò èç óòâåðæäåíèÿ 3.3 (Ëåêöèÿ 3), ýòà ñèñòåìà

óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå, è ýòèì ðåøåíèåì

ÿâëÿåòñÿ íàáîð ðåãóëÿðíûõ ÿçûêîâ. QED



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Çàäà÷à 1. Êàêîå çíà÷åíèå äëÿ ïðåäëîæåííîãî
äîêàçàòåëüñòâà èìååò äîïóùåíèå îá îòñóòñòâèè â
ãðàììàòèêå ïðàâèë ñ ïóñòîé ïðàâîé ÷àñòüþ?

Ïðîâåäèòå äîêàçàòåëüñòâî óòâåðæäåíèÿ 7.2 äëÿ
ðåãóëÿðíûõ ãðàììàòèê ïðîèçâîëüíîãî âèäà.

Óòâåðæäåíèå 7.3. Êàæäûé ðåãóëÿðíûé ÿçûê
ïîðîæäàåòñÿ ðåãóëÿðíîé ãðàììàòèêîé.

Äîêàçàòåëüñòâî. Ïîñêîëüêó êëàññ ðåãóëÿðíûõ
ÿçûêîâ ñîâïàäàåò ñ êëàññîì àâòîìàòíûõ ÿçûêîâ,
äîñòàòî÷íî ïîêàçàòü, ÷òî êàæäûé àâòîìàòíûé
ÿçûê ïîðîæäàåòñÿ ðåãóëÿðíîé ãðàììàòèêîé.



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Çàäà÷à 1. Êàêîå çíà÷åíèå äëÿ ïðåäëîæåííîãî
äîêàçàòåëüñòâà èìååò äîïóùåíèå îá îòñóòñòâèè â
ãðàììàòèêå ïðàâèë ñ ïóñòîé ïðàâîé ÷àñòüþ?

Ïðîâåäèòå äîêàçàòåëüñòâî óòâåðæäåíèÿ 7.2 äëÿ
ðåãóëÿðíûõ ãðàììàòèê ïðîèçâîëüíîãî âèäà.

Óòâåðæäåíèå 7.3. Êàæäûé ðåãóëÿðíûé ÿçûê
ïîðîæäàåòñÿ ðåãóëÿðíîé ãðàììàòèêîé.

Äîêàçàòåëüñòâî. Ïîñêîëüêó êëàññ ðåãóëÿðíûõ
ÿçûêîâ ñîâïàäàåò ñ êëàññîì àâòîìàòíûõ ÿçûêîâ,
äîñòàòî÷íî ïîêàçàòü, ÷òî êàæäûé àâòîìàòíûé
ÿçûê ïîðîæäàåòñÿ ðåãóëÿðíîé ãðàììàòèêîé.



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Ïóñòü L = L(A) , ãäå A = (Σ,Q, q0,F ,T ) � äåòåìèíèðîâàí-

íûé êîíå÷íûé àâòîìàò.

Ðàññìîòðèì ðåãóëÿðíóþ ãðàììàòèêó G = (Σ,Q,P, q0) , â
êîòîðîé â ðîëè íåòåðìèíàëîâ âûñòóïàþò âñå ñîñòîÿíèÿ

q0, q1, . . . , qn àâòîìàòà A , à ìíîæåñòâî ãðàììàòè÷åñêèõ ïðàâèë

äëÿ êàæäîãî ïåðåõîäà (q′, a, q′′) ∈ T àâòîìàòà A ñîäåðæèò

ïðàâèëî q′ → aq′′ , è äëÿ êàæäîãî ôèíàëüíîãî ñîñòîÿíèÿ

q, q ∈ F , ñîäåðæèò ïðàâèëî q → ε .

Äàëåå èíäóêöèåé ïî äëèíå ñëîâà w = a1a2 . . . an íåòðóäíî

ïîêàçàòü, ÷òî àâòîìàò A èìååò óñïåøíîå âû÷èñëåíèå

q0
a1−→ q1

a2−→ · · · an−→ qn

òîãäà è òîëüêî òîãäà â ãðàììàòèêå G = (Σ,Q,P, q0)
ñóùåñòâóåò âûâîä

q0
G−→ a1q1

G−→ · · · Gn−→ a1a2 . . . anqn
Gn−→ a1a2 . . . an.

QED



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Ïóñòü L = L(A) , ãäå A = (Σ,Q, q0,F ,T ) � äåòåìèíèðîâàí-

íûé êîíå÷íûé àâòîìàò.

Ðàññìîòðèì ðåãóëÿðíóþ ãðàììàòèêó G = (Σ,Q,P, q0) , â
êîòîðîé â ðîëè íåòåðìèíàëîâ âûñòóïàþò âñå ñîñòîÿíèÿ

q0, q1, . . . , qn àâòîìàòà A , à ìíîæåñòâî ãðàììàòè÷åñêèõ ïðàâèë

äëÿ êàæäîãî ïåðåõîäà (q′, a, q′′) ∈ T àâòîìàòà A ñîäåðæèò

ïðàâèëî q′ → aq′′ , è äëÿ êàæäîãî ôèíàëüíîãî ñîñòîÿíèÿ

q, q ∈ F , ñîäåðæèò ïðàâèëî q → ε .

Äàëåå èíäóêöèåé ïî äëèíå ñëîâà w = a1a2 . . . an íåòðóäíî

ïîêàçàòü, ÷òî àâòîìàò A èìååò óñïåøíîå âû÷èñëåíèå

q0
a1−→ q1

a2−→ · · · an−→ qn

òîãäà è òîëüêî òîãäà â ãðàììàòèêå G = (Σ,Q,P, q0)
ñóùåñòâóåò âûâîä

q0
G−→ a1q1

G−→ · · · Gn−→ a1a2 . . . anqn
Gn−→ a1a2 . . . an.

QED



ÐÅÃÓËßÐÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ñïðàâåäëèâà

Òåîðåìà 7.4. Êëàññ ðåãóëÿðíûõ ÿçûêîâ
ñîâïàäàåò ñ êëàññîì ÿçûêîâ, ïîðîæäàåìûõ
ðåãóëÿðíûìè ãðàììàòèêàìè.

Ýòèì è îáúÿñíÿåòñÿ òàêîå íàçâàíèå
ðàññìîòðåííûõ ãðàììàòèê.



ÍÅÎÃÐÀÍÈ×ÅÍÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Íåîãðàíè÷åííûå ãðàììàòèêè ïî ñâîèì ïîðîæäàþùèì

âîçìîæíîñòÿì ðàâíîñèëüíû ìàøèíàì Òüþðèíãà.

Óòâåðæäåíèå 7.5. Äëÿ ëþáîé íåîãðàíè÷åííîé ãðàììàòèêè G
ñóùåñòâóåò íåäåòåðìèíèðîâàííàÿ äâóõëåíòî÷íàÿ ÌÒM ,

ïîðîæäàþùàÿ âñå ñëîâà ÿçûêà L(G ) è òîëüêî ýòè ñëîâà.

