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BcrynneHune
Mpumep/Habnogerne 1

CnoxkHble MOAENN NPUAYMbIBAOTCS 415
» TOYHOro COOTBETCTBUS NMOBEAEHUD NCXOAHOW CUCTEMbBI U

» neTanbHOro BoOCnponsseeHnA WaroB BbIMOJIHEHUA CUCTEMDbI

Ho Takue MoZeNN TPYAHO CTPOUTb N TPYAHO aHAIN3NPOBATb

C Apyroii CTopoHbl, NPOCTble MOAENN
> lerko CTposTCs U

P> nerko aHan N3NpPyroTCA

Ho npocToii Mogenbto nnib NpubAn3nTenbHo (HETOHHO) OMMCLIBAETCS
noBefeHNe NCXOAHOW CUCTEeMbl 1 NPEAOCTABNAAETCA JILLb NOBEPXHOCTHASA
MHpOpMaLMA O LWarax BbINOJHEHUS CUCTEMbI
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BcrynneHune
Mpumep/Habnogerne 1

XoTenocb Obl UMETb BO3MOXHOCTb LNEPEeKNoHaTb» CTeNneHb NPOCTOThI
Moagenn, 4TOObI UCMOJSIb30BaTh npenmMmyLecTBa, OTBEHatoWme TekyLwmnm
uenam nccnegoBaHnsAa CUCTEMbI

Hanpumep, 66110 Obl HEMNNOXO YMETL pa3pabaTbiBaTb TOYHYIO AeTaNlbHYHO
MOAENb TaK, YTODObLI OHa 3aTeM He CAWLLKOM TPYAHO MepecTpanBanach B
NPOCTYIO A/ 4OCTAaTOYHO 3hheKkTBHOI BepuduKaLmm

Ho nns aToro TpebytoTcs rapaHTuy TOro, 4TO ABe 3aJaHHble MOAENN
HACTOJNIbKO CXOXKM, YTO 0bnafatoT OAMHAKOBLIMU CMEKTpamMun CBOICTB
OTHOCUTE/IbHO MNOCTaB/IEHHOW 3aja4un BepudUKaLmm
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BcrynneHune
Mpumep/HabnogeHune 2

[MpencTaBum cebe, 4TO
» a5 cucteMbl © Obla NocTpoeHa Mogdens M,
> nns aTol Moaenun 6bISI0 NOKA3aHO COOTBETCTBME Habopy cneundurKkaLnii
©Y1,..., Pk,

» HO Mocse 3Toro B MOAENb Oblav BHECEHbI U3MeHeHUs! (MCnpaBaeHus,
YAYHLIEHUS, ONTUMW3aUWK), U B pe3yabTaTe nosydeHa mogenb M’

XoTenockh 6bl UMETb BO3MOXXHOCTb NEPEHOCUTL PE3YbTaThbl O NPaBUILHOCTHY
mogenn ¢ M Ha M’, nsberas TpygoeMKoro npoLecca npoBepKy
COOTBETCTBUSA MOAENN cnelundruKaLumsimMm 1 OrpaHuYmMBLLNCE TONLKO aHaN30M
pasnu4dnii mogenen M u M’

Ho Torga TpebyeTcs npuiymMaTb OTHOLUEHUE CXOXKECTU MexXay ABYyMSs
MOJENSAMU, TapaHTUpYoLLIee OANHAKOBOE COOTBETCTBME UM HECOOTBETCTBUE
cneundduKkaumnsam @1, ..., g NS CXOXKUX MOAENeN
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TpaccoBasi 3KkBMBaJIEHTHOCTb Mojenei

Ecnun B KadecTBe s3blKa cneuyndukauunii BoibpaTh s3bIK LT L, TO HeTpyaHO
3aMeTuTb (BCMOMHUTbL), YTO:

> Kaxgas ltl-cbopmyna ¢ asnsieTcss hopmMoli 3annMcy MHOXXeCTBa
«xopoluunxy Tpacc Tr(yp)

» Bepudukauua mogenn M cocTouT B TOM, 4TODLI NMPOBEPUTL, YTO BCE
Tpacchl Mogenn seastoTcs «xopowmnmuy: Tr(M) C Tr(e)