Äîêàçàòåëüñòâî. Íóæíàÿ ÌÒM ðàáîòàåò òàê: çàïèñûâàåò íà

ëåíòå íà÷àëüíûé íåòåðìèíàë S è ìîäåëèðóåò âûâîä ïî

ïðàâèëàì ãðàììàòèêè G , ÷åðåäóÿ ëåíòû äëÿ çàïèñè ñëîâ â

âûâîäå. Êàê òîëüêî áóäåò ïîëó÷åíî òåðìèíàëüíîå ñëîâî, ÌÒ

M îñòàíàâëèâàåòñÿ è çàïèñûâàåò åãî êàê ðåçóëüòàò íà

âûõîäíîé ëåíòå. QED

Ìîæíî äîêàçàòü è áîëüøåå.

Çàäà÷à 2. Äîêàæèòå, ÷òî äëÿ ëþáîé ïàðû àëôàâèòîâ Σ, Γ
ñóùåñòâóåò òàêàÿ ÌÒ U , ÷òî

L(U) = {w#P : G = (Σ, Γ,P,S) � ãðàììàòèêà, w ∈ L(G )}.



ÍÅÎÃÐÀÍÈ×ÅÍÍÛÅ ÃÐÀÌÌÀÒÈÊÈ
Íåîãðàíè÷åííûå ãðàììàòèêè ïî ñâîèì ïîðîæäàþùèì

âîçìîæíîñòÿì ðàâíîñèëüíû ìàøèíàì Òüþðèíãà.

Óòâåðæäåíèå 7.5. Äëÿ ëþáîé íåîãðàíè÷åííîé ãðàììàòèêè G
ñóùåñòâóåò íåäåòåðìèíèðîâàííàÿ äâóõëåíòî÷íàÿ ÌÒM ,

ïîðîæäàþùàÿ âñå ñëîâà ÿçûêà L(G ) è òîëüêî ýòè ñëîâà.

Äîêàçàòåëüñòâî. Íóæíàÿ ÌÒM ðàáîòàåò òàê: çàïèñûâàåò íà

ëåíòå íà÷àëüíûé íåòåðìèíàë S è ìîäåëèðóåò âûâîä ïî

ïðàâèëàì ãðàììàòèêè G , ÷åðåäóÿ ëåíòû äëÿ çàïèñè ñëîâ â

âûâîäå. Êàê òîëüêî áóäåò ïîëó÷åíî òåðìèíàëüíîå ñëîâî, ÌÒ

M îñòàíàâëèâàåòñÿ è çàïèñûâàåò åãî êàê ðåçóëüòàò íà

âûõîäíîé ëåíòå. QED

Ìîæíî äîêàçàòü è áîëüøåå.

Çàäà÷à 2. Äîêàæèòå, ÷òî äëÿ ëþáîé ïàðû àëôàâèòîâ Σ, Γ
ñóùåñòâóåò òàêàÿ ÌÒ U , ÷òî

L(U) = {w#P : G = (Σ, Γ,P,S) � ãðàììàòèêà, w ∈ L(G )}.



ÍÅÎÃÐÀÍÈ×ÅÍÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Óòâåðæäåíèå 7.6. Äëÿ ëþáîãî ðåêóðñèâíî
ïåðå÷èñëèìîãî ÿçûêà L ñóùåñòâóåò òàêàÿ
ãðàììàòèêà G , äëÿ êîòîðîé âåðíî L = L(G ) .

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.

Ïîäñêàçêà: ñì çàäà÷ó 4.6 è ïðèâåäåííûé ðàíåå
ïðèìåð íåîãðàíè÷åííîé ãðàììàòèêè.

Òåîðåìà 7.7. ßçûê ÿâëÿåòñÿ ðåêóðñèâíî
ïåðå÷èñëèìûì òîãäà è òîëüêî òîãäà, êîãäà îí
ïîðîæäàåòñÿ íåêîòîðîé ôîðìàëüíîé ãðàììàòèêîé.



ÍÅÎÃÐÀÍÈ×ÅÍÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Óòâåðæäåíèå 7.6. Äëÿ ëþáîãî ðåêóðñèâíî
ïåðå÷èñëèìîãî ÿçûêà L ñóùåñòâóåò òàêàÿ
ãðàììàòèêà G , äëÿ êîòîðîé âåðíî L = L(G ) .

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.

Ïîäñêàçêà: ñì çàäà÷ó 4.6 è ïðèâåäåííûé ðàíåå
ïðèìåð íåîãðàíè÷åííîé ãðàììàòèêè.

Òåîðåìà 7.7. ßçûê ÿâëÿåòñÿ ðåêóðñèâíî
ïåðå÷èñëèìûì òîãäà è òîëüêî òîãäà, êîãäà îí
ïîðîæäàåòñÿ íåêîòîðîé ôîðìàëüíîé ãðàììàòèêîé.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòèêà G = (Σ,N ,P , S) íàçûâàåòñÿ
êîíòåêñòíî-ñâîáîäíîé , åñëè â íåé ðàçðåøåíû
òîëüêî ãðàììàòè÷åñêèå ïðàâèëà âèäà A→ α , ãäå
A ∈ N , α ∈ (Σ ∪N )∗ ;

Ïðèìåð. G = ({a, b}, {S},P , S) , ãäå

P = {S → aSb | bSa | SS | ε}.

Ïðèìåð. G = ({a, b}, {S ,A,B},P , S) , ãäå

P = {S → aSB | bSA | aSBS |bSAS | ε,
A→ a,
B → b}



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Èìåííî êîíòåêñòíî-ñâîáîäíûå ãðàììàòèêè óäîáíî
èñïîëüçîâàòü äëÿ îïèñàíèÿ ñèíòàêñèñà ìíîãèõ
èñêóññòâåíííûõ ÿçûêîâ.

¾îïåðàòîð¿ → ¾ïðîñòîé îïåðàòîð¿ |
begin ¾ñîñòàâíîé îïåðàòîð¿ end

¾ñîñòàâíîé îïåðàòîð¿ → ε | ¾îïåðàòîð¿; ¾ñîñòàâíîé
îïåðàòîð¿
¾ïðîñòîé îïåðàòîð¿ → ¾ëåâàÿ ÷àñòü¿ := ¾ïðàâàÿ ÷àñòü¿
¾ëåâàÿ ÷àñòü¿ → ¾ïåðåìåííàÿ¿
¾ïðàâàÿ ÷àñòü¿ → ¾òåðì¿
¾ïåðåìåííàÿ¿ → ¾áóêâà¿ ¾ñòðîêà¿
¾áóêâà¿ → a | b | c | d | e
¾ñòðîêà¿ → ε | ¾áóêâà¿ ¾ñòðîêà¿ | ¾öèôðà¿ ¾ñòðîêà¿
¾öèôðà¿ → 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Äëÿ ÊÑ-ãðàììàòèê ìîæíî îãðàíè÷èòüñÿ
ãðàììàòè÷åñêèìè âûâîäàìè ñïåöèàëüíîãî âèäà.
Âûâîä

S
G−→ α1

G−→ · · · G−→ w ′Nβ
G−→ w ′γβ

G−→ · · ·

íàçûâàåòñÿ ëåâîñòîðîííèì , åñëè íà êàæäîì øàãå
î÷åðåäíîå ïðàâèëî ïðèìåíÿåòñÿ ê ñàìîìó ëåâîìó
íåòåðìèíàëó N â ñòðîêå w ′Nβ .

Óòâåðæäåíèå 7.8. Åñëè ñëîâî w âûâîäèìî â
ÊÑ-ãðàììàòèêå, òî ñóùåñòâóåò ëåâîñòîðîííèé
âûâîä ýòîãî ñëîâà

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Îñíîâíàÿ çàäà÷à, âîçíèêàþùàÿ ïðè ðàáîòå ñ
èñêóññòâåííûìè ÿçûêàìè, ïîðîæäåííûìè
ÊÑ-ãðàììàòèêàìè � ýòî çàäà÷à ñèíòàêñè÷åñêîãî
àíàëèçà :

äëÿ çàäàííîãî ñëîâà w ,w ∈ Σ∗ , è
çàäàííîé ÊÑ-ãðàììàòèêè G = (Σ,N ,P , S)
ïðîâåðèòü âêëþ÷åíèå w ∈ L(G ) .

Èìåííî ýòà çàäà÷à áóäåò íàõîäèòüñÿ â öåíòðå
íàøåãî âíèìàíèÿ.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Âíà÷àëå íàó÷èìñÿ óïðîùàòü ÊÑ-ãðàììàòèêè,
èçáàâëÿÿñü îò òåõ êîíñòðóêöèé, êîòîðûå çàòðóä-
íÿþò àíàëèç ãðàììàòèê. Ãðàììàòèêè G è G ′

íàçûâàþòñÿ ýêâèâàëåíòíûìè , åñëè L(G ) = L(G ′) .

Óòâåðæäåíèå 7.9. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè
G = (Σ,N ,P , S) ñóùåñòâóåò ýêâèâàëåíòíàÿ
ÊÑ-ãðàììàòèêà, ó êîòîðîé ïðàâûå ÷àñòè ïðàâèë
íå ñîäåðæàò íà÷àëüíîãî íåòåðìèíàëà.

Äîêàçàòåëüñòâî.Ââåäåì íîâûé íåòåðìèíàë S0 ,
îáúÿâèì åãî íà÷àëüíûì è äîáàâèì â ãðàììàòèêó
ïðàâèëî S0 → S . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Âíà÷àëå íàó÷èìñÿ óïðîùàòü ÊÑ-ãðàììàòèêè,
èçáàâëÿÿñü îò òåõ êîíñòðóêöèé, êîòîðûå çàòðóä-
íÿþò àíàëèç ãðàììàòèê. Ãðàììàòèêè G è G ′

íàçûâàþòñÿ ýêâèâàëåíòíûìè , åñëè L(G ) = L(G ′) .

Óòâåðæäåíèå 7.9. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè
G = (Σ,N ,P , S) ñóùåñòâóåò ýêâèâàëåíòíàÿ
ÊÑ-ãðàììàòèêà, ó êîòîðîé ïðàâûå ÷àñòè ïðàâèë
íå ñîäåðæàò íà÷àëüíîãî íåòåðìèíàëà.

Äîêàçàòåëüñòâî.Ââåäåì íîâûé íåòåðìèíàë S0 ,
îáúÿâèì åãî íà÷àëüíûì è äîáàâèì â ãðàììàòèêó
ïðàâèëî S0 → S . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Âíà÷àëå íàó÷èìñÿ óïðîùàòü ÊÑ-ãðàììàòèêè,
èçáàâëÿÿñü îò òåõ êîíñòðóêöèé, êîòîðûå çàòðóä-
íÿþò àíàëèç ãðàììàòèê. Ãðàììàòèêè G è G ′

íàçûâàþòñÿ ýêâèâàëåíòíûìè , åñëè L(G ) = L(G ′) .

Óòâåðæäåíèå 7.9. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè
G = (Σ,N ,P , S) ñóùåñòâóåò ýêâèâàëåíòíàÿ
ÊÑ-ãðàììàòèêà, ó êîòîðîé ïðàâûå ÷àñòè ïðàâèë
íå ñîäåðæàò íà÷àëüíîãî íåòåðìèíàëà.

Äîêàçàòåëüñòâî.Ââåäåì íîâûé íåòåðìèíàë S0 ,
îáúÿâèì åãî íà÷àëüíûì è äîáàâèì â ãðàììàòèêó
ïðàâèëî S0 → S . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G :

S → ε
S → aSBb
B → A
B → aaSS
A→ B
A→ ε
A→ bbSA



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G : G ′ :

S0 → S
S → ε S → ε
S → aSBb S → aBb
B → A B → A
B → aaSS B → aaSS
A→ B A→ B
A→ ε A→ ε
A→ bbSA A→ bbSA



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêèå ïðàâèëà âèäà N ′ → N ′′ , ãäå N ′,N ′′ ∈ N ,

íàçûâàþòñÿ ïåðåèìåíîâàíèÿìè .

Óòâåðæäåíèå 7.10. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè

G = (Σ,N ,P,S) ñóùåñòâóåò ýêâèâàëåíòíàÿ ÊÑ-ãðàììàòèêà, íå

ñîäåðæàùàÿ ïðàâèë-ïåðåèìåíîâàíèé.

Äîêàçàòåëüñòâî. Äëÿ êàæäîãî ïåðåèìåíîâàíèÿ N ′ → N ′′ è
ïðàâèëà N ′′ → α äîáàâèì ê ìíîæåñòâó P íîâîå ïðàâèëî

N ′ → α (åñëè îíî òàì îòñóòñòâîâàëî). ßñíî, ÷òî

ïîñëåäîâàòåëüíîå ïðèìåíåíèå ïðàâèë N ′ → N ′′ è N ′′ → α
ðàâíîñèëüíî ïðèìåíåíèþ ïðàâèëà N ′ → α.

Êàê òîëüêî îáíàðóæèòñÿ, ÷òî íîâûõ ïðàâèë äîáàâèòü

íåâîçìîæíî, óäàëèì âñå ïåðåèìåíîâàíèÿ. Ïîñêîëüêó â êàæäîì

óñïåøíîì âûâîäå ïåðåèìåíîâàíèå ðàáîòàåò â ïàðå ñ êàêèì-òî

ïðàâèëîì, òàêîå óäàëåíèå íå èçìåíÿåò ïîðîæäàåìîãî

ãðàììàòèêîé ÿçûêà.

QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 :

S0 → S
S → ε
S → aSBb
B → A
B → aaSS
A→ B
A→ ε
A→ bbSA



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 :

S0 → S
S → ε
S → aSBb
B → A
B → aaSS
A→ B
A→ ε
A→ bbSA



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 :

S0 → S S0 → S
S → ε S → ε
S → aSBb S → aSBb
B → A B → A
B → aaSS B → aaSS
A→ B A→ B
A→ ε A→ ε
A→ bbSA A→ bbSA

S0 → ε
S0 → aSBb



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 :

S0 → S S0 → S
S → ε S → ε
S → aSBb S → aSBb
B → A B → A
B → aaSS B → aaSS
A→ B A→ B
A→ ε A→ ε
A→ bbSA A→ bbSA

S0 → ε
S0 → aSBb



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 : G2 :

S0 → S S0 → S S0 → S
S → ε S → ε S → ε
S → aSBb S → aSBb S → aSBb
B → A B → A B → A
B → aaSS B → aaSS B → aaSS
A→ B A→ B A→ B
A→ ε A→ ε A→ ε
A→ bbSA A→ bbSA A→ bbSA

S0 → ε S0 → ε
S0 → aSBb S0 → aSBb

B → B
B → ε
B → bbSA



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 : G2 :

S0 → S S0 → S S0 → S
S → ε S → ε S → ε
S → aSBb S → aSBb S → aSBb
B → A B → A B → A
B → aaSS B → aaSS B → aaSS
A→ B A→ B A→ B
A→ ε A→ ε A→ ε
A→ bbSA A→ bbSA A→ bbSA

S0 → ε S0 → ε
S0 → aSBb S0 → aSBb

B → B
B → ε
B → bbSA



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 : G2 : G3 :

S0 → S S0 → S S0 → S S0 → S
S → ε S → ε S → ε S → ε
S → aSBb S → aSBb S → aSBb S → aSBb
B → A B → A B → A B → A
B → aaSS B → aaSS B → aaSS B → aaSS
A→ B A→ B A→ B A→ B
A→ ε A→ ε A→ ε A→ ε
A→ bbSA A→ bbSA A→ bbSA A→ bbSA

S0 → ε S0 → ε S0 → ε
S0 → aSBb S0 → aSBb S0 → aSBb

B → B B → B
B → ε B → ε
B → bbSA B → bbSA

A→ A
A→ aaSS



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 : G2 : G3 :

S0 → S S0 → S S0 → S S0 → S
S → ε S → ε S → ε S → ε
S → aSBb S → aSBb S → aSBb S → aSBb
B → A B → A B → A B → A
B → aaSS B → aaSS B → aaSS B → aaSS
A→ B A→ B A→ B A→ B
A→ ε A→ ε A→ ε A→ ε
A→ bbSA A→ bbSA A→ bbSA A→ bbSA

S0 → ε S0 → ε S0 → ε
S0 → aSBb S0 → aSBb S0 → aSBb

B → B B → B
B → ε B → ε
B → bbSA B → bbSA

A→ A
A→ aaSS



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

G0 : G1 : G2 : G3 : G4

S0 → S S0 → S S0 → S S0 → S
S → ε S → ε S → ε S → ε S → ε
S → aSBb S → aSBb S → aSBb S → aSBb S → aSBb
B → A B → A B → A B → A
B → aaSS B → aaSS B → aaSS B → aaSS B → aaSS
A→ B A→ B A→ B A→ B
A→ ε A→ ε A→ ε A→ ε A→ ε
A→ bbSA A→ bbSA A→ bbSA A→ bbSA A→ bbSA

S0 → ε S0 → ε S0 → ε S0 → ε
S0 → aSBb S0 → aSBb S0 → aSBb S0 → aSBb

B → B B → B
B → ε B → ε B → ε
B → bbSA B → bbSA B → bbSA

A→ aaSS



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêèå ïðàâèëà âèäà N→ε íàçûâàþòñÿ ε-ïðàâèëàìè .

Óòâåðæäåíèå 7.11. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè

G = (Σ,N ,P,S) ñóùåñòâóåò ýêâèâàëåíòíàÿ ÊÑ-ãðàììàòèêà

G ′ = (Σ,N ,P ′,S) , êîòîðàÿ íå ñîäåðæèò ïðàâèë N → ε äëÿ

âñåõ íåòåðìèíàëîâ N,N 6= S , îòëè÷íûõ îò íà÷àëüíîãî
íåòåðìèíàëà.

Äîêàçàòåëüñòâî. Ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó

òåîðåìû îá óñòðàíåíèè ε-ïðàâèë äëÿ àâòîìàòîâ: åñëè â

ìíîæåñòâå P åñòü ïàðà ïðàâèë N → ε è N ′ → uNv , òî äîáàâèì
ïðàâèëî N ′ → uv .

Î÷åâèäíî, ïîñëåäîâàòåëüíîå ïðèìåíåíèå ïðàâèë N ′ → uNv è

N → ε ðàâíîñèëüíî ïðèìåíåíèþ ïðàâèëà N ′ → uv . Ïîýòîìó
êàê òîëüêî âîçìîæíîñòè äëÿ äîáàâëåíèÿ íîâûõ ïðàâèë èñ÷åð-

ïàíû, ìîæíî óäàëèòü âñå ε-ïðàâèëà N → ε , ãäå N 6= S . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ãðàììàòè÷åñêèå ïðàâèëà âèäà N→ε íàçûâàþòñÿ ε-ïðàâèëàìè .

Óòâåðæäåíèå 7.11. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè

G = (Σ,N ,P,S) ñóùåñòâóåò ýêâèâàëåíòíàÿ ÊÑ-ãðàììàòèêà

G ′ = (Σ,N ,P ′,S) , êîòîðàÿ íå ñîäåðæèò ïðàâèë N → ε äëÿ

âñåõ íåòåðìèíàëîâ N,N 6= S , îòëè÷íûõ îò íà÷àëüíîãî
íåòåðìèíàëà.

Äîêàçàòåëüñòâî. Ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó

òåîðåìû îá óñòðàíåíèè ε-ïðàâèë äëÿ àâòîìàòîâ: åñëè â

ìíîæåñòâå P åñòü ïàðà ïðàâèë N → ε è N ′ → uNv , òî äîáàâèì
ïðàâèëî N ′ → uv .

Î÷åâèäíî, ïîñëåäîâàòåëüíîå ïðèìåíåíèå ïðàâèë N ′ → uNv è

N → ε ðàâíîñèëüíî ïðèìåíåíèþ ïðàâèëà N ′ → uv . Ïîýòîìó
êàê òîëüêî âîçìîæíîñòè äëÿ äîáàâëåíèÿ íîâûõ ïðàâèë èñ÷åð-

ïàíû, ìîæíî óäàëèòü âñå ε-ïðàâèëà N → ε , ãäå N 6= S . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

S0 → ε | aSBb
S → ε | aSBb
A → ε | bbSA | aaSS
B → ε|bbSA | aaSS

S0 → ε | aSBb | aBb | aSb | ab
S → aSBb | aBb | aSb | ab
A → bbSA | aaSS | bbA | bbS | bb | aaS | aa
B → bbSA | aaSS | bbA | bbS | bb | aaS | aa



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

S0 → ε | aSBb
S → ε | aSBb
A → ε | bbSA | aaSS
B → ε|bbSA | aaSS

S0 → ε | aSBb | aBb | aSb | ab
S → aSBb | aBb | aSb | ab
A → bbSA | aaSS | bbA | bbS | bb | aaS | aa
B → bbSA | aaSS | bbA | bbS | bb | aaS | aa



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 7.12. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè G
ñóùåñòâóåò ýêâèâàëåíòíàÿ ÊÑ-ãðàììàòèêà G ′ ,
êîòîðàÿ íå ñîäåðæèò

I íà÷àëüíîãî íåòåðìèíàëà â ïðàâûõ ÷àñòÿõ
ïðàâèë,

I ïðàâèë-ïåðåèìåíîâàíèé,

I ε-ïðàâèë äëÿ âñåõ íåòåðìèíàëîâ, îòëè÷íûõ îò
íà÷àëüíîãî.