Torna MOXHO CXOXKECTb MOAENER onpenennTb Tak

Mogenn My n M, Tpaccoso akeuBaneHTHbl, ecan Tr(My) = Tr(Ma)
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TpaccoBasi 3KkBMBaJIEHTHOCTb Mojenei

VT1BepxaeHune. [ns nobbIX TPacCoOBO 3KBUBAJIEHTHbIX moaenen My,
M> n no6on Itl-cbopmynbl ¢ BepHo:
MiEe & MEyp

Ho nmeTb 0fHY TONLKO TPACCOBYO SKBUBANIEHTHOCTb B Ka4eCTBE Mepbl
CXOXXeCTN Mogeneii HeOCTaTOYHO:
» AHanorndHoe yTBepKAeHne ANst MHOTUX OPYrux si3bIKOB creundrkauuii
OKa3blBAETCS HEBEPHbLIM
» Hanpumep, ana CTL
» [lpoBepka TPacCOBOW 3KBMBANEHTHOCTU KOHEYHbIX Mogeneli Kpunke —
3TO OYeHb TPyAHasa 3ajava
» Bonee ToyHo — PSPACE-nonHas, HO He XO4YeTCs TpaTUTb BPeMs Ha
pa3bsiCHEHNE 3TOro hakTa

HeobxogmumMo nmMeThb 1 Takune onpefenieHnst CXOXKecT Mofeneid, KoTopble
Bbinn Bbl Bonee «NPOCTLIMUY W NOAXOAUAN ANA APYrUX SA3bIKOB
cneundnkaynii
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OTHoweHne cumynsiunm

PaccmoTpum ase mogenn Kpunke Hag obLMM MHOXECTBOM aTOMapHbIX
Bbicka3biBaHuii AP (B aTom 6noke mHoxecTBo AP cuuTaeTcst Bcerga

3aaHHbIM MO yMOJ‘I'—IaHI/IrO)Z
M = (5/, 56' -, /_l), M = (5//’ S”, -, /_”)

OTtHowenne R C S’ x §” HasbiBaeTca oTHOLWIEHNEM CUMYALAN Mexay M’ u
M" ecnn ans HEro BbINOJIHEHbI ABa YCAOBUS:
1. JAns ntoboro cocTosHms s§ n3 S| cyluecTByeT cocTosiHme sj 13 S,
Takoe 4To (54, 55) € R
2. Ons noboii naper ', s”, Takoih uto R(s’,s”), BepHo cnepytoLLee:
21 L(s') = L(s")
2.2 [Ona noboro coctosHns r’, Takoro 410 s’ — r’, cyLlecTByeT CoCTosAHuE
", Takoe 4to 5" — r" v R(r', r")

Byanem rosopuTs, 4to mogens M’ cumynupyerca mogensto M (M =< M),
eC/N CyLLECTBYET OTHOLIEHNe cumynsauun mexagy M un M”
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OTHoweHne cumynsiunm

}D—» %

S3° ] coffee | 54

[Mpymep oTHOLWEHUSA cumynsaumum mexay My n Mo:
{(s0.r0). (51, 11). (52, 12), (83, 11). (84, 13) }

ITO HECNIOXHO NMPOBEPUTDL:

Mpumep

Mz so [ coin

» [Ins sy B OTHOLUEHWMN CYLLIECTBYET napa

» CocTosiHMS KaXkAoW napbl OAMHAKOBO pa3MeydeHbl aTOMapHbIMM
BbICKa3bIBaHUSIMU

> Kaxxgoli nape n Ka)xJomy nepexoay B NepBOi MoAenn oTeedaeT
NOAXOAALLNI Nepexof U3 MapHOro COCTOSIHUS BO BTOPOW mMogenu (Takol
4TO napa KOHLOB NEPEXOAOB BXOAUT B OTHOLLEHUE)
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OTHoweHne cumynsiunm

}D—> =

Mi: s [ coin M:
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OTHoweHne cumynsiunm