Âîïðîñ: â êàêîì ïîðÿäêå íóæíî ïðèìåíÿòü
óêàçàííûå ýêâèâàëåíòíûå ïðåîáðàçîâàíèÿ?



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 7.12. Äëÿ ëþáîé ÊÑ-ãðàììàòèêè G
ñóùåñòâóåò ýêâèâàëåíòíàÿ ÊÑ-ãðàììàòèêà G ′ ,
êîòîðàÿ íå ñîäåðæèò

I íà÷àëüíîãî íåòåðìèíàëà â ïðàâûõ ÷àñòÿõ
ïðàâèë,

I ïðàâèë-ïåðåèìåíîâàíèé,

I ε-ïðàâèë äëÿ âñåõ íåòåðìèíàëîâ, îòëè÷íûõ îò
íà÷àëüíîãî.

Âîïðîñ: â êàêîì ïîðÿäêå íóæíî ïðèìåíÿòü
óêàçàííûå ýêâèâàëåíòíûå ïðåîáðàçîâàíèÿ?



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Èç òåîðåìû 7.12 ñëåäóåò

Òåîðåìà 7.13. Àëãîðèòìè÷åñêè ðàçðåøèìà ïðîáëåìà

âêëþ÷åíèÿ ñëîâà â ÊÑ-ÿçûê: w ∈ L(G ) .

Äîêàçàòåëüñòâî. Êàê ïîêàçàíî â óòâåðæäåíèÿõ 7.9-7.11,

ëþáóþ ÊÑ-ãðàììàòèêó ìîæíî ïðèâåñòè ê âèäó, óêàçàííîìó â

Òåîðåìå 7.11. Ðàññìîòðèì êàêîé-íèáóäü óñïåøíûé âûâîä â

ýòîé ÊÑ-ãðàììàòèêå

α0 = S
G−→ α1

G−→ α2
G−→ · · · G−→ αn−1

G−→ αn = w .

Ýòîò âûâîä ëèáî ïðîâîäèòñÿ çà îäèí øàã S → ε , ëèáî
ìîíîòîííî ¾âîçðàñòàåò¿, ò.å. äëÿ ëþáîãî i , 1 ≤ n , ñòðîêà αi

ëèáî èìååò áîëüøóþ äëèíó, ÷åì ñòðîêà αi−1 , ëèáî èìååò òó æå
äëèíó, íî ñîäåðæèò áîëüøåå ÷èñëî òåðìèíàëîâ, ÷åì ñòðîêà

αi−1 . Ïî÷åìó?
Çíà÷èò, äëÿ ïðîâåðêè âêëþ÷åíèÿ w ∈ L(G ) äîñòàòî÷íî

ðàññìîòðåòü âñå âûâîäû äëèíû íå ïðåâîñõîäÿùåé 2|w | . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Èç òåîðåìû 7.12 ñëåäóåò

Òåîðåìà 7.13. Àëãîðèòìè÷åñêè ðàçðåøèìà ïðîáëåìà

âêëþ÷åíèÿ ñëîâà â ÊÑ-ÿçûê: w ∈ L(G ) .

Äîêàçàòåëüñòâî. Êàê ïîêàçàíî â óòâåðæäåíèÿõ 7.9-7.11,

ëþáóþ ÊÑ-ãðàììàòèêó ìîæíî ïðèâåñòè ê âèäó, óêàçàííîìó â

Òåîðåìå 7.11. Ðàññìîòðèì êàêîé-íèáóäü óñïåøíûé âûâîä â

ýòîé ÊÑ-ãðàììàòèêå

α0 = S
G−→ α1

G−→ α2
G−→ · · · G−→ αn−1

G−→ αn = w .

Ýòîò âûâîä ëèáî ïðîâîäèòñÿ çà îäèí øàã S → ε , ëèáî
ìîíîòîííî ¾âîçðàñòàåò¿, ò.å. äëÿ ëþáîãî i , 1 ≤ n , ñòðîêà αi

ëèáî èìååò áîëüøóþ äëèíó, ÷åì ñòðîêà αi−1 , ëèáî èìååò òó æå
äëèíó, íî ñîäåðæèò áîëüøåå ÷èñëî òåðìèíàëîâ, ÷åì ñòðîêà

αi−1 . Ïî÷åìó?
Çíà÷èò, äëÿ ïðîâåðêè âêëþ÷åíèÿ w ∈ L(G ) äîñòàòî÷íî

ðàññìîòðåòü âñå âûâîäû äëèíû íå ïðåâîñõîäÿùåé 2|w | . QED



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

×òîáû ðåøèòü ïðîáëåìó ïóñòîòû L(G )=∅? äëÿÊÑ-ãðàììàòèê,

ââåäåì îòíîøåíèå çàâèñèìîñòè íåòåðìèíàëîâ: íåòåðìèíàë N ′

çàâèñèò îò íåòåðìèíàëà N ′′ â ãðàììàòèêå G (îáîçíà÷åíèå

N ′′ �G N ′ ), åñëè ñóùåñòâóåò òàêîå ãðàììàòè÷åñêîå ïðàâèëî

N ′ → θN ′′η , â ïðàâîé ÷àñòè êîòîðîãî ñîäåðæèòñÿ íåòåðìèíàë

N ′′ . Ðåôëåêñèâíî-òðàíçèòèâíîå çàìûêàíèå îòíîøåíèÿ
çàâèñèìîñòè íåòåðìèíàëîâ áóäåì îáîçíà÷àòü çàïèñüþ �∗G .

Íåòåðìèíàë N â ãðàììàòèêå G áóäåì íàçûâàòü

I çàâåðøàåìûì , åñëè N
G−→∗ w äëÿ íåêîòîðîãî

òåðìèíàëüíîãî ñëîâà w ;

I äîñòèæèìûì , åñëè S
G−→∗ θNη ;

I ïîëåçíûì , åñëè N ïðèñóòñòâóåò â ãðàììàòè÷åñêîì âûâîäå

íåêîòîðîãî òåðìèíàëüíîãî ñëîâà èç S .



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

×òîáû ðåøèòü ïðîáëåìó ïóñòîòû L(G )=∅? äëÿÊÑ-ãðàììàòèê,

ââåäåì îòíîøåíèå çàâèñèìîñòè íåòåðìèíàëîâ: íåòåðìèíàë N ′

çàâèñèò îò íåòåðìèíàëà N ′′ â ãðàììàòèêå G (îáîçíà÷åíèå

N ′′ �G N ′ ), åñëè ñóùåñòâóåò òàêîå ãðàììàòè÷åñêîå ïðàâèëî

N ′ → θN ′′η , â ïðàâîé ÷àñòè êîòîðîãî ñîäåðæèòñÿ íåòåðìèíàë

N ′′ . Ðåôëåêñèâíî-òðàíçèòèâíîå çàìûêàíèå îòíîøåíèÿ
çàâèñèìîñòè íåòåðìèíàëîâ áóäåì îáîçíà÷àòü çàïèñüþ �∗G .

Íåòåðìèíàë N â ãðàììàòèêå G áóäåì íàçûâàòü

I çàâåðøàåìûì , åñëè N
G−→∗ w äëÿ íåêîòîðîãî

òåðìèíàëüíîãî ñëîâà w ;

I äîñòèæèìûì , åñëè S
G−→∗ θNη ;

I ïîëåçíûì , åñëè N ïðèñóòñòâóåò â ãðàììàòè÷åñêîì âûâîäå

íåêîòîðîãî òåðìèíàëüíîãî ñëîâà èç S .



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Óòâåðæäåíèå 7.14. Åñëè íåòåðìèíàë N íå
ÿâëÿåòñÿ ïîëåçíûì â ãðàììàòèêå G , òî, óäàëèâ èç
íåå âñå ïðàâèëà, ñîäåðæàùèå N , ïîëó÷èì
ãðàììàòèêó, ýêâèâàëåíòíóþ G .

Óòâåðæäåíèå 7.15. Íåòåðìèíàë N ÿâëÿåòñÿ
äîñòèæèìûì â ãðàììàòèêå G òîãäà è òîëüêî
òîãäà, êîãäà N �∗G S .



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Óòâåðæäåíèå 7.14. Åñëè íåòåðìèíàë N íå
ÿâëÿåòñÿ ïîëåçíûì â ãðàììàòèêå G , òî, óäàëèâ èç
íåå âñå ïðàâèëà, ñîäåðæàùèå N , ïîëó÷èì
ãðàììàòèêó, ýêâèâàëåíòíóþ G .

Óòâåðæäåíèå 7.15. Íåòåðìèíàë N ÿâëÿåòñÿ
äîñòèæèìûì â ãðàììàòèêå G òîãäà è òîëüêî
òîãäà, êîãäà N �∗G S .



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Óòâåðæäåíèå 7.16. Ìíîæåñòâî çàâåðøàåìûõ
íåòåðìèíàëîâ ãðàììàòèêè G � ýòî íàèìåíüøåå
ìíîæåñòâî N̂ , óäîâëåòâîðÿþùåå ñëåäóþùèì äâóì
óñëîâèÿì:

1. åñëè ãðàììàòèêà G ñîäåðæèò ïðàâèëî N → w
, ãäå w ∈ Σ∗ , òî N ∈ N̂ ,

2. åñëè ãðàììàòèêà G ñîäåðæèò ïðàâèëî N → α
è âñå íåòåðìèíàëû ñòðîêè α ñîäåðæàòñÿ â
ìíîæåñòâå N̂ , òî N ∈ N̂ .

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.
(ñ ïðèìåíåíèåì èíäóêöèè ïî äëèíå
ãðàììàòè÷åñêîãî âûâîäà)



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Óòâåðæäåíèå 7.16. Ìíîæåñòâî çàâåðøàåìûõ
íåòåðìèíàëîâ ãðàììàòèêè G � ýòî íàèìåíüøåå
ìíîæåñòâî N̂ , óäîâëåòâîðÿþùåå ñëåäóþùèì äâóì
óñëîâèÿì:

1. åñëè ãðàììàòèêà G ñîäåðæèò ïðàâèëî N → w
, ãäå w ∈ Σ∗ , òî N ∈ N̂ ,

2. åñëè ãðàììàòèêà G ñîäåðæèò ïðàâèëî N → α
è âñå íåòåðìèíàëû ñòðîêè α ñîäåðæàòñÿ â
ìíîæåñòâå N̂ , òî N ∈ N̂ .

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.
(ñ ïðèìåíåíèåì èíäóêöèè ïî äëèíå
ãðàììàòè÷åñêîãî âûâîäà)



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

Ãðàììàòèêà G :
S → UX | VZ
T → aav | bb
U → aUa | bUb
V → aTb | bTa
W → YZY | aab
X → ε | Xa | Xb
Y → ε | YY | aU
Z → W | b

Äîñòèæèìûå íåòåðìèíàëû: S ,U,X ,V ,Z ,T ,W ,Y .

Çàâåðøàåìûå íåòåðìèíàëû: T ,W ,X ,Y ,Z ,V ,S .

Çíà÷èò, U � áåñïîëåçíûé íåòåðìèíàë, è åãî ìîæíî óäàëèòü.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

Ãðàììàòèêà G :
S → UX | VZ
T → aav | bb
U → aUa | bUb
V → aTb | bTa
W → YZY | aab
X → ε | Xa | Xb
Y → ε | YY | aU
Z → W | b

Äîñòèæèìûå íåòåðìèíàëû: S ,U,X ,V ,Z ,T ,W ,Y .

Çàâåðøàåìûå íåòåðìèíàëû: T ,W ,X ,Y ,Z ,V ,S .

Çíà÷èò, U � áåñïîëåçíûé íåòåðìèíàë, è åãî ìîæíî óäàëèòü.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

Ãðàììàòèêà G ′:
S → VZ
T → aa | bb
V → aTb | bTa
W → YZY | aab
X → ε | Xa | Xb
Y → ε | YY
Z → W | b

Äîñòèæèìûå íåòåðìèíàëû: S ,V ,Z ,T ,W ,Y .

Çíà÷èò, X � áåñïîëåçíûé íåòåðìèíàë, è åãî ìîæíî óäàëèòü.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð

Ãðàììàòèêà G ′′:
S → VZ
T → aa | bb
V → aTb | bTa
W → YZY | aab
Y → ε | YY
Z → W | b

Äîñòèæèìûå íåòåðìèíàëû: S ,V ,Z ,T ,W ,Y .

Çàâåðøàåìûå íåòåðìèíàëû: T ,W ,Y ,Z ,V ,S .

Âñå îíè ïîëåçíûå, è ïðè ýòîì L(G ′′) = L(G ) .



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Çàäà÷à 7.4 Ñôîðìóëèðóéòå íåîáõîäèìîå è
äîñòàòî÷íîå óñëîâèå ïîëåçíîñòè íåòåðìèíàëà â
òåðìèíàõ ñâîéñòâ çàâåðøàåìîñòè è
äîñòèæèìîñòè.