CuMynsLnio MOXXHO NPeAcTaBUTb cebe Kak urpy mexxay moaensmu My, Mo:

| 4
>
>

M7 BbIBUpaeT CBOE HavaslbHOE COCTOsIHUE
Mo BbIOUpaeT HavyalbHOE COCTOSIHME C TAaKOW XKe pPa3MeTKOW

3aTeM NOLAroBO NPOUCXOAUT CliedytoLiee:
> Kaxgas mogens M; HaxoanTCs B HEKOTOPOM COCTOsIHUM S; (Ha NepBoM
are — B BblGpaHHbIX Ha4YaNbHbIX COCTOSIHUSIX)
» My BblbVpaeT nepexos U3 S; U BbIMOMHSET €ro, N3MeHss1 CBOE Tekylllee
COCTOSsIHUE
» M, BbiOUpaeT nepexon U3 S, Tak, 4TOoDbl NepelT B COCTOsIHNE C TaKoW
yKe pa3MeTKoli

M2 NMPONTrpbIBA€T NAPTUKO UTPbl, €CJIN HE MOXET Bbl6paTb noaxoasiiee
HaYaNbHOE COCTOSAHUE WU MOAXOASLLNIA oqepe,uHoM nepexoa, n
BbINTPbIBAET, €CIN NaApPTUA DeckoHeYHa

Torpa My < M5 03HavaeT, 4YTO CyLLUeCTBYEeT BbiUrpbiliHas cTpaterus Mo, To
eCTb cnocob BbIbOpa Ha4YaNbHOrO COCTOSIHWSI U NEPEXOAOB B OTBET Ha
Ntobble pelicTBus My Tak, 4TObObI BbIUMPaTh
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OTHoweHne cumynsiunm

Hanpumep:
}D—> tea | S2
Mi: s | coin
53" coffee | ss
Torpa

P napbl NEPEXOLOB, KOTOPbIE paHee NOACBEYMBANNCH 3ENEHBIM A5
0DOCHOBAHWSI TOrO, YTO OTHOLLIEHNE

{(s0. 0). (51, 11), (52, 12), (83, 1), (54, 13) }
ABNSAETCSA OTHOLUEHWEM CUMYNAUUN Mexay Mi n Mo, n

» napbl COCTOSAHWIA, BXOAsLME B 3TO OTHOLUEHUE,
NpeAcTaBAAOT CObOi COOTBETCTBEHHO
P BbINIPbIWHBLIA cnocod oTBETHOro Bbibopa nepexofos Ans Mo u

P> BCEBO3MOXKHbIE pacKiafbl NapTuK, BO3HUKAOLLME NPU TakoM crnocobe
Urpbl
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OTHoweHne cumynsiunm
Y1eepxgeHmne. OtHoweHue < ped)/IEKCMBHO N TPAH3UTUBHO
,ﬂ,OKa3aT€ﬂbCTBO.

PecpnekcusHocts (M < M) noaTepxzaeTca oTHoweHnem {(s,s) | s € S},
rae S — MHOXECTBO COCTOSHUIA Moaenn M

TpaHzuTusHocTb: ecnn My < Mo n My < M3, To My < M3
Mycte M, = (S', 56, —i L’)

PaccMoTpum oTHoweHnst Ry U Ry cumynsumn ans (M, Ma) n ans
(Ma, M3) cooTBeTCTBEHHO

Torpa oTHoweHne cumynsaumm R ans M n M3 MoxeT ObiTb YCTPOEHO TakK:
R ={(51,53) | 352 : (51, %2) € R1, (s2,53) € Ry}

HecnoxHo y6€£|,VITL>C§I, HTO ANA 3TOro OTHOWEHWA BbIMOJIHEHBI BCE MYHKTbI
onpegeneHns cnmynsaunn v

Bnok 27 12/2:



CI/IMyJ'ISILI,I/IOHHaSI 3KBUBAJIEHTHOCTDL
Mogenn My n My cumynaunoHHo skeusaneHTHsl (My ~s Mo), ecan
My =My n My < My

Mpumep
}D—> =

M2 so | coin M,: fo
S3°7] coffee | 54 coffee | I3

TN MOAENN He SABASIFOTCA CUMYASIUMOHHO SKBUBANEHTHbIMU, T.K. My A My:

» B oTHowweHne cumynauumn KR, eCim OHO CyLLECTBYET, AO/KHA BXOAUTH
XoTst 6bl 0fHa napa suaa (ri, )

» CornacHo yHKUMW pasMeTKK, A1 R MOTyT NOJOATW TONLKO napsbl
(I’l, 51) n (1’2, 52)

» Hu ogHa U3 3TUX Nap HE NOAXOANT:

» (r1,51) — T.K. U3 S} HE NCXOANT NEPEXOA, OTBEYAIOLWNA 11 — I3
» (r1,S3) — T.K. U3 S He UCXOAWT Nepexod, OTBeHaoWnii r — r»

Bnok 27



CI/IMyJ'ISILl,I/IOHHaSI 3KBMBAJIEHTHOCTb

Opyroin npumep
S1

S

Mi: o | coin

coffee | I3

TN MoAe N CUMYNALUNOHHO SKBUBANEHTHBLI, YTO NOATBEPXKAAETCA TaKNMIN
ABYMA OTHOLWEHNAMW CUMYyRAUNIA:

> M; = Ma: {(s0.10),(s1.1), (52, r2), (53, 1), (54, 13) }
> My =< Mi: {(r0,%).(r1,51), (r2, 52), (ra, 54)}
VTBEp)XKAEHNE. ~c — OTHOLLUEHNE SKBMBASIEHTHOCTY

JlokazaTenbCcTBO.

PednekcnBHOCTb 1 TPAH3UTUBHOCTL CAEYIOT N3 pedIeKCUBHOCTU
TPAH3UTUBHOCTU OTHOLIEHUS =

CuMmeTpuyHoCTb oveBngHa: My ~s Mo & My X Mo n My X M; &
Mo < MiunM XM My~M ¥

Bnok 27 14/23



CBoiAicTBA CUMYJISILMOHHOA 3KBMBAJIEHTHOCTHN

Bynem rosopuTb, 4TO nNyTH Ty, Mo B Mogdensix Kpunke
My = (S, 53, =1, LY), My = (52,52, —2, L2) R-COOTBETCTBYIOT APy APYry
Ana oTHoweHns R C ST x S?, ecan ans noboro MomeHTa BpeMeHn k BEPHO
(m1[k], m2[k]) € R
VT1BepxaeHune. Ons nobbix

> mopgenein Kpunke My = (St, SE, =1, 1Y), My = (52,52, =2, L?),

» oTHoweHuns cumynsaumm R gna My n Mo,

> cocToanmii s; € S' M s; € S?, Takmx uTo (51, 52) ER, M

» nytm 11 B M1, ncxoasiwero uns s;
cyuiecTByeT R-COOTBETCTBYHOLNA NyTb 7> B Mo, ncxogsawmm n3 s,

JokazaTenbCcTBO. HecnoHo JoKasbiBaeTCA MHAYKUMER NO AinHe nyTn ¥

Cnepcteue. Ecnm My < My, 1o Tr(My) C Tr(Mo,)

Cnepcreue. Ecnm My ~s M», To mopenun M; n M, TpaccoBo
3KBUBAJIEHTHbDI
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CBoiAicTBA CUMYJISILMOHHOA 3KBMBAJIEHTHOCTHN

Actlx-cpopmynoin bygem HasbiBaTh Ctl*-hopmyny YacTHoro suaa,
noaxoasero nog bH®

¢ =t I plopl (&) | (V) | (Ap),
p = O oo | oV | (X) | (pUp) | (¢RY),
roe
» pe AP n

> Ry = —~(—pU-7)

Teopema. Onsa mob6bix moaenein My, M>, Takmx 4to M1 < Mo, n
noboii actl*-cgpopmynsl @, BepHo: ecm My =@, 10 Mo =@
HokazaTenbctBo. MoxxeTe nonpobosaTh camMi AoKa3aTb 3TO UHAYKLUWER no
CTPYKTYpe hopMy/bl C MPUBNEYEHNEM MOCAEAHErO YTBEPXKIAEHUS O
COOTBETCTBYHOLMX NYyTsX (3TO HE O4eHb TPYAHO)