Çàäà÷à 7.5 Îïèøèòå àëãîðèòì âû÷èñëåíèÿ âñåõ
ïîëåçíûõ òåðìèíàëîâ, îáîñíóéòå åãî êîððåêòíîñòü
è îöåíèòå åãî ñëîæíîñòü.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Òåîðåìà 7.17. Àëãîðèòìè÷åñêè ðàçðåøèìà
ïðîáëåìà ïóñòîòû ÊÑ-ÿçêîâ: L(G ) = ∅

Äîêàçàòåëüñòâî. Äîñòàòî÷íî óáåäèòüñÿ, ÷òî
íà÷àëüíûé íåòåðìèíàë ãðàììàòèêè ÿâëÿåòñÿ
çàâåðøàåìûì.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Òåîðåìà 7.17. Àëãîðèòìè÷åñêè ðàçðåøèìà
ïðîáëåìà ïóñòîòû ÊÑ-ÿçêîâ: L(G ) = ∅
Äîêàçàòåëüñòâî. Äîñòàòî÷íî óáåäèòüñÿ, ÷òî
íà÷àëüíûé íåòåðìèíàë ãðàììàòèêè ÿâëÿåòñÿ
çàâåðøàåìûì.



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

À íåëüçÿ ëè óíèôèöèðîâàòü ôîðìó ïðàâèë
ÊÑ-ãðàììàòèê?

Ãðàììàòèêà G â íîðìàëüíîé ôîðìå Õîìñêîãî �
ýòî ÊÑ-ãðàììàòèêà, âñå ïðàâèëà êîòîðîé èìåþò
âèä S → ε , N → a èëè N → N ′N ′′ , ãäå
a ∈ Σ, N ′,N ′′ ∈ N \ {S} .
Ïðèìåð. G : â íîðìàëüíîé ôîðìå Õîìñêîãî.

S → ε | VZ
Z → AA | BB
V → a | ZV
A → a
B → b



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

À íåëüçÿ ëè óíèôèöèðîâàòü ôîðìó ïðàâèë
ÊÑ-ãðàììàòèê?

Ãðàììàòèêà G â íîðìàëüíîé ôîðìå Õîìñêîãî �
ýòî ÊÑ-ãðàììàòèêà, âñå ïðàâèëà êîòîðîé èìåþò
âèä S → ε , N → a èëè N → N ′N ′′ , ãäå
a ∈ Σ, N ′,N ′′ ∈ N \ {S} .
Ïðèìåð. G : â íîðìàëüíîé ôîðìå Õîìñêîãî.

S → ε | VZ
Z → AA | BB
V → a | ZV
A → a
B → b



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

Òåîðåìà 7.18. Êàæäàÿ ÊÑ-ãðàììàòèêà
ýêâèâàëåíòíàÿ íåêîòîðîé ãðàììàòèêå â
íîðìàëüíîé ôîðìå Õîìñêîãî

Äîêàçàòåëüñòâî.Îïèøåì ïîñëåäîâàòåëüíîñòü
ýêâèâàëåíòíûõ ïðåîáðàçîâàíèé, ïðèâîäÿùóþ
ïðîèçâîëüíóþ ÊÑ-ãðàììàòèêó ê íîðìàëüíîé
ôîðìå Õîìñêîãî.

1. Óñòðàíèì íà÷àëüíûé íåòåðìèíàë S èç ïðàâûõ
÷àñòåé ïðàâèë (ñì. Óòâåðæäåíèå 7.8);

2. Äëÿ êàæäîãî òåðìèíàëà a çàìåíèì åãî âî âñåõ
ïðàâèëàõ íîâûì íåòåðìèíàëîì Ta è äîáàâèì
íîâîå ïðàâèëî Ta → a ;



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

Òåîðåìà 7.18. Êàæäàÿ ÊÑ-ãðàììàòèêà
ýêâèâàëåíòíàÿ íåêîòîðîé ãðàììàòèêå â
íîðìàëüíîé ôîðìå Õîìñêîãî

Äîêàçàòåëüñòâî.Îïèøåì ïîñëåäîâàòåëüíîñòü
ýêâèâàëåíòíûõ ïðåîáðàçîâàíèé, ïðèâîäÿùóþ
ïðîèçâîëüíóþ ÊÑ-ãðàììàòèêó ê íîðìàëüíîé
ôîðìå Õîìñêîãî.

1. Óñòðàíèì íà÷àëüíûé íåòåðìèíàë S èç ïðàâûõ
÷àñòåé ïðàâèë (ñì. Óòâåðæäåíèå 7.8);

2. Äëÿ êàæäîãî òåðìèíàëà a çàìåíèì åãî âî âñåõ
ïðàâèëàõ íîâûì íåòåðìèíàëîì Ta è äîáàâèì
íîâîå ïðàâèëî Ta → a ;



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

Òåîðåìà 7.18. Êàæäàÿ ÊÑ-ãðàììàòèêà
ýêâèâàëåíòíàÿ íåêîòîðîé ãðàììàòèêå â
íîðìàëüíîé ôîðìå Õîìñêîãî

Äîêàçàòåëüñòâî.Îïèøåì ïîñëåäîâàòåëüíîñòü
ýêâèâàëåíòíûõ ïðåîáðàçîâàíèé, ïðèâîäÿùóþ
ïðîèçâîëüíóþ ÊÑ-ãðàììàòèêó ê íîðìàëüíîé
ôîðìå Õîìñêîãî.

1. Óñòðàíèì íà÷àëüíûé íåòåðìèíàë S èç ïðàâûõ
÷àñòåé ïðàâèë (ñì. Óòâåðæäåíèå 7.8);

2. Äëÿ êàæäîãî òåðìèíàëà a çàìåíèì åãî âî âñåõ
ïðàâèëàõ íîâûì íåòåðìèíàëîì Ta è äîáàâèì
íîâîå ïðàâèëî Ta → a ;



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

3. Óñòðàíèì ε-ïðàâèëà (ñì. Óòâåðæäåíèå 7.11);

4. Óñòðàíèì ïðàâèëà-ïåðåèìåíîâàíèÿ (ñì.
Óòâåðæäåíèå 7.10);

5. Ââîäÿ íîâûå âñïîìîãàòåëüíûå íåòåðìèíàëû,
ïðèâåäåì âñå íåòåðìèíàëüíûå ñòðîêè â
ïðàâûõ ÷àñòÿõ ïðàâèë, ê äâó÷ëåííîìó âèäó:

A→ BCDE ⇒


A→ BA′,

A′ → CA′′,

A′′ → DE ,

Êàæäîå èç ïðåîáðàçîâàíèé � ýêâèâàëåíòíîå.
Ïîñëå èõ ïðèìåíåíèÿ îáðàçóåòñÿ ãðàììàòèêà â
íîðìàëüíîé ôîðìå Õîìñêîãî. QED



ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÕÎÌÑÊÎÃÎ

3. Óñòðàíèì ε-ïðàâèëà (ñì. Óòâåðæäåíèå 7.11);
4. Óñòðàíèì ïðàâèëà-ïåðåèìåíîâàíèÿ (ñì.

Óòâåðæäåíèå 7.10);

5. Ââîäÿ íîâûå âñïîìîãàòåëüíûå íåòåðìèíàëû,
ïðèâåäåì âñå íåòåðìèíàëüíûå ñòðîêè â
ïðàâûõ ÷àñòÿõ ïðàâèë, ê äâó÷ëåííîìó âèäó:

A→ BCDE ⇒


A→ BA′,

A′ → CA′′,

A′′ → DE ,

Êàæäîå èç ïðåîáðàçîâàíèé � ýêâèâàëåíòíîå.
Ïîñëå èõ ïðèìåíåíèÿ îáðàçóåòñÿ ãðàììàòèêà â
íîðìàëüíîé ôîðìå Õîìñêîãî. QED
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3. Óñòðàíèì ε-ïðàâèëà (ñì. Óòâåðæäåíèå 7.11);
4. Óñòðàíèì ïðàâèëà-ïåðåèìåíîâàíèÿ (ñì.

Óòâåðæäåíèå 7.10);
5. Ââîäÿ íîâûå âñïîìîãàòåëüíûå íåòåðìèíàëû,

ïðèâåäåì âñå íåòåðìèíàëüíûå ñòðîêè â
ïðàâûõ ÷àñòÿõ ïðàâèë, ê äâó÷ëåííîìó âèäó:

A→ BCDE ⇒


A→ BA′,

A′ → CA′′,

A′′ → DE ,

Êàæäîå èç ïðåîáðàçîâàíèé � ýêâèâàëåíòíîå.
Ïîñëå èõ ïðèìåíåíèÿ îáðàçóåòñÿ ãðàììàòèêà â
íîðìàëüíîé ôîðìå Õîìñêîãî. QED
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3. Óñòðàíèì ε-ïðàâèëà (ñì. Óòâåðæäåíèå 7.11);
4. Óñòðàíèì ïðàâèëà-ïåðåèìåíîâàíèÿ (ñì.

Óòâåðæäåíèå 7.10);
5. Ââîäÿ íîâûå âñïîìîãàòåëüíûå íåòåðìèíàëû,

ïðèâåäåì âñå íåòåðìèíàëüíûå ñòðîêè â
ïðàâûõ ÷àñòÿõ ïðàâèë, ê äâó÷ëåííîìó âèäó:

A→ BCDE ⇒


A→ BA′,

A′ → CA′′,

A′′ → DE ,

Êàæäîå èç ïðåîáðàçîâàíèé � ýêâèâàëåíòíîå.
Ïîñëå èõ ïðèìåíåíèÿ îáðàçóåòñÿ ãðàììàòèêà â
íîðìàëüíîé ôîðìå Õîìñêîãî. QED
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Ïðèìåð.

Ïóñòü äàíà ãðàììàòèêà G :

S → VZ
T → aa | bb
V → aTb | bTa
W → YZY | aab
Y → ε | YY
Z → W | b

Î÷åâèäíî, íà÷àëüíîãî íåòåðìèíàëà íåò â ïðàâûõ
÷àñòÿõ ïðàâèë.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.

Ââåäåì íåòåðìèíàëû Ta è äîáàâèì íîâûå
ïðàâèëà Ta → a

S → VZ
T → TaTa | TbTb

V → TaTTb | TbTTa

W → YZY | TaTaTb

Y → ε | YY
Z → W | Tb

Ta → a
Tb → b



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.

Èçáàâèìñÿ îò ε-ïðàâèë

S → VZ
T → TaTa | TbTb

V → TaTTb | TbTTa

W → YZY | TaTaTb | YZ | ZY | Z
Y → YY | Y
Z → W | Tb

Ta → a
Tb → b

Íåòåðìèíàë Y ñòàíîâèòñÿ íåçàâåðøàåìûì.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.

Ãðàììàòèêà óïðîùàåòñÿ

S → VZ
T → TaTa | TbTb

V → TaTTb | TbTTa

W → TaTaTb | Z
Z → W | Tb

Ta → a
Tb → b



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.

Èçáàâèìñÿ îò ïðàâèë-ïåðåèìåíîâàíèé

S → VZ
T → TaTa | TbTb

V → TaTTb | TbTTa

W → TaTaTb | b
Z → TaTaTb | b
Ta → a
Tb → b

Íåòåðìèíàë W ñòàíîâèòñÿ íåäîñòèæèìûì.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Ïðèìåð.

Ïðèâåäåì ïðàâèëà ê ñòàíäàðòíîìó âèäó

S → VZ
T → TaTa | TbTb

V → TaV
′ | TbV

′′

V ′ → TTb

V ′′ → TTa

Z → TaZ
′ | b

Z ′ → TaTb

Ta → a
Tb → b

Ïîëó÷àåì ãðàììàòèêó â íîðìàëüíîé ôîðìå
Õîìñêîãî.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Çàäà÷à 7.5. Ïðåäëîæèòå åùå êàêèå-íèáóäü
ïðàâèëà ýêâèâàëåíòíûõ ïðåîáðàçîâàíèé, ïðè
ïîìîùè êîòîðûõ ìîæíî óïðîùàòü
ÊÑ-ãðàììàòèêè. Âîñïîëüçóéòåñü èìè äëÿ åùå
áîëåå ïîëíîãî óïðîùåíèÿ ãðàììàòèêè,
ðàññìîòðåííîé â ïðåäûäóùåì ïðèìåðå.

Çàäà÷à 7.6. ßâëÿåòñÿ ëè àëãîðèòìè÷åñêè
ðàçðåøèìîé ñëåäóþùàÿ ïðîáëåìà: âûÿñíèòü,
ÿâëÿåòñÿ ëè êîíòåêñòíî-ñâîáîäíûì ÿçûê,
ïîðîæäàåìûé çàäàííîé íåîãðàíè÷åííîé
ãðàììàòèêîé.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Çàäà÷à 7.7. [Òðóäíàÿ] ßâëÿåòñÿ ëè
àëãîðèòìè÷åñêè ðàçðåøèìîé ñëåäóþùàÿ
ïðîáëåìà: âûÿñíèòü, ÿâëÿåòñÿ ëè
êîíòåêñòíî-ñâîáîäíûì ÿçûê, ïîðîæäàåìûé
çàäàííîé êîíòåêñòíî-çàâèñèìîé ãðàììàòèêîé.



ÊÎÍÒÅÊÑÒÍÎ-ÑÂÎÁÎÄÍÛÅ ÃÐÀÌÌÀÒÈÊÈ

Çàäà÷à 7.8. Ãðàììàòèêà â íîðìàëüíîé ôîðìå
Ãðåéáàõ � ýòî êîíòåêñòíî-ñâîáîäíàÿ ãðàììàòèêà,
â êîòîðîé êàæäîå ïðàâèëî èìååò îäèí èç
ñëåäóþùèõ ÷åòûðåõ âèäîâ:

A→ ε, A→ a, A→ aB , A→ aBC .

Äîêàçàòü, ÷òî ëþáàÿ ÊÑ-ãðàììàòèêà
ýêâèâàëåíòíà íåêîòîðîé ãðàììàòèêå â íîðìàëüíîé
ôîðìå Ãðåéáàõ.
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