Cnencreue. Ona nobbix moaeneid My, Mo, Takux 4to My ~¢ Mo, n
noboii actl*-copmynbl ¢ BepHo: MiEe < MEop

XoTst ACTL* — 370 goctaTouHo wwpokunii pparmeHtT CTL* (wupe LTL),
HO XOTeNoChb Bbl UMETb aHaNOrMYHOE YTBEPXKAEHME 1 Npo Bech A3blk CTL*
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Bucumynsauusa (oTHoweHne, 3KBUBAJIEHTHOCTD)
OTtHoweHne R~ C Y x X HasbiBaeTcs obpaTHeiM K R € X X Y, ecnu
R™={(.x) | (x.y) € R}

PaccmoTpum mogenn Kpunke M = (S, Sg, —, L") n M" = (5", S, —, L")
OthoweHne R C S’ x S” HasbiBaeTCs OTHOLLIEHUEM BUCUMYNALAN MEXAY
M v M" ecnmn R n R~ — oTHoweHus cumyasumn mexxagy M n M n
mexay M” n M’ cooTBeTCTBEHHO

Mogenn My n Mo GucumynaumonHo akeueaneHTHol (My ~p Mo), ecan
CYLLIECTBYET OTHOLLUEHNE BUCUMYIALNN MEXAY STUMU MOLENAMU

Mpumep
50 @ S1 s in r
rs|bl—alr

ITn aBe Momenn BUCUMYAALNOHHO SKBMBANEHTHbI, HTO MOATBEPXKAAETCA
TaKUM OTHOLUEHNEM 6|/|C|/|Myf|7|l_|,|/||/|:

{(s0, r0), (S0, 12), (51, 11). (51, 13) }
BVlCVlMyﬂ;lLlVlOHHa;I OKBMBAJIEHTHOCTb MOXOXXa Ha V|30|\/|OpCbV|3M FpaCbOB, HO
JOMYCKAET, B 4UC/E NPOYHEro, «4aCTUYHYIO Pa3BEPTKY» MOLEN
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Bucumynsauusa (oTHoweHne, 3KBUBAJIEHTHOCTD)

Opyroin npumep

¥ 5 " :
M2 so [ coin s M2 o[ coin coffee | 1a
S47[ ] coffee | S5 I's

TN Moaenn 6V|CVIMyJ'IﬂLI,VIOHHO IKBMBAJIEHTHbI, HTO NOATBEPXOAETCA
OTHOLUEHNEM 6VICV|MyﬂﬂLI,VII/I

{(s0. 10), (51, 1), (52, 12), (53, 12). (54, 13), (S5, 14), (S5, 15) }

BI/ICI/IMy)'ISILJ,VIFI AONYyCKaeT n <<)1y6n|/|pOBaH|/|e>> COCTOSIHUIA B MOoJenu
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Bucumynsauusa (oTHoweHne, 3KBUBAJIEHTHOCTD)

N ewé ognH npumep

Mz so [ coin

| coffee | 13

PaHee 6b110 NOKa3aHO, YTO 3TU MOAENN CUMYJISILUMOHHO SKBMBANEHTHbI
Ho oHu He aBnstoTCa GBUCUMYNALMOHHO SKBUBAIEHTHBIMY
Ecnn cywectsyeT oTHoweHne ducumynsauum R mexay My n Mo, To:

> Tak kKak R — oTHoLLeHne cumynsumm mexay Mi; n Mo, To B HEM
LOJIKHA coflepaThbCs x0T Obl ogHa napa suga (s3, )

» CornacHo pyHKLWM pa3MeTKM, Takoi napoii MoXeT ObITb ToNbKO (S3, 1)

» Tak kak R~ — oTHolleHne cumynsauun Mmexay Mo n My n nepexony
ry — r» He COOTBETCTBYET HW OAWH NEPEXOA W3 S3, TO napa (S3, r1) He
MOXET coaepxaTbcs B R (npoTusopeyune)
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BucnmynsiumoHHasi 3KBMUBAaNEHTHOCTb N €€ CBOMCTBA

VTBepXaeHue. ~p, — OTHOLUEHWE 3KBUBAJIEHTHOCTM
JokazaTenbcTBo. PethnekCMBHOCTL U TPAH3UTUBHOCTL CedytOT U3 TOro,
4yTO

P> OTHOLLEHME BUCUMYAALN MEXIY ABYMS MOAENSMU SABJSIETCA U
OTHOLLUEHNEM CUMYNSALNN MEXIY STUMU MOAENAMU

P OoTHoLUeHne = pedNEKCUBHO U TPAH3UTUBHO

CUMMETPUYHOCTb OYeBMHa: ecnn R — OTHOLLEeHe BUCUMYNALN MeXIyY
Mi v M>, To R~ — oTHolweHne bucumynaumm mexay Mo n My v

V1BepxgeHue. Jliobble aBe GUCUMYISILMOHHO 3KBMBAJIEHTHbIE MOAENN
CUMYJISILMOHHO 3KBMBAJIEHTHbI

[okazaTenbcTBo. [locTaTo4HOo 3amMeTuTh, 4TO (MO onpeaenexuto) ecam R —
oTHoLLeHne bucumynsumm Mexay M1 n Mo, To R n R~ — OTHOLLEHUs
cumynsunn mexay My n Mo n mexay Mo v My cOOTBETCTBEHHO ¥
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BucnmynsiumoHHasi 3KBMUBAaNEHTHOCTb N €€ CBOMCTBA

VT1BepxaeHune. Ons nobbix

>

vVvyyvyy

mopenein Kpunke M; = (St, SE, —1 L), My = (52,52, =2, L?),
OoTHoweHusa 6ucumynaumum R ana My n Mo,

coctosiHuin s; € St n 5, € S, Takmx uTO (51, %) € R,

Homepa /, i € {1,2} n

nytm m; u3 s; B M;

cyw,ecTByeT NyTb 73_; U3 S3_; B Ms3_;, R-COOTBETCTBYIOLLMNIA T

JokazaTenbcTBO. HecnoxHo JoKasbiBaeTCs MHAYKUMER No gauHe nytn v
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BucnmynsiumoHHasi 3KBMUBAaNEHTHOCTb N €€ CBOMCTBA

VT1BepxaeHune. Ons nobbix
> OGMCUMYNSILMOHHO 3KBUBAaJIEHTHbIX moaenen My, Mo,
» OTHOLWEHNS Gucumynsauum R MeXxay 3TuMn MOLENSMM,
> cocTosiHWIA Si, Sy 3TUX MoAeneii, Takux 4To (si, s2) € R,
» R-COOTBETCBYHOLLMX NyTEA 71, Mo B 3TUX MoOAENsX,
» chopmynbl coctosiHns ® CTL* n

> dopmynbl nytm ¢ CTL*

BEPHbI PAaBHOCWJIbHOCTMN
Ml,Sl’:q) =4 MQ,SQ’:q)
Mi,milEe & MmEyp

[okazaTenbctBo. MoxeTe nonpoboBaTh camMiyl UHAYKUMWER NO CTPYKType
hopMyAbl C NpUBAEHEHNEM NpeablayLiero yTeep)xaeHust ¥
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BucnmynsiumoHHasi 3KBMUBAaNEHTHOCTb N €€ CBOMCTBA

Teopema. [Ons nobbix 6UCMMYNISILMOHHO 3KBMBAJIEHTHbIX Mogenein My,
M> n noboi ctl*-chopmynbl ¢ BepHO:
MiEe < MEo

Toro onpeneneHo Tpu OTHOLLEHUS SKBUBANEHTHOCTU ~ mogenein Kpunke ¢
cooTeeTCTBYOWUMN pparmenTamu £ asbika CTL*:

1. TpaccoBasi akBuBaneHTHoCcTb 1 LTL
2. CumynsaunoHHas skeuBaneHTHocTh n ACTL*

3. BucumynaunonHas sksusanentHoctb n CTL*

Ecnan mopgens M; cneuunduumpoaHa B TepmMuHax pparmeHTa £, TO MOXHO
ObITb YBEPEHHBIM B TOM, 4YTO Ha Jitoboit mogenn My, Takolh 4to My ~ Mo,
BbIMOJIHAOTCSA B TOYHOCTU Te XKe POopMybl, 4TO 1 Ha My
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